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Preface 





Why is it important for an electrical engineer to understand electromagnetics? 


Beyond the fact that electrical circuits can only be understood superficially without an 
understanding of electromagnetics, consider that as microelectronic circuits continue to get 
smaller and faster, simple circuit theory breaks down. Only by application of electromag- 
netic principles can microelectronic circuits be understood and designed. As a second 
example, consider that future power needs may be partially met by beamed solar power. 
Orbiting solar panels would capture electromagnetic radiation from the sun and beam the 
power to receiving antennas on the ground. Electromagnetic theory will be applied to 
design these systems. Finally, consider the explosive growth of wireless communications. 
The circuits, antennas, and signal transmission all depend on electromagnetic principles. 
The anticipated continued growth in wireless technology increases the demand for electri- 
cal engineers with a solid electromagnetics background. 

This text can be used in a one- or two-semester electromagnetics sequence for electri- 
cal engineering students at the junior and senior level. The students are assumed to have 
completed the freshman and sophomore physics and calculus courses and, therefore, are 
expected to be competent at integration and differentiation and at least have some familiar- 
ity with vectors. 

The text begins with an introductory chapter describing the role that electromagnetics 
has in various aspects of a wireless communications system. After this motivational begin- 
ning, the text features a classical organization, easing the student into electromagnetics and 
vector algebra, beginning with electrostatic fields. Vector concepts such as dot product and 
gradient are introduced where needed. It is hoped that students will achieve some level of 
comfort working with vectors and different coordinate systems before progressing to the 
slightly more complicated topic of magnetostatic fields, featuring cross product and curl 
operations. Then, variation with time is introduced with dynamic fields, culminating in 
Maxwell’s equations. This is followed by coverage of plane-wave propagation. 

The concepts covered in the first half of the text are all fundamental to electromagnet- 
ics and form the foundation for understanding and appreciating the applied topics of the 
second half. The applied topics are as follows: 


Transmission lines—Introducing such concepts as impedance matching and signal 
reflection, the subject of transmission lines is applicable to high-frequency circuits 
such as the connecting wires used in high-speed microprocessors. 
Waveguide—Although rectangular waveguide is itself an interesting and useful 
topic, in this text it also acts as a stepping stone to the increasingly important topic 
of optical fibers. 

Antennas—This is certainly the most visible manifestation of electromagnetics. 
An understanding of antennas is critical for the understanding of wireless 
communications. 
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Electromagnetic interference—The impact of noise on performance of an electri- 
cal system grows more important as the circuits get smaller and faster. This is 
especially true for digital circuits. 

Microwave engineering—Here we describe many of the circuit components used 


in wireless communication transceivers (e.g., power dividers, filters, and ampli- 
fiers) that transmit and receive high-frequency signals. 


Features of Wentworth, Fundamentals of Electromagnetics with Engineering 
Applications, 1e : 


Who will benefit from using this text? 
This text is designed for use in a one or two-semester electromagnetics sequence for elec- 
trical engineering students at the junior and senior level. 


Unique Approach 
This text features practical applications for Wireless Systems, Transmission Lines, 
Waveguide, Antennas, Electromagnetic Interference, Microwave Engineering. 


Pedagogical Features 


°% Worked-out example problems—numerous worked-out example problems give 
students hands-on experience in how to solve electromagnetic problems. 


* Drill problems—many relatively simple drill problems are included for rein- 
forcement of the course material. 


e End-of-chapter problems—plentiful end-of-chapter problems including prob- 
lems on MATLAB are arranged by chapter section, and many of the odd-num- 
bered problems have answers provided in the appendix. 


°> MATLAB—there are many detailed MATLAB examples that provide for deeper 
illumination of the subject matter. 


e Practical Applications—a number of practical applications are provided that 
show how electromagnetic theory is put into practice. 


* End-of-chapter summaries—a concise summary at the end of each chapter cap- 
tures the key points. 


Media Features 

EMAG Solutions—students may also wish to enhance their understanding by using 
EMAG Solutions, an innovative student-oriented website that provides the problem-solving 
approach and step-by-step solution to marked problems from the text. Included in the web- 
site are interactive visualizations of electromagnetic theory that is impossible to easily con- 
vey on the printed page. Users rave as to the simplicity and usefulness of the website. 
Students can access EMAG Solutions from the text website: www.wiley.com/college/ 
wentworth. 
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Supplements 


» Solutions Manual—a Solutions Manual for all problems will be available for 
instructors on the Instuctor Companion site at: www.wiley.com/college/went- 
worth. 


<- Lecture Slides and Illustrations of all figures and tables are available on the 
Instructor Companion Site at: www.wiley.com/college/wentworth. 


Motivation for the Text 


One area emphasized by Auburn University’s College of Engineering is wireless commu- 
nications technology. This emphasis provided part of the motivation for me to compose a 
new text on electromagnetics. Although many of the topics in this text are covered else- 
where, no other text has the particular collection of topics that we deem necessary as ade- 
quate background for the study of wireless communications. 

A second motivation for this text was my department’s decision to emphasize 
MATLAB! in our undergraduate curriculum. There are very good reasons for doing so. 
MATLAB is the programming language for most electrical engineering applications. It has 
supplanted the C programming language for many of the problem-solving tasks our engi- 
neers encounter in the field. Numerous industry representatives have strongly encouraged 
that our students be well acquainted with MATLAB. 

No presently available electromagnetics text that I am aware of spends significant time 
with MATLAB. This text does so. It has numerous examples, many of which help illustrate 
some of the fine points in electromagnetics. There are also a large number of MATLAB- 
specific end-of-chapter problems to solve. 

A third motivation for this text, shared I am sure by anyone who undertakes the 
attempt, is to provide a clearer explanation of what electromagnetics is all about. Professors 
of electrical engineering who do not teach electromagnetics often quip “Why does it take so 
long for you guys to cover electromagnetics? After all, there are only four equations!” The 
answer is that these four equations (Max well’s equations) are elegant and subtle and take no 
little effort to fully appreciate. 


Suggested Coverage 


As stated previously, the text is designed for a two-semester sequence. Table P.1 shows the 
topic coverage for a conventional approach, the one I use in my classroom, along with an 
approach that starts with transmission lines. A number of instructors feel that this alternate 
approach is a better way to begin the study of electromagnetics. It is certainly possible to start 
with transmission lines with this text, as long as the students understand that the mysterious 
field components they are exposed to in the transmission lines chapter will be explained later 
when the fundamentals section of the text is covered. The one caveat is that the MATLAB 


IMATLAB is a registered trademark of The MathWorks, Inc. For MATLAB product information, please contact 
The MathWorks, Inc., 3 Apple Hill Drive, Natick, MA 01760-2098, Tel: (508) 647-7000, Fax: (508) 647-7101. 
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Conventional Approach Transmission Lines First Approach 
Topic Sections Hrs Topic Sections Hrs 
Semester 1 Semester 1 
Introduction 1.1-1.3 1 Introduction 1.1-1.3 1 
Electrostatics 2.1-2.14 12 Wave Fundamentals 4.2, 4.8 1 
& Phasors 
Magnetostatics 3.1-3.9 10 Transmission Lines 6.1-6.5 7 
Dynamic Fields 4.14.9 í Electrostatics 2.1-2.14 10 
(skim 2.11,2.12) 
Plane Waves 5.1-5.9 9 Magnetostatics 3.1-3.9 (skim 3.7) 9 
Scheduled exams / review 5 Dynamic Fields 4.1,4.3-4.7, 4.9 6 
Plane Waves 5.1-5.5 5 
Scheduled exams / review 5 
Total 44 Total 44 
Semester 2 Semester 2 
Introduction / Review ] Introduction / Review 1 
Transmission Lines 6.1-6.7, 6.9 10 More Transmission Lines 6.6-6.9 4 
Waveguide 7.1-7.7 (skim 7.2) 6 Waveguide & Optics 7.1-7.2, 5.6-5.8, 10 
7.3-7.7 
Antennas 8.1-8.4, 8.6-8.9 9 Antennas 8.1-8.9 10 
Electromagnetic Interference 9.1-9.7 4 Electromagnetic Interference 9.1-9.7 4 
Microwave Engineering 10.1-10.3, 9 Microwave Engineering 10.1-10.7 1] 
10.5—10.7 
Scheduled exams / review 3 Scheduled exams / review 5 
Total 44 Total 44 





examples and assignments in the transmission lines chapter assume the student has climbed 
the learning curve with the simpler examples from the fundamentals chapters. If students 
already have the programming expertise, this does not pose a problem; however, if they 
aren’t yet comfortable with MATLAB, the instructor must take this into account. 

If a particular curriculum only requires one electromagnetics course, then the sug- 
gested coverage for the first semester of either presented approach in the table is appropri- 
ate. The remaining subject matter could be used in an advanced course or technical elective 
in electromagnetics. 


Success in Learning Electromagnetics (a Note to the Students) 


There are some aspects of electromagnetics that many students find daunting. The use of 
vectors and coordinate systems other than Cartesian, along with frequent use of derivatives 
and integrals, are likely to frighten a number of students. There is really no need for fear, 
only a need for resolve! The only way to learn electromagnetics is to study the material and 
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to apply it to as many problems as possible. Students should certainly work through all of 
the example and drill problems. Successful students will also read (and reread) the text, will 
work more end-of-the-chapter problems than required of the homework assignments, and 
will rework the best problems. 


EMAG Solutions—students may also wish to enhance their understanding by using 
EMAG Solutions, an innovative student-oriented website that provides the problem-solving 
approach and step-by-step solution to marked problems from the text. Included in the web- 
site are interactive visualizations of electromagnetic theory that is impossible to easily con- 
vey on the printed page. Users rave as to the simplicity and usefulness of the website. 
Students can access EMAG Solutions at: www.wiley.com/college/wentworth. 


Solutions Manual—a Solutions Manual for all problems will be available for instructors 
on the Instuctor Companion site at: www.wiley.com/college/wentworth. 


Lecture Slides and Illustrations of all figures and tables are available on the Instructor 
Companion Site at: www.wiley.com/college/wentworth. 


Both students and instructors using this text have access to all of the MATLAB example 
program files on the Student Companion Site at www.wiley.com/college/wentworth. 
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Introduction 


Learning Objectives 


Introduce the electromagnetic spectrum 
Explain how electromagnetics is fundamental to wireless communications 


Provide guidelines for numeric precision and the handling of dimensions 


We are immersed in electromagnetic fields. They are everywhere, being generated naturally 
(e.g., solar radiation and lightning) and by us (e.g., radio stations, cell phones, and power 
lines). The modern office, kitchen, and automobile are all stuffed full of devices that rely on 
electricity, and magnetic fields are in action anywhere an electric motor is running. The 
wireless communications revolution has electromagnetics at its very core: Voice and data 
information is transmitted and received via antennas and high-frequency electronics, com- 
ponents requiring knowledge of electromagnetics to design and understand. The study of 
electromagnetics is necessary for understanding even simple electronic components such as 
resistors, capacitors, and inductors. 

Human beings have been aware of magnetic materials for as long as there has been 
recorded history, and the Greek Thales of Miletus recorded evidence of both static electric- 
ity and magnetic attraction around 600 B.C. But it wasn’t until the latter half of the 18th cen- 
tury, and the 19th century in particular, that progress was made in recognizing and 
understanding electromagnetic phenomena. The timeline in Figure 1.1 shows some of the 
key advances.!:! The real era of understanding began after Alessandro Volta invented the 
voltaic cell, allowing research to be conducted with controlled currents. From there, 
Oersted’s discovery that electric currents create magnetic fields, and Faraday’s discovery 
that magnetic fields changing with time create electric fields, culminated in James Clerk 
Maxwell’s unification of electricity and magnetism in the concise four equations known as 
Maxwell’s equations. Development and understanding of these four equations is the task of 
the next four chapters of this text. 

Before getting started on the first fundamental chapter of the text on electrostatics, we 
address several topics. First, we present a brief overview of the electromagnetic spectrum, 
showing the basic relationships between frequency and wavelength and identifying specific 
frequency bands of interest in wireless communications. Then, we'll describe how 


1.14 torrent of engineering applications followed the development of Maxwell’s equations, led by the prolific 
engineers Thomas Alva Edison and Nikola Tesla. 


2° Chapter1. Introduction 


_ 1st record of electric and magnetic behavior 


Ce: by Thales of Miletus 
a William Gilbert postulates that earth is a giant 
1600 ~ magnet, does first recorded experimentation 
with electricity and magnetism 
1750 > terms ‘positive’ and ‘negative’ charge coined 


by Ben Franklin 


1785 =- forces between charges measured 
by Charles Coulomb 

1800 ` Voltaic pile (battery) invented by Alessandro Volta 

Hans Christian Oersted finds current produces 
1819 ` A magnetic field 
1820 `~ force between current carrying wires found by 
1826 - André Marie Ampére 
1831 -\*‘ Ohm's Law published by Georg Simon Ohm 


Michael Faraday finds that time-varying 
magnetic fields create electric fields 


James Clerk Maxwell formulates Maxwell’s 
equations, predicts presence of electromagnetic 


1873 waves 
1887 - Heinrich Hertz detects electromagnetic waves 
1901 © N 


Marconi transmits and receives radio waves 
across the Atlantic Ocean 


Pigawe ti The key historical events in electromagnetics. 


electromagnetics is pivotal to the application of wireless communications. Finally, we’ll 
discuss some odds and ends on dealing with units and unit conversions. 


it THE ELECTROMAGNETIC SPECTRUM 


Maxwell predicted that light consists of electric and magnetic fields oscillating in tandem. 
Such an electromagnetic wave can propagate in a vacuum with velocity c = 2.998 x 108 m/s. 
Over a very broad range, a continuous!” spectrum of electromagnetic radiation is possible. 
The spectrum shown in Figure 1.2 ranges from 0.1 Hz up to 10% Hz, where a hertz!-3 (Hz) 
is equal to one cycle per second. In vacuum, the frequency f and wavelength À are related 
by the speed of light, 


c=Af (1.1) 


so the spectrum can also be indicated in terms of wavelength. 

Below 300 GHz, it is customary to refer to the electromagnetic waves in terms of fre- 
quencies. For instance, the microwave bands employed in radar and communications appli- 
cations are in terms of frequency, as shown in the figure. Above 300 GHz, or at wavelengths 


!.2The spectrum is continuous, that is, down to the level of a discrete quantum. 
'3The hertz is named in honor of German physicist Heinrich R. Hertz (1857—1874). 


1.1 The Electromagnetic Spectrum ~ 3 


frequency Figure 1.2 The electromagnetic spectrum. 
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below 1 mm, waves are more likely to be referred to in terms of wavelength. Thus, the spec- 
trum of visible light is listed by wavelength in the figure. 

For wireless communications, a high frequency is desirable since the amount of infor- 
mation communicated directly scales with frequency. However, it may be recalled from 
physics that the energy U of a photon is proportional to frequency as 


U=hf CED) 


where A is Planck’s constant (h = 6.63 x 10-4 J-s). At very high frequencies (i.e., X rays), 
the energy of the radiation can cause damage to materials (and people). At somewhat lower 
frequencies, for instance ultraviolet and visible light, the signal is severely attenuated!-* by 
material media and clouds. Fiber optic and line-of-site communication schemes are utilized 
at such frequencies. Wireless communication is undertaken at certain microwave frequen- 
cies, between 1 and 100 GHz, where there are windows of relatively low signal attenuation 
in the atmosphere. Some of the important low-attenuation windows are < 18 GHz, 26—40 
GHz, and 94 GHz. 

Also, efficient transmission of signals requires an antenna of dimension roughly on the 
order of the signal wavelength. Some AM radio stations require antennas as long as 100 m, 
and wireless transmission at lower frequencies rapidly becomes impractical. 


!.41f the amplitude of a wave decreases in the direction of propagation, we say it attenuates. 
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Cellular telephones are truly sophisticated feats of engineering. In addition to basic phone 
service, these gadgets also allow their users Internet and e-mail access. They may also have 
global positioning satellite (GPS) capability and personal digital assistant (PDA) capabil- 
ity; some even come with games. 

There is a limited number of frequency channels available to handle cellular commu- 
nications—far fewer than would seem necessary to handle the millions of transactions that 
take place daily. The way a cellular system is able to handle all of these transactions is to 
break up a town or city into multiple small sections, or cells, each serviced by its own cell 
tower. These cells are typically arranged in a hexagonal grid, as shown in Figure 1.3. Each 
cell, because it has six neighbors, can use one-seventh of the available frequency channels. 
Since the transmit and receive power is not strong enough to communicate with a tower two 
cells away, nonadjacent cells can use the same frequency channels. 

Communication between the cell phone and tower is represented in Figure 1.4. The 
towers are tied into the conventional phone grid. The signal being transmitted by the cell 
phone is at a different frequency than the received signal frequency. This allows simultane- 
ous transmission and reception, unlike, for instance, a pair of walkie-talkies that use a sin- 
gle frequency. In the cell phone, the analog voice signal is converted to a digital signal via 
the analog-to-digital (A/D) converter. Digital signals can be compressed and broadcast in a 
variety of communication schemes that enable many users to utilize the same system at 
once. The digital signal processing (DSP) block handles very high speed signal calcula- 
tions, typically as many as 40 million instructions per second. The microprocessor handles 
other operations, including the user interface (liquid crystal display for output and key pad 
for input) and accessing memory (perhaps using a “flash card” containing phone numbers 
or other information). The radio frequency (RF) front end amplifies the weak received RF 
signal and down-converts it to the frequency required by the rest of the electronics in the 
cell phone. The front end must also up-convert an output signal to the desired RF transmis- 
sion frequency. Finally, the front end must separate the functions of reception and trans- 
mission, which use the same antenna. The cell phone antenna must be small and 
unobtrusive. At the tower, each vertical bar is typically an array of patch antennas. 

Understanding the signal processing and the information handling required for a cellular 
system is a worthy objective; it is expected that these topics are covered in some of the stu- 
dents’ other courses. But where does electromagnetics come into play in a cellular system? 


Figure 1.3 Hexagonal cell 
tower grid. The two shaded 
grids can use the same fre- 
quencies. 
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Figure 4,4 Typical cellular telephone system. 


Certainly the physical operation of the microelectronic devices is governed by the laws of 
electromagnetics. Here are some other ways in which electromagnetics plays a role: 


* Waves propagate in space and through material media (Chapters 4 & 5). 
Waves are radiated and received by antennas (Chapter 8). 

« Waves propagate in transmission lines such as coaxial cables (Chapter 6). 

* Efficient signal handling requires impedance matching of transmission lines 
(Chapter 6 and 10). 

* RF components, such as those in the RF front end and in the tower’s box, are typ- 
ically designed and understood via electromagnetics (Chapter 10). 

* Communications between towers may employ fiber optics and optical compo- 
nents (Chapter 7). 

+ Noise and interference between electronic components impact system perform- 
ance (Chapter 9). 


Besides cellular phone systems, other wireless communications systems include direct 
broadcast satellite (DBS) systems for television, GPS service for navigation, and radio 
frequency identification (RFID) tags for inventory control and item tracking. Understanding 
any of these wireless systems requires a firm foundation in electromagnetics. 


13 DEALING WITH UNITS 


In many of the problems to be solved in the upcoming chapters, students will be required to 
calculate a numerical solution. Rarely is this number, by itself, correct unless the appropriate 
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units are included. For instance, suppose 12 V is dropped across a resistor when 0.2 A passes 
through it. The resistance is not 60; rather, it is 60 Q. 

When reporting large or small numbers, scientific notation gives way to engineering 
notation, whereby appropriate prefixes are used for multiples of 10° (or submultiples of 
10-3).!5 Common prefix multipliers are listed in Table 1.1. Why use engineering notation 
instead of scientific notation? Consider an 18-GHz frequency. I can say “eighteen times ten 
to the nine hertz” or I can say “eighteen gigahertz.” An efficient engineer prefers brevity, 
and students must get in the habit of speaking in engineering language before assuming 
their careers. 

Students should also report numbers to the appropriate precision. Too often, the answer ` 
for a calculation like the one we did to find resistance is reported as something like “60.127 
Q.” This has too many significant digits. The number of significant digits in a reported 
answer represents the precision with which the number is known. Significant digits for a 
number with no decimal point are counted from the first nonzero number on the left side to 
the last nonzero number on the right. For instance, the number “4030” has three significant 
digits, whereas the number “4000” has only one. If there is a decimal point, you count to the 
last digit reported. So “4000.” has four significant digits, and “2.1 x 10°” has two. It is fur- 
ther assumed that the last number reported can be off by as much as a half. So if I say the 
resistance is “60.000 Q,” I am reporting a number to five significant digits, and what I mean 
is that the resistance must lie between 59.9995 Q and 60.0005 Q. Likewise, a “60-Q” resis- 
tor has only one significant digit, and it can have resistance between 55 and 65 Q. A 
“60.-Q” resistor has two significant digits with a value between 59.5 and 60.5 Q. 

Some rules concerning the use of significant digits in calculations are as follows: 


* When multiplying two numbers, the answer can have no more significant digits 
than the lowest number of significant digits of either multiplicand. This goes for 
division as well. 


* When adding (or subtracting) numbers, precision of the answer is determined by 
whichever number’s last significant digit is further left. For example, 


60 + 0.001 = 60 


Table 4.1 Engineering Notation Prefixes 








Prefix Pronunciation Multiplier 

T tera 10!2 

G giga . 19 

M mega 10° 

k kilo 103 

m milli 103 

u - micro 10% 

n nano “107 

p pico 10a 

f femto 10°15 





L5A notable exception is the ubiquitous use of the centimeter, or a hundredth of a meter. 
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where the first number has its last significant digit well to the left of the second 
number. As a second example, consider 


60.0000 + 0.001 = 60.001 


where now the second number’s last significant digit is the leftmost and deter- 
mines the outcome. 


> For lengthy calculations, it is a good idea to retain more significant digits than are 
needed until the calculation is complete, at which time the final answer should be 
properly reported. 


* Note that pure integers or counted quantities are known to infinite precision. For 
instance, if you count 5 cows, you can report 5.000000000 etc. cows! 


As a final topic in this section, there will be many calculations with multiple quantities 
and a variety of units involved. Students must use care to make sure their answers, including 
the units, follow from the calculation. Conversion factors (also called “unity ratios”) are used 
to convert a quantity in terms of one unit into the terms of another. We can use a horizontal 
line to separate numerator and denominator quantities, and vertical lines separate quantities 
to be multiplied together. This dimensional equation approach is a convenient way to include 
the conversion factors and prevents common mistakes like dividing by a conversion factor 
when it should be multiplied or improperly accounting for number prefixes. 


EXAMPLE 14 


Suppose we want to find the energy associated with a photon at 100 GHz. We use the equation U = hf 
from before and have 


10° Hz 


_ 6.63x10 Js 


ied 100 GHz 


4- 6.63x10 J 
s- Hz 











After the 100 GHz, the next two items are unity ratios used to convert the units. You can ensure 
the proper units in the final answer by canceling like units in the numerator and denominator. 


scii} 1.1 How much voltage is dropped across a 1.1-kQ resistor when 10.6 mA is 
passed through it? (Answer: 12 V) 


frill 1.2 A voltage of 1.08 V is measured across a resistor that has 7.43 uA passing 
through it. How much power is dissipated in the resistor? (Answer: 8.02 uW) 


pili 1.3 What frequency ranges are associated with (a) orange light and (b) blue light? 
(Answer: (a) 500-480 THz, (b) 659-609 THz) 
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Learning Objectives 


Introduce Cartesian, cylindrical, and spherical coordinate systems 

Discuss vectors, vector addition, dot product, and divergence 

Describe electric field intensity and electric flux density 

Define and utilize Coulomb’s Law 

Determine the electric field resulting from various charge distributions 

Use Gauss’s Law to find the electric field for symmetrical charge distributions 
Describe electric potential and its relation to electric field intensity 

Present Ohm’s Law and explain current in conductors 

Describe the features of dielectric materials 

Compare the electric fields across material boundaries 


Define capacitance and calculate it for various geometries 


It is convenient to begin the study of electromagnetics by looking at electrostatic fields. 
Such fields are easier to visualize than static magnetic fields, and they are certainly easier 
to understand than time-varying electromagnetic fields. Electrostatics provides the simplest 
platform for the introduction of coordinate systems, vectors, and vector algebra. In addition, 
there are numerous practical applications of electrostatics. It is fundamental to the opera- 
tion of copying machines and ink-jet printers, is a basic prerequisite for understanding light- 
ning in the global electric circuit, and controls the operation of many electronic devices, 
including field effect devices, CCD imaging cameras, and liquid crystal displays. 
Electrostatics also has application in pollution-control filters and industrial electrostatic 


separation. oa 

Following a discussion of vectors in Cartesian coordinates, the study of electrostatics 
begins with Coulomb’s law and electric field intensity. The field intensity resulting from 
points of charge provides the appropriate setting to introduce the spherical coordinate sys- 
tem. Then, electric field intensity is determined for various distributions of charge. For lines 
of charge, the cylindrical coordinate system is introduced. The concepts of flux and electric 


flux density are discussed, leading to Gauss’s law and the concept of divergence. Then, the 
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electric potential is described as it relates to charges and electric fields, followed by a 
discussion of materials issues (i.e., conductors and dielectrics). In the last part of the chap- 
ter we describe the relation between the fields across the boundary separating two materi- 
als, leading to a description of capacitance. 





To this point, students have mostly dealt with scalar quantities: those quantities represented 
by a single number such as length or time. A scalar field represents the mapping of a scalar 
quantity as it varies with position. For instance, a topographical map is a scalar field of alti- 
tude. In electromagnetics, we deal with vector quantities, which have both a magnitude and 
a direction. For instance, at a point in space relative to earth, there is a gravity vector that 
decreases in magnitude as you venture further out into space, but it always points toward the 
center of the earth. A vector field can represent a mapping of these vectors in space. 

Determining the precise location of a point in three-dimensional space can be accom- 
plished using the Cartesian coordinate system, named in honor of the mathematician René 
Descartes. A Cartesian coordinate system as shown in Figure 2.1 is a right-handed system 
of orthogonal coordinate axes x, y, and z. The term “orthogonal” means that each axis is 
mutually perpendicular to the other two. Right-handed refers to the sequence x, y, z. These 
coordinates are right-handed because if the fingers of the right hand point in the x direction 
and are curled toward the y direction, the thumb will point in the z direction. Another way 
to visualize a right-handed system is as a right-handed screw. If a screw pointing in the +z 
direction is turned clockwise (moving from the positive x-axis to the positive y-axis), it 
moves in the positive z direction. 

Although the Cartesian coordinate system is the most common and easiest to visualize, 
many situations call for other coordinate systems that can provide easier problem solving or 
can enhance understanding. The cylindrical coordinate system and the spherical coordinate 
system, along with the Cartesian system, round out the three most prevalent systems. 
Cylindrical and spherical coordinates will be introduced in later sections of this chapter. 

The (x, y, z) coordinates define a point in the Cartesian coordinate system. For instance, 
Figure 2.2 shows the points P(0, 1, 0), Q(0, 4, 0), and R(3, 4, 0). A vector drawn from the 


Figure 2.1 The Cartesian coordinate system. 
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Figure 22 Cartesian coordinate points P(O, 1, 
0), Q(0, 4, 0), and R(3, 4, 0). 





origin O(0, 0, 0) to point P in Figure 2.3 has a magnitude of 1 and is pointing in the positive 
y direction. Since it has a magnitude of 1, this vector is known as a unit vector and may be 
written 


P= la, Eo 


It is customary to indicate vector quantities in bold-faced type. However, when hand- 
writing vectors (for instance, on one of your many homework problems) it is easier to indi- 
cate a vector by drawing a small arrow over the letter. A bold lowercase a is typically used 
to represent unit vectors, with the direction indicated by a subscript.2:! Handwritten unit 
vectors are commonly written as a lowercase “a” with a hat on top. Using this approach, 
(2.1) would be rewritten as 


Pin, 
A vector may be multiplied by a scalar that will change its magnitude but not its direc- 


tion. Thus, a vector Q drawn from the origin to Q in Figure 2.2 is equivalent to placing four 
a, unit vectors end to end, or 


x Figure23 A unit vector P = a, 


2.1Some texts use x, y, Z to represent unit vectors in the Cartesian coordinate system. Many physicists like to use 
i, j, and k. 
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aay 
Sa Wl Bilan cc ath | 
3a, p i a“ 
— el ee = 
R è . . 
Fige 2.4 A vector from the origin to point 
R(3, 4, 0) separated into its components along 
x ' each axis. 


Q=4P =4a, 


Likewise, a vector from the origin to point R(3, 4, 0) can be separated into its components 
along each axis, as shown in Figure 2.4, and written 


R = 3a, + 4a, 
This vector can also be expressed as 
R=Ra, (2.2) 


where R is the magnitude of R determined by the Pythagorean theorem, or 
R=|R]=43 +47 =5 
and the unit vector in the direction of R, ag, is then 


R 3 4 
= ta,+—a, 


arp =— 
ar ae 5 
a 


In each of these cases, the vectors are drawn from the origin to a particular point and are 
termed position vectors since they relate to the location of the terminal point. But a general 
vector can go from any point to another. To find the vector A,,,, from point MG... Ym Zm) tO 
point N(x, Y» Z,), the starting point is subtracted from the ending point for each component, 


or 
A mn = (Xn — Xma, + On Ym), + (Zn — Zm)a, - (23) 


For instance, a vector from point R to point P of Figure 2.2 gives 


In general, a vector in the Cartesian coordinate system is written 


A=A,a, +A a, + Aa, — . (24) 


The magnitude of this vector is found by extending the Pythagorean theorem to three 


dimensions: 
A=|Al= [a2 +A? +A? (2.5) 


k e 
—_ - 
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Vectors may be added or subtracted from each other by adding or subtracting the com- 
ponent values. For instance, if 
B =B a, +B a, + Ba, 
then 
A + B= (A, + B,)a, + (A, + B,)a, + (A, + Ba, (2.6) 


Graphically, for vectors A and B shown in Figure 2.5a, A + B can be visualized by placing 
the tail of B at the head of A (Figure 2.5b) or by starting each vector at a common point and 
completing the parallelogram (Figure 2.5c). Likewise, 


A-B=(A,-B,)a,+ (A, — B,)a, + (A, — Ba, (2.7) 
which is represented by Figure 2.5d. 


EXAMPLE 2.7 


Given the points P(0.0, —4.0, 0.0), Q(0.0, 0.0, 5.0), R(1.0, 0.0, 0.0), and S(0.0, 5.0, 0.0): 
a. Find and sketch the vector A from P to Q. 
b. Find and sketch the vector B from R to S. 
c. Find the direction of A + B. 
We begin by using (2.3) to find A: 


A=(0-0)a,+(O- Aa, +(5-0)a,=4.0a, +5.0a, (a) 
Likewise, 
B=-1.0a,+ 5.0a, (b) 


To find the direction of A + B, we first need A + B from (2.6): 
A+B =(0- 1)ax + (4 + Sjay + (5 + 0)az = -lax + Yay + 5az 


AY A+B 


: l _ Figure 2.5 A pair of vec- 

_ / : eee tors A and B shown in (a) 

A ae / Te are added by the head-to- 
i n A eae / A tail method (b) and by com- 
ee A S M ns -r pleting the trapezoid (c). In 


A+B A -B (d), the vector B is sub- 
(c) : i (d) tracted from A. 
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The direction of A + B is the unit vector 


A+B 
es 
JA +B 


where |A+B|=+12 +9? +5? =10.34, and therefore 


a = —0.097a, + 0.87a,+0.48a, (c) 





[wi 2.1 Given two points M(-2.0, 3.0, 0.0) and N(3.0, 0.0, 4.0): (a) Find the vector 
Ayn from point M to N. (b) Determine the magnitude of the vector Ay. (c) Find the unit 
vector direction of Ayy. (Answer: (a) Ayy = 5.0a, —3.0a, + 4.0a,, (b) Aun = 7.1, (C) ayy 
= 0.7 1a, — 0.42a, + 0.57a,) l 


Drill 2.2 Given the three points A(2, 0, 0), B(0, 4, 0), and C(O, 0, 3), find (a) the vec- 
tor A 4p» (b) the vector A,c, (c) the sum of the two vectors, and (d) the vector difference 
Aag ~ Aac: (Answer: (a) A 4g = —2a, + 4a,, (b) Ago = —2a, + 3a,, (c) Aap + Age = 4a, + 
4a, + 3a, (d) Ayg—Agc=4a,—3a,) 


MATLAB 21 
Vectors are expressed in MATLAB using brackets. For instance, the vector Ayn = 5a, — 
3a, + 4a, in Drill 2.1 is expressed as”? 
A= [5-34] 
with a space between each number. 


To find the magnitude of A, we must take each of its components (for instance, A(1) 
= 5), square it, add it to the other squared components, and finally take the square root. 


» magA=sqrt(A(1)\2+A(2)\2+A(3)2) 


magA = 
7.071 


Finally, the unit vector is simply 
» unitvectorA=A/magA 


unitvectorA = 
0.7071 -0.4243 0.5657 


If we think we will frequently need to calculate a vector magnitude, we can create a 
MATLAB function, similar to MATLAB’s built-in functions like sqrt() and sin(). 


2.2We’ll use MATLAB’s arial font for command-line window text and courier new font for the M-file edi- 
tor text. 
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In the M-file editor, enter 


function y=magvector(R) 
% Calculates the magnitude of a Cartesian vector R 
y=sqrt(RC1)A2+R(2)A2+R(3)A2) ; 


and save this as “magvector.m.” 
It is good practice to add commentary immediately below the function statement. 
Such comments are used in the “help” command. For instance, on the command line, 


» help magvector 
Calculates the magnitude of a cartesian vector R. 


Likewise, a function can be created to calculate the unit vector. In the M-file editor, enter 


function y=unitvector(R) 
% Calculates the unit vector of a Cartesian vector R 
y=R/magvector(R); 


and save this as “‘unitvector.m.” 
Now, on the command line enter 


» magvector(A) 


ars = 
7.071 


» unitvector(A) 


ans = 
0.7071 —0.4243 0.5657 


Now suppose we add a second vector B = —la, — 2a, + 3a,. In MATLAB, we make the 
following entries in the command-line window: 

» A=[5 -3 4]; B=[-1 -2 3] 

» A+B 


ans = 
4-5 7 


We would write this as A + B = 4a, — 5a, + 7a,. Note that we didn’t really need to add 
the vector A in MATLAB again, but if A didn’t exist already we could write it on the 
same line with B. 

For a user-defined function to be usable, it must exist in your MATLAB work file. 
Some functions, like “magvector,” will be used in the MATLAB routines of later chapters. 


For many problems to come it will be necessary to perform line, surface, and volume 
integrations. These integrations require differential elements. A differential box in the 
Cartesian coordinate system is shown in Figure 2.6 along with an expanded inset showing 
the sides dx, dy, and dz. A differential volume is the product of these three differential 
lengths, or 

dv=dxdydz . (2.8) 


Differential surfaces are the product of the appropriate differential lengths. For instance, the 
differential surface closest to the reader in Figure 2.6 is dS = dy dz. In many instances, a 
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My 


Figare 2% A differential volume in 
Cartesian coordinates shows an expanded 
inset with sides dx, dy, and dz. The differen- 
tial surface vector dS = dxdya, is shaded. 





direction is desired for the differential surface. Since there are an infinite number of vector 
directions in the plane of the surface, a surface vector is only unique if it is normal to the 
surface. But, you say, how can the vector be unique if it can point away from the surface on 
either side? The convention is to choose the vector direction that points away from the vol- 
ume element. So, for the shaded area inset in Figure 2.6, the differential surface vector 
would be 


dS = dx dya, (2.9) 


In some problems, a surface will be given without a volume, and the choice of the surface 
vector direction will then be based on other considerations. 


The Greek philosopher Thales noted that amber, after being rubbed on silk, could pick up 
pieces of lint or straw. This was one of the earliest documented accounts of static electric- 
ity,%3 where a positive charge induced on the amber would attract the negative charge of the 
lint. In the late 18th century, Colonel Charles Augustus Coulomb of the French Army 
Engineers invented a sensitive torsion balance that he used to experimentally determine the 
force exerted on one charge by another. He found that the force is proportional to the prod- 
uct of the two charges, inversely proportional to the square of the distance between the 
charges, and acts in a line containing the two charges. Furthermore, the force is repulsive if 
both charges are of like sign (i.e., both positive or both negative) and attractive if the 
charges are of different sign. Experimentally, the proportionality constant was found to be 
| / (4ne,), where £, (pronounced “epsilon-naught’) is the free space permittivity in units of 
farads (F) per meter with a value given by 


10° F 
36m m 








e, =8.854x10 2 È ~ 


(2.10) 
m ; 






2-3“Electricity” is the Greek word for amber, a rubbery tree secretion. 
2.4Ben Franklin was the first to use the terms positive and negative to denote the two kinds of charge. 
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Q; 


Q 
F,. reaure 2.2 Coulomb’s law example 
showing the vector force F,, acting on 
Q, from Q,. 


Consider Figure 2.7, where Q, and Q, have charge quantities given in coulombs (C). A 
distance vector R,, = R a,, of magnitude R,,(m) and direction a,, can be drawn between 
the charges. Charge Q, exerts a vector force F,,, in newtons (N), on charge Q, that is given 
by Coulomb’s law: 


F2 = 22. (2.11) 


EXAMPLE 2.2 


Suppose we have a 10. nC charge?® Q, located at (0.0, 0.0, 4.0 m) and a 2.0 nC charge Q, located at 
(0.0, 4.0 m, 0.0) as shown in Figure 2.8. We wish to find the force acting on Q, from Q,. For short, we 
say “Find the force exerted by Q,(0, 0, 4 m) = 10 nC on Q,(0, 4 m, 0) = 2 nC.” 

To employ Coulomb’s law (2.11), we must first find vector R,,, which is 


or 


Figure 2.8 Coulomb’s law example where Q,(0, 
0, 4 m) = 10 nC and Q,(0, 4 m, 0) = 2 nC. 





2.5The units for (2.11) can be verified using the following conversions: farad = coulomb/volt (F = C/V), coulomb 
= joule/volt (C = J/V), and joule = newton-meter (J = N-m). 
2.64 nanocoulomb, or nC, is 10°? C. Other commonly used numerical prefixes are listed in Table 1.1. 
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1 1 
Ri2847 -4(+a, -J5.| 


Then 





(oax alasa) qey yae) 





Suppose there are two charges fixed at different points, each exerting force on a third 
charge. By the principle of superposition the total force on the third charge can be calcu- 
lated by vector addition of the forces from the other two charges. 


EXAMPLE 23 


Figure 2.9 shows a third charge, Q, (0.0, 0.0, -4.0 m) = 10. nC, added to the previous example. We 
want to find the total force exerted on charge Q, from the charges Q, and Q,. 
Observe that, in this case, addition of the two force vectors results in a canceling of the a, com- 


ponent and a doubling of the a, component to give F,,, = 8.0 a, nN. 
——— eee ee eee 


{rili 2.3 Find the force exerted by Q,(0.00, 0.00, 0.00) = 100. nC on Q,(4.00 m, 3.00 
m, 0.00) = 3.00 nC. (Answer: F |, = 86.4a, + 64.8a, nN) 


Electric Field Intensity 


Now suppose we fix a charge Q, at, say, the origin. We know that a second charge Q, will 
have force acting on it from Q, that can be calculated by Coulomb’s law. In fact, we could 
calculate the force vector that would act on some test charge Q, at every point in space and 
generate a field of such predicted force values. 





Figure 29 Vector addition is used to com- 
bine the coulombic forces. 


Field Lines 


2.2 Coulomb's Law ~ 21 


It becomes convenient to define the electric field intensity E, (force per unit charge) as 


(2.12) 





This field from charge Q, fixed at the origin results from the force vector F,, for any arbi- 
trarily chosen value of Q,.”7 The electric field concept is useful because the fields can be 
predicted for any number of charges, and the total field at a particular point in space can be 
found by adding the fields from each charge. 

Coulomb’s law can be rewritten as 


(2.13) 





to find the electric field intensity in volts per meter”® at any point in space resulting from a 
fixed charge Q. 


Let’s find the electric field intensity for the Coulomb’s law examples 2.2 and 2.3 by dividing the force 


vector by the 2-nC “test” charge. 


For the first case the field becomes 





yet! 2.4 For the charges in Drill 2.3, find the electric field intensity at point 2 from the 
charge at point 1. (Answer: E, = 28.8a, + 21.6a, V/m) 


The behavior of the fields can be visualized by using field lines.2-? These are lines that fol- 
low the direction of field vectors at convenient points in space, as illustrated in Figures 
2.10a & 2.10b. In Figure 2.10a, the field vectors are found within a regular grid in 


2.7As a fine point in this discussion, when defining the fields the charge Q, is considered to be small enough that 
it doesn’t significantly alter the field in which it is placed. Ideally, it will be infinitesimal. A single electron (with 
charge q =—1.6 x 10-'? C) makes an excellent test charge. 

2.8The V/m units for E can be found by reducing the units on the right side of (2.13) to C/(F-m) and then by 
applying the conversion F = C/V. 

2.9Field lines are also called Zines of force since they represent the direction and magnitude of the force compo- 
nent on a test charge placed at a particular point. Other terms used are streamlines and flux lines. 
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Fignve 240 (a) Field vectors plotted within a regular grid in two-dimensional space surrounding a point charge. Seme 
of these field vectors can easily be joined by field lines, as shown in (b), that emanate from the positive charge. 
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Figure 2.11 Field lines for a pair of opposite 
charges. 


two-dimensional space surrounding a point charge. Some of these field vectors can easily 
be joined by field lines, as shown in Figure 2.10b, that radiate away from the positive 
charge. Field strength at a point is related to how close together the field lines are near that 
point. The field lines provide a convenient visual aid to understand what the fields are 
doing. For example, Figure 2.11 shows the field lines plotted for a pair of opposite charges. 


23 THE SPHERICAL COORDINATE SYSTEM 


Consider a point charge located at the origin. The electric field intensity resulting from this 
charge can be written for any point in the Cartesian coordinate system as 


oy (xa, +ya, +za,) 


Da | j 


(2.14) 
x yee 


2.3 The Spherical Coordinate System ~ 23 


Although not readily apparent from (2.14), inspection shows that the fields are everywhere 
directed radially away from the point charge and that the magnitude of the field depends 
only on this radial distance. A serious challenge arises when we use (2.14) to find the total 
field resulting from a distribution of point charges. A multivariable integration would be 
required. 

A spherical coordinate system offers relief. As a point in the Cartesian system is repre- 
sented by the orthogonal points (x, y, z), a point in the spherical system is represented by the 
orthogonal points (7, 8, ọ), as shown in Figure 2.12. Here, r is the radial distance, or range, 
from the origin to the point. The angle 6 (theta) is measured from the positive z-axis and is 
sometimes referred to as the colatitude. This angle can have values ranging from 0 to n radi- 
ans (0° to 180°). The angle @ (phi) is the angle as you move around the z-axis starting from 
the positive x-axis and is often referred to as the azimuthal angle. It can have values rang- 
ing from 0 to 27 radians (0° to 360°). Spherical coordinates find extensive use in radar and 
antenna applications. 

Conversion from the point P(x, y, z) to P(r, 8, þ) begins with determination of r using 
the Pythagorean theorem in three dimensions: 


reyxrty+2 (2.15) 


The angles O and @ are found from trigonometry to be 


= cos”'(2} (2.16) 
r 
and 
d= tan“"(2] (2.17) 


To convert from spherical to Cartesian coordinates it is easy to see that 
z=rcos 9 (2.18) 


Figure 2.12 The spherical coordinate 
system is represented by the orthogo- 
nal points (z 8, ). 
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To find x and y, a line from the origin to P is projected onto the x—y plane. This projected 
line, of length r sin 6, is used with trigonometry to give 


x=rsin@cos 


: : (2.19) 
y=rsin sin 


A vector in the spherical coordinate system can be written 


A=A,a, + Aag + Ayay (2.20) 


Converting a Cartesian vector to a spherical vector (and vice versa) requires that the loca- 
tion of the vector in space is known. Some formulas for handling the transformation are 
given in Appendix B, but a simple example is illustrated in Figure 2.13. Suppose a vector 
located at (0, 5, 0) is given by 2a,+3a, in the Cartesian coordinate system. At that location, 
the 3a, converts to 3a,, and 2a, converts to —2a,. So the vector becomes 3a, — 2a,. Note that 
moving the Cartesian vector to a different point would result in a different spherical vector. 
For instance, if the vector were at (4, 0, 0), then it would convert to 2a, + 3a,. This example 
is relatively simple because we are restricted to the x-y plane (@ = 7/2). 

Returning to the expression for a field from a point charge located at the origin, we can 
write (2.14) much more elegantly in terms of spherical coordinates as 


ae” 


4ne jr? 





a, (2.21) 


Figure 2.14 shows a differential element in the spherical coordinate system. If the ele- 
ment is considered to be extremely small (which it should be as it is differential) then it can 
be treated as a box where the sides are the differential lengths indicated in the figure inset. 
These lengths are found in Appendix B by trigonometric considerations. The volume of the 
differential element is 


dv = r? sin 0 dr d® db ee (2.22) 
3a, 
bpp y 
x 


w Figure 2413 An illustration showing the con- 
2a, +a, version between Cartesian and spherical vec- 

tors. 2a,+3a, at (0, 5, 0) converts to 3a, — 2a, 
and the same vector located at (4, 0, 0) converts 
to 2a, + 3a,. 
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rsin 8 do 


Figure ž.14 A differential element in the 
spherical coordinate system. One of the ele- 
ment’s six surfaces is shaded with the differ- 
ential surface vector indicated. 





There are also six differential surfaces. The one that is shaded in the inset is the product of 
sides dr and r sin 8 dọ. Since by convention the direction of a surface vector is away from 
. the volume, this differential surface vector is 


dS = r sin 0 dr do a, (2.23) 


The other differential surfaces and their directions can be determined in a like manner. 


EXAMPLE 2.5 


As a simple example of the use of dv and dS, consider a solid sphere of radius R. We can determine 
the total volume by 


R Tw 2n 
[dv = jijr? sin Odrd0 do = {r2dr[sine de jab =< nr? 
0 0 0 ‘2 


The total surface area can be found by 


tr 2n 
[dS = ff r?” sin@d0do = R? [sin@d@ [do = 4nR? 
0 0 





Orit 2 = Convert the Cartesian coordinate point P(3.00, 5.00, 9.00) to its equivalent 
point in spherical coordinates. (Answer: P(10.7, 32.9°, 59.0°)) 


yori! 2.4 Convert the spherical coordinate point M(5, 60°, 135°) to its equivalent point 
in Cartesian coordinates. (Answer: M(—3.06, 3.06, 2.5)) 


DR 2.7 Determine the volume bounded by 1.00 < r < 4.00 m, 45.0° < @ < 135.°. 
(Answer: v = 187 m°) 
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We have seen that the spherical coordinate system is very useful for problems having spher- 
ical symmetry. The cylindrical coordinate system2!° is good for solving problems that have 
cylindrical symmetry, such as those involving long wires and transmission lines. 

The cylindrical coordinate system uses the orthogonal components p, 6, and z, as illus- 
trated in Figure 2.15, where point P (p, 0, z) is shown. Here, p (“rho”) is the radial distance 
from the z-axis to the point P. The angle @ goes from the +x-axis to a projection of the radial 
line onto the x-y plane. This azimuthal angle is the same as the angle for the spherical 
coordinate system. Moreover, z is the same as in the Cartesian system. 

In converting P(x, y, z) to its equivalent point in the cylindrical coordinate system, P(p, 
,-z), it is helpful to project the radial line onto the x-y plane. Then, the radial distance p is 


easily seen to be 
pax? +y? ` (2.24) 


The angle @ makes from the +x-axis to the projected radial line is related to x and y by 


o= tan-"(2 (2.25) 
x: 


Finally, 
Z=Z pon (2.26) 


~ 


As an example, Figure 2.16 shows the point P(3, 4, 5). Using the conversions of 
(2.24){(2.26), which are readily verified by inspection of the figure, the point in cylindrical 
coordinates is P(5, 53°, 5). 


Figure 2.45 Cylindrical coordinate 
system. 3 





2-10This system is also called circular cylindrical to distinguish it from rarely used types of cylindrical coordi- 
nate systems such as elliptical, hyperbolic, and parabolic. 
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Figure 2.46 Shows conversion of the 
point P(3,4,5) in Cartesian coordinates 
to its equivalent point in cylindrical 
coordinates. 





The formulas to convert from cylindrical to Cartesian coordinates are easily derived by 
inspection of Figure 2.15 to be 


X=pcos@ 
y=psing (2.27) 
Z=Z 


A vector in cylindrical coordinates is written as 


A=A,a, + Aya, + Aa, (2.28) 


Just as for spherical coordinates, a vector in cylindrical coordinates is a function of its loca- 
tion. Suppose you have a unit vector a, in the Cartesian system. This would convert to a unit 
vector a, if the point is located on the +x-axis, and to a, if the point is located on the +y-axis. 
Formulas for converting from one system to another are provided in Appendix B. 

A differential element in the cylindrical coordinate system is shown in Figure 2.17. The 
differential volume is given by 


dv =p dp do dz (2.29) 
and one of the differential surface vectors is indicated in the figure inset as 
dS = p dp doa, 


EXAMPLE 2.6 


Consider a volume bounded by radius p from 3.00 to 4.00 cm, height from 0.00 to 6.00 cm, and angle 
from 90.0° to 135.0°. To determine the volume of this component, the integral is 


4 ° 6 = 
V = jjjpdpdġdz = fpdp [do fdz =16.5 cm 
= 3 % 0 


Note that we had to convert the limits on ġ from degrees to radians (i.e., 180° = n radians). 
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n gog 


Figure 2.17 A differen- 
tial element in cylindrical 
coordinates. 


Drill IR Convert the Cartesian coordinate point P(3.0, 5.0, 9.0) to its equivalent point 
in cylindrical coordinates. (Answer: P(5.8, 59°, 9)) 


Drill 2# Convert the cylindrical coordinate point M(5, 180°, 2) to its equivalent point 
in Cartesian coordinates. (Answer: M(—5, 0, 2)) 


MATLAB 2.2 


Although MATLAB does have some limited functions to handle cylindrical and spheri- 
cal coordinates, it is instructive to come up with our own program (a MATLAB script 
file) to perform a conversion, for instance, from cylindrical to Cartesian coordinates. 

In the M-Editor window, the following program (saved as ML0202) is entered: 


% M-File: ML@2@2 

% 

% This program converts a cylindrical coordinate point 
% to a Cartesian point. 

% 

% Wentworth, 7/5/02 

% 

% Variables: 

eats radial distance from z-axis 
% thetad angle with x-axis in degrees 
% z z location 

% theta angle in radians 

% xX,y,Z the cartesian coordinates 

% cart the cartesian coord. point 
cle %clears the command window 


clear %clears variables 


2.4 Line Charges and the Cylindrical Coordinate System ~ 29 


%Prompt for input values 

r=input('enter the value of r: '): 

thetad=input('enter the value of theta (in degrees): '); 
z=input(C'enter the value of z: '); 


%Perform conversion 

theta=thetad*pi/18@; %convert deg to rad 
x=r*cos(theta); 

y=r*sin(theta); 

Z=Z; 

cart=[x,y,Z] 


Now, we’ll run this program to solve Drill 2.9. In the command-line window, we type 


ML0202 


In this window we get several prompts to answer: 


enter the value of r: 5 
enter the value of theta: 180 
enter the value of z: 2 


cart = 
-5.0000 0.0000 2.0000 


Formal commands in MATLAB to do coordinate system conversions are cart2pol, 
cart2sph, pol2cart, and sph2cart. The reader should use the “help” feature to determine 
how to use these commands. For instance, 


» help cart2pol 


CART2POL Transform Cartesian to polar coordinates. 

[TH,R] = CART2POL(X,Y) transforms corresponding elements of data stored in Cartesian coordi- 
nates X,Y to polar coordinates (angle TH and radius R). The arrays X and Y must be the same size 
(or either can be scalar). TH is returned in radians. 


[TH,R,Z] = CART2POL(X,Y,Z) transforms corresponding elements of data stored in Cartesian 
coordinates X,Y,Z to cylindrical coordinates (angle TH, radius R, and height Z). The arrays X,Y, 
and Z must be the same size (or any of them can be scalar). TH is returned in radians. 


See also CART2SPH, SPH2CART, POL2CART. 


Notice that the order of the angles may be different from what we’ve been using. 


Infinite Length Line of Charge 


Now we wish to derive the electric field at any point in space resulting from an infinite 
length line of charge placed conveniently along the z-axis. Many students complain at this 
point about the unreality of an infinite length line. However, this can actually be a good 
approximation for many practical applications. For instance, a test charge placed a couple 
of centimeters from an elevated transmission line will see what appears to be an infinite 
length line. 

To create this line of charge, we will place an amount of charge, in coulombs, evenly 
along every meter of the z-axis. The linear charge density is the coulombs of charge per 
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meter length and is given by p, (C/m). Using p with an appropriate subscript is a standard 
way to denote charge density and is not to be confused with the p used for radial distance in 
the cylindrical coordinate system. L, S, and V are the subscripts used for line (p,), surface 
(Ps), and volume (py) charge densities, respectively. 

Consider Figure 2.18a showing the line charge along the z-axis and choose an arbitrary 
point P(p, Q, z) where we want to find the electric field intensity. If we fix p and , we notice 
that the line looks exactly the same to us no matter where we are in z because the line is infi- 
nitely long. That is, if we go up 20 m, we expect the field acting on us to be exactly the same 
as it was 20 m lower. Likewise, if we only fix p, and move around to some new angle @, the 
line continues to appear exactly the same to us. From this we can argue that, whatever the 
electric field intensity, it will only vary with the radial distance from the line. 
Mathematically we can say 


E(p) = E,a, + E,a, + Eaa, (2.30) 


where the (p) indicates that E is only a function of p. Since only the p coordinate affects our 
answer, we are free to reorient our problem and test a point on the more convenient p—z axes 
shown in Figure 2.18b. Now let’s simplify (2.30). Selecting an arbitrary segment of charge 
dQ at a distance z below the radial axis, we note that it will give us E, and E, components 
of the field, but not £, In fact, we can find no segment of charge dQ anywhere on the z-axis 
that will give us E,. So (2.30) becomes 


E(p) = E,a, + Ea, (2.31) 


Now consider a dQ segment a distance z above the radial axis. The additional field compo- 


nents are given in Figure 2.18c. Notice that the E, components cancel each other, and the £, 


components add. In fact, for any arbitrary charge segment on this infinite length line of 


N 


P(p, >, 2) 





š = (a) i (b) 


Figure 2148 (a) An infinite length line of charge, p,, is placed along the z-axis. We wish to find E at 
an arbitrary point P(p, , z). (b) Redrawn problem in the p—z plane with field components for a 
charge element dQ as indicated. 
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(a) _ a second charge element dQ above the radial axis. 


charge, you can always find another segment that will cancel out the E, component. We say 
. that the E, component cancels by symmetry. So now our equation becomes 


E(p) = E,a, (2.32) 


Next, we recall the expression for the electric field intensity for a point charge is 


=———a 
4ne,R? * 


If we consider a collection of such charges, the total field will be a summation of the vector 
field for each charge. For a continuous charge distribution, the summation becomes an inte- 
gral written as 


E= = (2.33) 


aR 
4ne, R? 


The common procedure for solving charge distribution problems of this sort is to start with 
(2.33), make the proper substitutions for each component, and finally perform the integra- 
tion. Figure 2.19 guides us in making substitutions for each component of (2.33). The dif- 
ferential charge is dQ = p, dz. The vector drawn from the source to the test point is 


R = Rag = pa,- za, 
This has a magnitude R= JP? +z° and unit vector ag = (pa, — za_)/R. Placing all this into 
(2.33) yields 
— 7a. 
g = Puez Me (2.34) 
ATE, ( ) 2 


2 2 
p +z 
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¥ 


Figure 279 Sketch to show where all the 
components come from to set up the integral. 





Now, because we’ve already established that no a, component will be present in the final 
answer, we can simplify (2.34) to 





(2.35) 


where the constants have been pulled outside of the integral, and the limits of integration 
over z go from —æ to +œ. Solving the integral*-!! gives the electric field intensity at any 
point p away from an infinite length line of charge as 
fi 
E- Pr a |’? P 
2nE,P 





(2.36) 


Note that (2.34) and (2.35) can be solved for finite lengths of line by appropriately 
changing the limits on the integral. We must use (2.34) rather than (2.35) unless we are sure 
that symmetry will cause the a, component to cancel. 


EXAMPLE 2.7 


Suppose an infinite length line of charge p; , = 4.00 nC/m exists at x = 2.00 m, z= 4.00 m. We want to 
find the electric field intensity at the origin. 

Since this is an infinite length line of charge, we want to figure out the various components in 
(2.36). A sketch of the problem is a good starting point. In Figure 2.20a the line charge is sketched in 
three dimensions. The problem is easiest to solve with the cross section of Figure 2.20b. Here the vec- 
tor pa, is clearly 


pa, =—2a, 44a, 


from which we see that P = 20 , and the unit vector is 


2.1 The solution of this and other common integrals encountered in electromagnetics can be found in Appendix D. 





Ring of Charge 
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Figure 2.20 (a) An 
infinite length line 
charge is located at 

` x= 2, z= 4. (0) Cross 
(b) section at y = 0. 





Inserting this into (2.36), we obtain 


4x10 C/m 3 —2a, —4a,) F- 
p= 4x10 C/m 36n m_1_( x 74a.) F-V 2-72a ida 
m 


on 10° F /20m 20 C 


fri] 2.12 Suppose to Example 2.7 we add a second infinite length line of charge p,, 
= 8.00 nC/m at x = -2.00 m, y = 3.00 m. Determine the total electric field intensity at the 
origin resulting from the presence of both lines of charge. (Answer: E = 15.0a, — 33.2a, 
— 14.4a, V/m) 


frei} 2.11 A segment of line charge p, =10. nC/m exists on the y-axis from y = -3.0 m 
to y= +3.0 m. Determine E at the point (3.0, 0.0, 0.0)m. (Answer: E = 42a, V/m) 


As another illustration of the procedure for using Coulomb’s law to find E, consider the ring 
of charge, of charge density p,, centered at the origin in the x-y plane. The task is to find E 
at a point on the z-axis, at (0, 0, h). The problem is illustrated in Figure 2.21a. We work this 
problem in cylindrical coordinates, and our first task is to determine which components of 
E are present. Grabbing a dL section of charge, as shown in Figure 2.21b, we notice by 
inspection that it delivers dE, and dE, contributions to the field, but not dE,. We also see 
that a dL section of charge grabbed on the opposite side of the ring will also deliver dE, and 
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(a) 
"E (b) 





(c) 


Figure 2.21 (a) Eis sought at a point A on the z-axis from a ring of charge centered on the x-y 
plane. (b) dE components from a pair of charge segments dL on opposite sides of the ring. (c) Terms 
for setting up the integral. 


dE., but the dE, component will be in the opposite direction as the first one and will there- 
fore cancel by symmetry. So we see that only E, will be present in the solution. 
As before, we need to make the proper substitutions into Eq. (2.33), 


dQ 
E = | —— a 
ere i 


Figure 2.21c guides us in the proper determination of each component for (2.33). The dif- 
ferential charge is dQ = p, a dọ. The vector drawn from the source to the test point is 

R = Ra, = —aa, + ha, 
The integral then becomes 


_ p Prado 
E= les +ha,) 


ragi 
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Rearranging the integral and considering that the a, components cancel by symmetry, we have 


E- Py aha, [ao 


snela’ e 0 


This is easily solved, resulting in 


E= pLaha, 


2e,(a7 +h? ie 


The problem would be considerably more difficult if we were asked to find E somewhere 
off of the z-axis. In such a case, a numerical integration in the Cartesian coordinate system 
would be the best approach. 


SURFACE AND VOLUME CHARGE 
The electric charge on a conductor will tend to distribute itself on the surface. Such a thin 
layer of charge is considered a continuous distribution of surface charge? !? and is given by 
the surface charge density p, (C/m?). 

To begin, we'll determine the field at a height h above a charge sheet of infinite area, 
for instance occupying the x-y plane. Note that since the sheet is infinite in both the x and y 
directions, the field at a point P is independent of the particular x and y location. So, we can 
conveniently locate the point P at a height h on the +z-axis as shown in Figure 2.22. If we 
consider a differential charge dQ = p, dx dy, we see that the differential field vector dE at P 
will have E,, E,, and E, field components. But we can always choose other differential 
charges to cancel the E, and E, components, leaving us with only E,. Drawing the vector 
from the given source element to the test point, we manipulate 


Figure 2.22 The point P is shown h above a 
current sheet of infinite extent occupying the 
x-y plane. 





2.12 At the atomic level, the charge distribution appears grainy. However, most practical problems occur at the 
macroscopic level where the charge distribution does indeed appear to be continuous. 
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dQ 
EZ a 
J Ane, R? R 
to get 
_ ff pdx dyha, (2.37) 


i 


Ane,,(x? +y +h? 


where the limits on the x and y integrals both go from —æ to +o. This is a very difficult inte- 
gral to solve. We could certainly perform a numerical analysis (i.e., use a computer algo- 
rithm) to estimate E for a very large sheet. Fortunately, there are other, easier ways to solve 
this problem. Let’s consider that the infinite extent sheet of charge is broken up into a con- 
tinuous series of infinite length line charges, such that a single line of charge in the 
x-direction would have a value p, = p, dy as shown in Figure 2.23. We previously found 
that, for an infinite length line of charge, 


E= PLap 
2TE .P 


In our infinite-extent sheet problem, each line would contribute dE and we’ ll have to inte- 
grate over all y to get the contributions from all the lines. Again referring to Figure 2.23, we 
see that the vector from source to test point is pa, = —ya, + ha,, Realizing that the E, com- 
ponent is zero by the problem’s symmetry, we have 


p,dy ha pha, *P dy 
E = |/__TS se ll T ES _ 2.38 
2ne,(y? +h?)  2ne, J (y? +r?) Coy 


From the table of integrals in Appendix D, we find 


Te d 1 Z 
Lae) ep ne Gy 





—oo 


2 


Figure 2.23 Infinite sheet of charge broken 
up into a continuous series of lines of 
charge. 
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Therefore, 


E = Pte (2.39) 
2e) 


A general expression for the field from a sheet charge is 





E= a, (2.40) 


where a, is the unit vector normal from the sheet to the test point. Notice that the field does 
not depend on the distance from the sheet! As an analogy, consider a uniform, featureless, 
white sheet of infinite extent. Let it be back-lit and provide the only source of light (so you 
won’t cast a shadow on the sheet). Equation 2.40 says you will not be able to tell whether 
you are standing a meter away from the sheet or 100 km. The intensity of illumination you 
will see is the same in either case. 

This approach can be extended to find the field at a point directly above the center of a 
ribbon of charge of infinite length by changing the limits on the integral in (2.38). 

Another way to solve the infinite extent sheet of charge problem is by considering the 
sheet to consist of a continuous series of concentric rings. From the derivation for a ring 

- charge we have the contribution to E for each ring of 


_ (psdp)pha, 
g Daye 
2e,(p +h ) 


Here, the ring charge density p, has been replaced with p.dp. To find the total field, we must 
integrate the radius p from 0 to œ, or 





This is easily integrated by substitution to yield (2.39). This approach can also be 
adapted to the problem where the field is sought at a point above the middle of a circular 
disk of finite radius by changing the upper limit on the integration. 


EXAMPLE 2.8 


An infinite extent sheet of charge with p, = 10.0 nC/m? exists at the plane y = -2.00 m. We want to 
find the electric field intensity at the point P(0.00, 2.00 m, 1.00 m). 

We can use Figure 2.24 to determine the components to use in (2.40). The unit vector directed 
away from the sheet and toward the point P is a,. Then we have 


me 2 
_ Ps, _10x10°C/m? 36nm, _ on V 
Sc 2 10°F? Ym 


a eee UE tIdEttEISSSEIESSS EES 
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Figure 2.24 Infinite extent sheet of 
charge at y = —2 m for Example 2.8. 





Deili 2.12 A charged sheet with p,, = 100. nC/m? occupies the z = —3.00 m plane, and 
a second charged sheet with p,, = —100. nC/m? occupies the z = +3.00 m plane. Find the 
electric field intensity at (a) the origin, (b) M(0.00, 0.00, 6.00 m), (c) N(6.00 m, 6.00 m, 
6.00 m), and (d) P(0.00, 0.00, —6.00 m). (Answer: (a) E = 11.3 a, kV/m, (b) E = 0, (c) E 
= 0, (d) E=0.) 


Prii? 2.13 A ribbon of charge in the x-z plane with p, = 10.0 nC/m? exists in the range 
—2.00 m < x < 2.00 m. Find the electric field intensity at the point (0.00, 3.00 m, 10.0 m). 
(Answer: E = 212 a, V/m) 


[ril 2.14 A circular disk in the x-y plane with p, = 10.0 nC/m? exists in the range 0 < 
p < 5.00 m. Find the electric field intensity at the point (0.00, 0.00, 5.00 m). (Answer: E 
= 166 a, V/m) 


MATLAB 2.3 


The closer you get to a finite radius disk of charge, the more you would expect it to 
resemble an infinite sheet. In the following example, we consider a charged disk of 
radius a and we want to find the electric field intensity at a point h above the center of 


- the disk. Considering Drill 2.14, we expect 





yee ee a 
2€, Va he 
So, the ratio of this £, to the E, for an infinite sheet will just be the portion of the equa- 


tion inside the brackets. If we plot this ratio against a factor k = a/h, we can manipulate 
the ratio to be 
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(Eoun h ael 
(E, ee V1 +k? 
and plotting the ratio of the fields versus k will give us some idea of when the sheet starts 


to look infinite. 
In the M-Editor window, the following program (saved as ML0203) is entered: 


% M-File: ML0203 

% 

% This program compares the E-field from a finite 

% radius disk of charge to the E-field from an 

% infinite sheet of charge. The ratio (E from disk to 
% E from sheet) is plotted versus the ratio k=a/h, 

% where a is the disk radius and h is the height from 
% the disk center. 

% 

% Wentworth, 7/6/02 

% 

% Variables: 

% k the ratio a/h 

% Eratio ratio of E from disk to E from sheet 

clc ` %clears the command window 

clear %clears variables 


% Initialize k array and calculate Eratio 
k=0.1:0.1:100; 
Eratio=1-(1./(sqrt(1+(k.A2)))); 

% Plot Eratio versus k 

plotc(k,Eratio) 

grid on 

xlabel ('k=a/h') 

ylabel('E ratio: finite to infinite disk') 


Notice the “./’ and “.^” operations in this program. The dot is needed so that the 
operation will be an array operation (operating on each individual element) instead of a 
linear algebra—based matrix operation. 

We run this program by typing ML0203 in the command-line window, or we can 
select “Run” under the Debug menu of the editor window. When the plot comes up, in 
the figure window under tools, we’ ll select “edit plot” and then “edit axis properties.” 
Setting the x-axis to a log scale (rather than linear), we get the plot shown in Figure 2.25. 
Note that, instead of using the edit feature, we could also have replaced the “plot” com- 
mand with a “semilogx” command in the program. 

Notice that when the radius is 10 times the height, the field is 90% of what we 
would get for an infinite sheet. 


Volume Charge 


A volume charge is distributed over a volume and is characterized by its volume charge 
density p, in C/m>. Plasma, a charged gaslike form of matter, can be contained in a mag- 
netic field and is an example of a volume charge. Very high temperature plasmas have been 
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Figure 2.25 The electric field 
intensity at a height 4 above a 
circular disk of radius a is 
divided by the electric field 
intensity for a charged sheet of 
infinite extent. This ratio is 
plotted versus a/h using 

=a/h MATLAB. 





under study for years in the quest to make nuclear fusion a feasible energy source. As 
another example of volume charge, consider a doped semiconductor (i.e., a semiconductor 
to which specific impurities are added). When a semiconductor such as silicon is doped 
with atoms containing one extra electron than silicon (arsenic, for instance), this extra elec- 
tron is very loosely held to the donor atom and is free to move around. These mobile elec- 
trons leave behind a distribution of positive charged ions fixed in the crystal lattice. 
Formulas governing semiconductor operation are derived based on electrostatics with con- 
sideration of the volume charge distribution for ions fixed in the lattice. 

The total charge in a volume containing a charge distribution p, is found by integrating 
over the volume: Q = Jpydv. 


EXAMPLE 2.5 


Consider a spherical collection of charge with density p,. The total charge for this sphere of radius a 
would be simply 


2. a5 R, 20 4 3 
Q= |jjp,r" sin8drdOdo =p, [r-dr{sinOd0 {dp = 3 Py 
0 0 0 ` 
More often, the charge density will vary with position. Suppose the charge density for the 
sphere is a function of the squared radius, or p, = kr?, where k is a constant. Then the total charge 


would be 


a 4 T 27 4 5 
= [kr°dr{sin@d0 f dọ = — nka 
0 0 0 5 





To find the electric field intensity resulting from a volume charge, we must solve the 
integral 


Pydvapg 
E= 
Ve 4ne,,R? 
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Since the vector R from source to test point will vary over the volume, and since in general 
p, will also vary over the volume, this triple integral can be extremely difficult to solve ana- 
lytically. It may instead be necessary to employ numerical integration to solve for this field. 
An example of this approach is given in the MATLAB example that follows. 

In problems with sufficient symmetry, it can be much simpler to determine E using 
Gauss’s law, which is the subject of an upcoming section. 


Pei) 2.15 In cylindrical coordinates, p, = 4sino/p C/m? for the volume 0.0 < p < 2.0 
m, 0 < <7 and -2.0 m < z < 2.0 m. Find the total charge in this volume. (Answer: 
Q=64C) 


RAATIAD IZ 
MATLAR 2.4 


The following program was constructed to find the field at point (0, 10 m, 0) for a solid 
spherical charge of density p, = 47? nC/m? extending out to radius of 4 m. Figure 2.26 
illustrates the problem. The program was saved as ML0204. 


M-File: MLQ204 

This program finds the field at point P(0,10m,@) 
from a spherical distribution of charge given by 
rhov=4*rA2 nC/mA3 from ð < r < 4m. 


Wentworth, 7/6/02 


Variables: 

dia i y-axis dist. to test point(m) 

a ' sphere radius(m) 

dV - diff. charge volume where 
dV=delta_r*delta_theta*delta_phi 

eo free space permittivity (F/m) 


r, theta, phi 
spherical coordinate location of center of a 
differential charge element 


BL BF BF VF af L a sf R Bf ae I Sf Be R R a Be ae at Se al ae ae ae 


KVZ Cartesian coord location of charge element 
R vector from charge elem. to P 
Rmag magnitude of R 
aR unit vector of R 
dr,dtheta,dphi 
differential spherical elements 
dEi ,dEj ,dEk partial field values 
Etot . total field at P resulting from charge 
cle %clears the command window 
clear %clears variables 
% Initialize variables 
eo=8 .854e-12; 
d=10;a=4; 


delta_r=40;delta_theta=72;delta_phi=144; 


% Perform calculation 
for k=(1:delta_phi) 
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for j=(1:delta_theta) 
for i=(1:delta_r) 
r=i*a/delta_r; 
theta=j*pi/delta_theta; 
phi=k*2*pi/delta_phi; 
x=r*sin(theta)*cos (phi); 
y=r*sin(theta)*sin(phi); 
z=r*cos(theta); 
R=[-x, (d-y) ’ -z] ; 
Rmag=magvector(R) ; 
aR=R/Rmag; 
dr=a/delta_r; 
dtheta=pi/delta_theta; 
dphi=2*pi/delta_phi; 
dV=rA2*sin(theta) *dr*dtheta*dphi ; 
dQ=4e-9* rA2*dV; 
dEi (i) =dQ*aR(2)/(4*pi *eo*RmagA2) ; 
end 
dEj (j)=sum(dEi); 
end 
dEk(k)=sum(dEj); 
end 
Etot=sum(dEk) 


In the command-line window, enter ML0204: 


Etot = 
983.9 


Note that the exact solution for the magnitude of E found by applying Gauss’s law in 
Section 2.7 will be 925 V/m, rather than the 984 V/m found here. The solution gets 
closer and closer to the exact one as the differential volume element is made smaller. 
Note also that, because the field only depends on radius, the E, calculated is valid for any 
10-m radius, not just on the y-axis. 


Z 






P(0, 10 m, 0) 


Figure 2.26 Volume charge 
has a charge density that varies 
with the radius. We wish to find 
the electric field intensity at 
point P in ML0204. 
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Practical Application: Laser Printer 


Laser printers were introduced in 1984 as a method for producing crisp, quality print much 
sharper than the dot-matrix printer. Featuring up to 1200 dpi (dots per inch) resolution, laser 
printers cost more on the front end than ink-jet printers, their chief rival. But ink-jet print- 
ers require expensive ink cartridges whereas laser printers use much cheaper toner powder. 
Laser printers are therefore the workhouse printers in most office environments. 

Laser printer operation is best described with the aid of Figure 2.27. The heart of the 
printer is the organic photoconductive cartridge, or OPC drum. On the surface of this drum 
is a special coating that will hold an electrostatic charge. The surface is also photoconduc- 
tive, meaning a spot on the drum hit by light will be discharged. To begin, a portion of the 
drum passes under a negatively charged wire known as the charge corona wire. This wire’s 
large negative charge induces a positive charge on the drum just under the wire. Next, the 
image to be printed is delivered to this charged region of the drum by a finely crafted laser 
and spinning mirror combination. Wherever the laser light strikes the OPC drum, the pho- 
toconductive material is discharged. The drum then rolls past a toner dispenser. The toner is 
a fine black powder that is given a positive charge. It is thus drawn to those portions of the 
drum that have been discharged by the laser. Meanwhile, paper is fed through the printer at 
the same speed as the drum. It passes over a positively charged wire (the transfer corona 
wire) that gives the paper a strong negative charge just prior to its contact with the drum. 

. The positively charged toner powder on the drum is transferred to the stronger negative 
charge on the paper. The paper is then passed near a negatively charged wire (the detac 
corona wire) that removes the negative charge from the paper and therefore prevents it from 
statically clinging to the drum. The paper and loose toner powder are then passed through 
heated fuser rollers, where the powder melts into the paper fiber. The warm paper then exits 
the printer. The drum continues rolling, passing through a high-intensity light that dis- 
charges all the photoconductors, thereby erasing the image from the drum and making it 
ready for application of a positive charge again from the charge corona wire. 

The technology of laser printers continues to improve and their prices continue to drop. 
Advanced printers are now available that can print in color by running the page through sep- 
arate printing operations, each with a different color toner powder. 






Charge corona 
Laser wa) 
pren sah MITO 
boa 4 
ji # Vent 

, ‘Toner and 

Discharge d = roller 
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DE SEAS i 
Fuser Paper Feeder 
rollers i rollers 
Detac corona . at corona Figure 2.27 General schematic of a laser 
wire (-) wire (+) 


printer. 
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Suppose we apply an amount of charge +Q to a metallic sphere of radius a. As depicted in 
Figure 2.28a, we enclose this charged sphere using a pair of connecting hemispheres with 
radius b (b > a), being very careful not to ever let any part of the outer sphere come in con- 
tact with the inner sphere. Next, as shown in the cross section of Figure 2.28b we briefly 
ground the outer sphere. We then remove the ground connection and find in the Figure 
2.28c cross section that —Q of charge has accumulated on the outer sphere. Somehow, the 
+Q charge of the inner sphere has induced the —Q charge on the outer sphere.”-!3 

It becomes convenient to define an electric flux that extends from the positive charge 
and casts about for a negative charge (through the brief ground connection), pulling in the 
negative charge as close as it can to the positive charge. We say that the electric flux ‘¥ (psi), 
in coulombs, begins at the +Q charge and terminates at the —-Q charge. These lines will be 
radially directed away from the inner sphere to the outer and will spread themselves out to 
get maximum separation between the like charges on each sphere. Considering that the flux 
lines pass through a spherical surface in the region between the spheres, we can define an 
electric flux density D, in C/m?, as 


De Ne ap (2.41) 





Note that this is very similar to the electric field intensity expression for a point charge 
(Eq. 2.21) 


=A -Lra 

ANE r 
In fact, this expression also holds for the region between the spheres. Since the amount of 
flux ¥ emanating from the inner sphere is equal to the charge Q on the sphere, we can con- 
clude from (2.41) and-(2.21) that 


D=c,E (2.42) 


a 





(a) (b) (c) 


Figure 2.2% (a) Metallic sphere of radius a with charge +Q is enclosed by a pair of hemispherical 
shells of radius b. (b) The outer shell is briefly grounded, (c) allowing a charge —Q to accumulate on 
the outer shell. 


2.13This experiment was carried out by Michael Faraday to determine the effect of different insulative materials 
on the electric field. 
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This is the relation between D and E in free space (or, for most practical purposes, air). 
In Section 2.11 we will see that, for general media, D = cE, where £ is the material’s per- 
mittivity. The advantage of using electric flux density rather than electric field intensity is 
that the former relates to the number of flux lines emanating from one set of charge and ter- 
minating on the other, independent of the media. 

The amount of flux passing through a surface is given by the product of D and the 
amount of surface normal to D. Inspecting Figure 2.29, we can see that the flux is given by 


y= |D] |S| cos 8 


where 0 is the angle between the electric flux density vector and the surface vector. In vector 
algebra, this relation is known as the dot product.?-'4 For a general pair of vectors A and B, 


A - B= |A| |B] cos 04; (2.43) 


In general it is difficult to find the angle 8,, to evaluate the dot product. Fortunately, 
there is an easier way. 

Consider that the dot product obeys both the commutative law (A - B = B - A) and the 
distributive law (A - (B+ C)=A+-B+A- C). Because of the distributive law, the dot prod- 
uct of a pair of vectors A and B can be expanded as 


A-B=(A,a,+ A,a, +A,a,): (Ba, + B a, + Ba.) 
= A,a,° B,a, + A,a,* Bia, + A,a,° Ba, 
+A,a,- Ba, + Aya, - Bia, + Aya, - Ba, 
+A a,-Ba,+Aa,: Bya,+Aa,- Ba, 


Note that a, - a, = 1 by (2.43) since the angle between parallel directions is 0° (cos(0°) = 1). 
But a, - a, = 0 since these two directions are orthogonal (cos (90°) = 0). The result is that 
the dot product for this pair of vectors is found by adding the products of the like compo- 
nents. For Cartesian, spherical, and cylindrical coordinates, respectively, 









A : B=A,B,+A,B,+AB, 
A: B=A,B, + ABa + AgBy 
A+ B =4A,B, + A,B, + AB: 


(2.44) 





(a) 


Figure 2.29 The flux through a surface that is at an angle to the direction of flux (a) is less than the 
flux through an equivalent surface normal to the direction of flux (b). 


2.14Also, but not as often, it is called a scalar product. 
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EXAMPLE 2.10 


Suppose we have two vectors A = 5a, + 3a, and B = 2a, — 4a,. The dot product is 


A - B=(5)(0) + (0)(2) + (3)(-4) = -12 


The dot product A - B represents the amount of A that is in the direction of B, multiplied 
by the magnitude of B. It is sometimes referred to as the projection of A onto the direction 
of B. By the commutative law, it is also the projection of B onto the direction of A. 

We can thus find the flux through a surface by 


y= |D||S|cosé =D - S (2.45) 


However, what if D varies over the surface for which ¥ is desired? Finding the total 
flux is then a matter of integrating over the surface: 


EXAMPLE 2.11 


Suppose D = 3xy a, +4x a, C/m? and we wish to find the amount of electric flux through the surface 
at z = 0 with 0 < x < 5 m, 0 < y < 3 m. The differential surface vector is dS = dx dy a,. Note that we 
could have chosen dS = dx dy (-a,), but our first choice has the differential surface vector pointing in 
the same direction as the flux, which will conveniently give us a positive answer. Equation 2.46 
becomes 


5 3 
y= f(3xya, +4xa,)-dxdya, = [4xdx{dy=150C 
0 0 


In solving this integral, the 3xya, component didn’t factor into the calculation for ¥ since its dot 
product with a, is zero. 





EXAMPLE 2.12 


Suppose we have an electric flux density given as D = 3ra, — 9ra, + 6a, C/m? and we wish to find the 
electric flux passing through a spherical surface at r = 2 m. The differential surface vector in this case 
is dS = r’sin@ dO dọ a,, and the dot product equation becomes 


pd 2r 
y = |(3ra, -9rag +6a4)-r? sin@d0doa, = 37° fsin0dO {do = 96n C 
0 0 





Drif 2.36 Suppose A = 6a, — 4a, + 2a, and B =—3a, — 24a, + 6a,. Use (2.43) and (2.44) 
to find the angle between the two sections (Answer: 61°) 


Dei 247 Given D = 10a, + 5a, C/m?, find the electric flux passing through the sur- 
face defined by p = 6 m, 0 <  < 90°, and -2 < z < +2 m. (Answer: 1207 C) 
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Given a pair of vectors A and B, the dot product in MATLAB is dot(A,B): 
» A=[1 2 3];B=[0 3 1]; 
» dot(A,B) 


ans = 
g 


A short routine may also be written to calculate the interior angle between a pair of vec- 
tors using the dot product. It assumes you have saved the function “magvector” from 
MATLAB 2.1 in your work file. The program is saved as “interiorangle”’: 

function y=interiorangle(A,B) 

% Calculates the interior angle between a pair of 

% vectors A and B. 

y=(180/pi)*acos(dot(A,B)/(magvector (A) *magvector(B))); 

% 180/pi converts radians to degrees 

» A=[1 2 3];B=[0 3 1]; 

» interiorangle(A,B) 


ans = 
40.4795 


27 GAUSS’S LAW AND APPLICATIONS 


If we completely enclose a charge, then the net flux passing through the enclosing surface 
must be equal to the charge enclosed, Q,,,. A formal statement of Gauss’s law is as follows: 


The net electric flux through any closed surface is equal to the total charge enclosed by that 
surface. 


In mathematical form, this is written as 


(247) 


where the circle on the integral indicates the integration is performed over a closed surface. 
Equation 2.47 is called the integral form of Gauss’s law and is one of the four Maxwell’s 
equations. 

Gauss’s law, although very simple, is quite useful in finding the fields for problems that 
have a high degree of symmetry. From the symmetry of the problem, we determine what 
variables influence D and what components of D are present. Then we select an enclosing 
surface, called a Gaussian surface, whose differential surface vector is directed outward 
from the enclosed volume and is everywhere either tangential to D (in which case D - dS = 
0) or normal to D (in which case D - dS = DdS). Over the portion of the surface that is nor- 
mal to D, we also require that the magnitude of D be constant so that it can be pulled out of 
the integral: i 


JD-dS=Djds 
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It is then a simple matter to calculate 


D=Q/{ds 


EX ABAPLE 2.42 


As the first of several examples, let’s use Gauss’s law to determine the electric field intensity result- 
ing from a point charge at the origin. This will give us a chance to try out our technique in a case 
where we already know the answer. 

The problem has spherical coordinate symmetry, and we see that the field is everywhere directed 
radially away from the origin and is not a function of @ or @ (i.e., if we are a fixed radius away from 
the point charge, it looks exactly the same to us no matter what our position in 6 or o). From this 
inspection of symmetry we conclude that 


D = D,(r)a, 


where D,(r) means the D, component is only a function of r. For a Gaussian surface, we choose a 
sphere centered at the origin as seen in Figure 2.30. The differential surface vector is 


dS = r? sin® d9 dọ a, 
so 
{D-dS=§D,a, -r° sin@d0 doa, =$ D, r° sin@d0db 


Since our Gaussian surface has a fixed radius from the origin, D, will be constant over the surface, and 
so it can be taken outside the integral to yield 


T 2n 
$įD-dS = D,r’ §sin@d0db= D,r? [sin@d® | do = 47r? D, 
0 0 


Now, since the total net charge enclosed by the Gaussian surface is Q, we have 





4nrD, =O 
and 
Q 
D. = 
” Anr? 


Z 


Figure 2.30 A spherical Gaussian surface sur- 
rounding a point charge at the origin. 
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If we consider the point charge to exist in free space, this leads to the expected result 


E= Q 


Are,r’ 





a, 


EXAMPLE 2.14 


Now let us find the electric field intensity resulting from an infinite Jength line of charge density p, 
on the z-axis. We wish to find D at any point P(p, 9, z). 

An element of charge dQ along the line will give D, and D, components at point P, but not D4. 
Also, proper selection of a second dQ element will result in cancellation of D.. SoD = D, ap. and from 
the problem’s symmetry it is clear that D, is only a function of p, or D = D,(p )a,. 

We choose a cylindrical Gaussian surface centered along the z-axis with radius p and length h as 
shown in Figure 2.31 and containing the point P somewhere on its side. The flux through the closed 
surface can be written 


{D-dS= JD-dSrop +JD-dSpottom +Í D- dSxige 


where 
dS op =P d p dọ a, 


dShotom =pdpdo (-a,) 
and FS .i4e = P Ab dz a, 


The top and bottom integrals are zero since a, ` a, = 0. Then, because we know that D, is con- 
stant on the side of the Gaussian surface, 


2n h 
JD- dS.ige = J Day ‘Pdo dza p = DP J do J dz = 2nhpD, 


Figure 2.31 A Gaussian surface containing the 
point P is placed around a section of an infinite 
length line of charge density p, occupying the z- 
axis. 
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The charge enclosed by the Gaussian surface is 
h 
Gene = Jpidz =PLh 
0 


Equating the flux to the enclosed charge, we solve for D, and find 


PL 
D, =f 
P 2mp 


For a third Gauss’s law example, let’s determine the field everywhere resulting from an infinite extent 
sheet of charge density p, placed on the x-y plane at z = 0. From examination of the problem’s sym- 
metry, we see that only a D, component will be present, and it will clearly not be a function of either 
x or y. We did find earlier that it is also not a function of z, but we’ll pretend we don’t know this yet. 
Now we’ll situate the point at which we want to find the field along the z-axis at a height h. Our 
Gaussian surface must contain this point and also surround some portion of the charged sheet. We 
may use a rectangular box of sides 2x, 2y, and 2h in the x, y, and z directions, respectively, as shown 
in Figure 2.32.2-'5 Here, the charge enclosed is simply 


x As 
Q= [pds =p, Jdx Jdy=4p,xy 


-x -y 


Because there is no net flux through the sides of the box, we must find the flux through the top 
and bottom surfaces: 


{D-dS= [D-dS+ [D-dS 


top bottom 
= J[D,a,-dxdya,+ JD,(-a,)-dxdy(—a,) = 2(4xy)D, 
‘top bottom 


Figure 2.32 A rectangular box is 
employed as the Gaussian surface 
surrounding a section of sheet 
charge to determine the field result- 
ing from an infinite extent sheet of 
charge density p.. 





2.15{t would be no more challenging to use a cylinder of some arbitrary radius centered along the z-axis with 
length 2h. However, as we have just used a cylindrical Gaussian surface for the infinite length line of charge, 
let’s try something new. 


Coaxial Cable 
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Notice that this answer is independent of the height of the box. Equating the net flux to the 
charge enclosed, we see that the 4xy portion cancels and we have 


D -es 
2 


at our point on the positive z-axis. 


The general expression for the electric flux density resulting from the infinite extent 
sheet of charge is 


D=®sa 
Z 


where a, is a unit vector normal directed away from the charged sheet. 


We now turn to a more complicated example. Figure 2.33a shows a section of an infinitely 
long coaxial cable with an inner conductor of radius a surrounded by a thin conductive shell 
at radius b. Actual coaxial cable generally has a solid inner conductor, but in operation the 
charge concentrates at the conductor surface (see Section 2.10). For practice in using 


‘ Gauss’s law, however, we will assume the charge on the inner conductor has a uniformly 


distributed charge density p,. The outer conductor is grounded. Our task is to find the fields 
every where. 





(a) 


Figure 2.32 (a) Coaxial cable with a solid inner conductor of radius a and charge density p, sur- 
rounded by a grounded thin conductive shell at radius b. (b) Cross section of the inner conductor 
with field components for a pair of differential charge elements. 
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Figure 2.33 {continued} (c) Cross section of 
the coaxial cable showing the three Gaussian 
surfaces. 


To begin, we notice from the symmetry of the problem that D only appears to be a 
function of p. To find the components of D it is helpful to look at the cross section of the 
inner conductor given in Figure 2.33b. From this, it is apparent the D, components of the 
field will cancel by symmetry. The D, components will cancel from a similar argument, 
leaving only D = D,(p). 

There are three basic regions where we must calculate the field: p < a, a < p < b, and 
P > b. Three Gaussian surfaces are therefore required. We choose cylinders centered along 
the z-axis with a height A and radii as indicated in the cross section of Figure 2.33c. There 
is no flux through the top and bottom surfaces of the cylinder, so the flux through a 
Gaussian surface is 


2n h 
$D-dS = | Dap -pdbdza, = DP fd | dz = 2nphD, 
i 0 0 


This determination of the flux will be valid for all three Gaussian surfaces. 
The charge enclosed by the first Gaussian surface is found by integration: 


P 2n h 
Qene = f Py dV =p, f pdp fad | dz = np hp” 
0 0 0 


So now the field in the first region (p < a) is found as 


2 
D, = TP Ap = Pv 5 
2nph 2 
The charge enclosed by the second Gaussian surface is found by taking the previous Q 
integration from 0 to a on p, resulting in Q.,. = Tp,ha?. This yields 


enc 


2 
panom _ Py a” 


2 2 
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Finally, since the outer conductor is tied to ground, we know from Faraday’s experi- 
nt that the charge on this conductor is —-Q. The total net charge enclosed by this third 
4ussian surface is therefore zero, and D, = 0 for p > b. 


MATIAR 28 
SSP Us F.C O 


Consider the coaxial example to have an inner radius of 3 cm and an outer radius of 6 
cm. The inner conductor has a charge density 8 nC/cm?. You are to use MATLAB to gen- 
erate a plot of D, versus p out to 12 cm. 


% M-File: ML@206 

% 

% This program plots D vs radius of a coaxial cable. 
% 

% Wentworth, 7/7/02 

% 

% Variables: 

% a radius (cm) of solid inner conductor 

% b radius (cm) of outer conductive shetl , 
% N number of points to plot per cm 

% Qdens charge density (nC/cmA3) 

%  rhocn) radial point 

% Drho(n) flux density at rho(n) 

clc %clears the command window 

clear %clears variables 

%Initialize variables 

a=3;b=6; 

Qdens=8; 

N=20; 


% Perform calculation 
for n=1:a*N 
rho(n)=n/N; 
Drho(n)=Qdens*rho(n)/2; 
end 


for n=l+a*N:b*N; 
rho(n)=n/N; 
Drho(n)=Qdens*aA2/(2*rho(n)); 
end 


for n=1+b*N:12*N; 
rho(n)=n/N; 
Drho(n)=0; 
end 


% Plot Drho vs rho 

plotCrho,Drho) 

grid on 

xlabel C'rho(cm) ") 

ylabel('Magnitude of Elect Flux Density (nC/cmA2)') 
Title('Coaxial Cable Example’) 


The result is plotted in Figure 2.34. It is worth noting that the step in D, at p = b is equiv- 
alent to the sheet charge density on the outer conductor. 
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Coaxial cable example 
14 7 | 





Magnitude of elect flux density (nC/cm?) 


Figure 234 D, versus radius 
0 2 2 6 8 10 12 for the coaxial cable in MAT- 
LAB 2.6. 


% 


Drill 2.48 Derive the formulas to characterize the electric flux density everywhere 
resulting from a sphere of charge, of radius a, containing a uniform charge density p, 
(C/m?). (Answer: D = (p,/3)r a, for 0 < r < a, D = (p ,/r)(a?/r°) a, for r 2 a) 


ERGENCGE AND THE POINT FORM OF GAUSS’S LAW 


Related to Gauss’s law, where net flux is evaluated exiting a closed surface, is the concept 
of divergence. The divergence of a vector field at a particular point in space is a spatial 
derivative of the field indicating to what degree the field emanates (or diverges) from the 
point. Its value, a scalar quantity, says whether the point contains a source or a sink of field. 
The concept of divergence will also lead to the very useful differential form of Gauss’s law. 

We can derive an expression for divergence by applying Gauss’s law to the small cubic 
element shown in Figure 2.35, which has at its center point P(x, Yo Z) a known flux den- 
sity vector 

Dp = D, a, +D, ay +D,,a, 


The total flux through the surface of the cube is equal to the net charge enclosed, by Gauss’s 
law, and is the sum of the flux through each face: 


$D-dS=Q.n =| f+ f+f+ f+f+ f [D-as (2.48) 
front back left right top bottom 
Looking at just the front face, we have 


[D-dS= Diara AyAza y — (2.49) 


front 
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Figure 235 A differential volume element 
used to derive divergence. 





The flux density at the front face D, ,a,/2 İS related to the flux at point P by the 
approximation 


Ax dD 
Dy, +Ax/2 = Di Ury TA (2.50) 





` where the change in D, from D,, is the product of the spatial rate of change 9D /ðx and the 
distance from P to the front face, Ax/2. This approximation becomes exact as Ax is shrunk 
to zero. So we have 


AxAyAz 0D, 
2 ox 





J D-dS=D, AyAz+ 


front 


(2.51) 


We can find the flux through the back face in a similar manner. The differential surface vec- 
tor directed away from the volume is 


dS = AyAz(-a,) 
and the flux density at the back face D, -4x72 1S 
Ax dD 
D,, -axj2 = Px, aes 
resulting in 
AxAyAz oD, 


J D-dS=-D,, AyAz+ 5 


back 


(2.52) 





Adding the flux from the front and back faces, we see that the Da terms cancel and we’re 

left with 

oD, 
ox 


oD, 
ox 








f D-dS= Av (2.53) 


` front+back 


AxAyAz = 


where a differential volume Av replaces AxAyAz. 
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In a like manner, the sum of the flux through the left and right faces is 





dD. 
J D-dS= Ay (2.54) 
left+right dy 


and that through the top and bottom faces is 


| D-dS= PP, ay (2.55) 


top+bottom 


Summing all these flux terms and recalling Gauss’s law gives 


aD, ƏD, aD 
I ) . dS = = ae —_ Z \ 2.56 
f (O l ox te oy 35 oz ) v ( ) 


Because our approximations for the flux density at each face are most accurate when 
the differential elements are made very small, we can obtain an exact solution by dividing 
each side of (2.56) by Av and taking the limit as Av goes to zero: 


| aD 
BOS ase, , Pri Be 





li = 
wt AYO AAN ae dy a (2.57) 
The first term in (2.57) is known as the divergence of D, written 
D-dS 
div D= li f ; 
i woo Av (2.58) 


This equation holds for any vector field and states that the divergence of a vector field is 
equal to the net flow out of a closed surface per unit volume enclosed by the surface as the 
volume shrinks to zerò. 

From inspection of the second term in (2.57) it is apparent that 


lim Qenc 
Av>0 Av 





=p, ` (2.59) 


The third term in (2.57) is related to the flux density vector by the del operator,>!6 which 
for Cartesian coordinates is written 





do g 
ve a et (2.60) 
and 
aD, OD, aD 
V-D=— BA i 
Jx + ay 3E = (2.61) 


2.161n addition to divergence of a vector field A (V - A), the del operator will also be used for the curl of A (Vx 
A), for the gradient of a scalar field A (VA), and for the Laplacian of a scalar field A(V2A). 
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is pronounced “del dot D” or more commonly “the divergence of D.” Notice that V - D 
returns a scalar quantity. It indicates how much flux is leaving the small closed surface 
without imparting any information about the flux direction. 

From Eqs. 2.57, 2.59, and 2.61, the differential form of Gauss’s law is 


This is also called the point form of Gauss’s law since it occurs at some particular point in 
space. 

A common example used to give a physical picture of divergence is to consider the 
expansion of a gas as pressure is lowered. Consider the motion of air molecules in a small, 
fixed volume within the apparatus shown in Figure 2.36. If the plunger is stationary, there 
is no net movement of molecules?!” through the closed surface. Now, as the plunger moves 
up, lowering the pressure in the chamber, there is a net movement of molecules out of the 
closed surface. At any point in the chamber, the air molecules are diverging; that is, the air 
is expanding. If the plunger is pushed in, the net flux out of the closed surface would be neg- 
ative, as would be the divergence, which would indicate the air is compressing. 

In terms of electric flux density, a positive divergence at a point indicates the presence 
of a source of flux at that point (i.e., a positive charge). A negative divergence indicates the 
presence of a flux sink (i.e., a negative charge). 

It should be noted that in our derivation of (2.61) we assumed a differential volume 
element from the Cartesian coordinate system. For cylindrical and spherical coordinate sys- 
tems, the volume elements are different and our derivation would lead to the following 
equations: 


19 
‘Dey art 


(2.63) 
1 OD, 


ð 
ee i poe. 
i rsin® zl al rsinð do 





Figure 2.36 Expansion of air in a sealed 
chamber with increasing volume is demon- 
strated by the net flow of air molecules out of 
a small volume element. 





2.17Except at absolute zero temperature, gas molecules are always skittering about, bumping into each other. For 
a small closed surface, the statistical average of molecules leaving the surface equals the average going back in. 
Thus, there is no net movement through the closed surface. 
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Recalling once again the integral form of Gauss’s law, we can write 
$D- dS = Qonce = |p,dv 


Using the point form of Gauss’s law, p, can be replaced by V - D, leading to the divergence 


theorem: 
§D-dS={V-Ddv : (2.64) : 


This very handy relation says that integrating the normal component of a vector field 
over a closed surface is equivalent to integrating the divergence of the vector field at every 
point in the volume enclosed by that surface. 


EXAMPLE 2 18 


Suppose D = p? ap. Find the flux through the surface of a cylinder with 0 < z < h and p =a by evaluating 
a. the left side of the divergence theorem and 
b. the right side of the divergence theorem. 


A sketch of this cylinder is shown in Figure 2.37 along with differential surface vectors for each 
of the cylinder’s three surfaces. We can first evaluate the left side of the divergence theorem by con- 
sidering 


w=§D-dS= [D-dS+ [D-dS+ {D-dS 
top side bottom 


The integrals over the top and bottom surfaces are each zero, since a, ` a, = 0. So we have 
rn 3 3 
w={D-dS= | j p’a,-pdodzay=2nhp’| = 2mha’ 
z=09=0 eae 


For evaluation of the right side of the divergence equation, we can first find the divergence in cylin- 
drical coordinates (from Eq. 2.63 or from Appendix A). We have 


V-Doy = = 3p PP) = 12 (93). 3p 


AS top = pap do a, 


|, Apama ananman amea 


Figure 237 Cylindrical volume of Example 


dS bottom = —P p do 
gorom az 2.16 with differential surface vectors shown. 


mH 


es 


$ 
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Performing a volume integration on this divergence, we have 
a 2 2NR 3 
w=fV-Ddv= J(3p)pdpdbdz = 3{p*dp | dojdz=2nha 
vol 0 0 o0 


This is the same as that calculated for the other side of the divergence equation. 
It is worth commenting on the units in this problem. We are given that 


Clearly these units do not match up. We must assume a unity conversion in the equation, or 


{5-05 pra 


m 


This can be carried through to the final answer: 


v(c)=(1-, Joni(m)a(m) 


peni 2.19 If the electric flux density is given by D = x a, + y? a, C/m?, determine the 
volume charge density at the point P(2, 3, 4). (Answer: 7 CIm?) 


ELECTRIC POTENTIAL 


Students of electrical engineering are very familiar with the concept of electric potential 
(voltage in circuit analysis classes). In this section we develop the concept of electric poten- 
tial and show its relationship to electric field intensity. 

When force is applied to move an object, work is the product of the force and the dis- 
tance the object travels in the direction of the force. Mathematically, in moving the object 
from point a to point b, the work can be expressed as 


b 
W=[®-dL (2.65) 
a 


where dL is a differential length vector along some portion of the path between a and b. We 
know from Coulomb’s law that the force exerted on a charge Q by an electric field E is F = 
QE. The work done by the field in moving the charge from point a to b is then 


b 
We- feta = OJ E-dL - (2.66) 
a 
If an external force moves the charge against the field, the work done is the negative of 
WeE-fiela OF 


b 
W =-O/E-dL (2.67) 


a 
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PRABAPLE 2.17 


Let us calculate the work required to move a 10-nC charge from the origin to point P(1, 1, 0) against 
the static field E = 5a, V/m. 

We notice in Figure 2.38 that several paths are indicated; all will require the same amount of work 
in moving the charge from a to b.2:!8 We choose path i and divide the problem into a pair of integrals 


W=-(10 nC) {5a,(V/m): dya, —(10 PETT aes 
0 0 


The first integral takes us from the origin to the point (0, 1, 0). The amount of work for this portion of 
the path is zero since a, - a, = 0. The second integral takes us from (0, 1, 0) to (1, 1, 0) and results in 


W =-(10 nC) (5 V/m) (1 m) =-50 nJ 


where the conversion J = C - V has been employed. Since the work expended to move the charge is 
negative, the field is doing 50 nJ of work. 


Now we can define the electric potential difference V,, as the work done by an exter- 
nal source to move a charge from point a to point b in an electric field divided by the 
amount of charge moved: 


(2.68) 





This potential difference can also be related to absolute potentials, or electrostatic poten- 
tials,2-!9 at points a and b: 


Via=V,-V, K (2.69) 





7 y 


Figure 2.38 Three different paths to cal- 
culate work moving from the origin to a 
point P against an electric field. 





2.18Although the student may quip that it would take much more mathematical work to use path k in Figure 2.38, 
the actual work done will be the same as the other, simpler paths. 


2.19When we do work to move a pair of like point charges toward each other (moving one against the field of the 
other), the energy is stored as potential energy that can be recovered if we allow the charges to return to their 
starting positions. 
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Finding the absolute potential at some point requires that we have a reference potential. 
Often a ground plane, or plate, is chosen as the zero potential reference. In the case of coax- 
ial cable, the zero potential reference is chosen to be the grounded outer conductor. For a 
collection of point charges near the origin, the zero potential reference is often selected at 
infinite radius. The reference can also be a known or assumed potential at some point. 


EXAMPLE 2.18 


Let’s find the potential difference Vpo between the origin and point P in Example 2.17. 
The potential difference V,, is calculated as 


ee 5V 


OT wonc © 


If we know that the absolute potential at the origin is, for instance, 8 V, or Vo = 8 V, then Vp= Vao+ Vo, 
or V,=3 V. 


It is interesting to see that, if a closed path is chosen, the integral will return zero poten- 
tial difference: 


fE-dL=0 (2.70) 


This result??? is the very familiar Kirchhoff’s voltage law. 

Let’s calculate the potential difference between two points in space resulting from the 
field of a point charge located at the origin. Since the electric field intensity is radially 
directed, only movement in the radial direction will influence the potential. If we move 
from radius a to radius b, we have 


b b Q 
Va =-JE-dL=-|7- a, dra, 
a a o 


which upon evaluating the integral yields 


R r=b 
Vha = = =-£ (-1)=v -v 
ANnEor| a 4TEo\b a 


a 





Now, if we set a reference voltage of zero at an infinite radius, then the absolute poten- 
tial at some finite radius from a point charge fixed at the origin is 


w= Q (2.71) 
4ne,r 





We can define this as the work per coulomb required to pull a test charge from infinity 
to the radius r. If we have a collection of N charges, the total potential can be found by 
adding the potential for each charge, or 


2.20Rquation (2.70) is valid for static fields, but not for time-varying fields. One of the key discoveries in electro- 
magnetics was that time-varying magnetic fields produce electric fields (and that time-varying electric fields 
produce magnetic fields). This will be discussed further in Chapter 4. 
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v=5—2 (2.72) 


If the collection of charges becomes a continuous distribution, we can find the total 
potential by integrating: 





spn 2.73 
á fa G22) 


Dril! 2.24) The field for an infinite length line of charge on the z-axis is 





Suppose the charge density p, is 100 nC/m. (a) Find the work done moving a 10-nC 
charge from p = 3 m (point a) to p = | m (point b). (b) Find the potential difference V,,. 
(Answer: W = 20 WJ, V,a = 2 kV) 


Devil 2 21 Three 1-nC charges exist at points (1 m, 0, 0), (—1 m, 0, 0), and (0, 0, 1 m), 
respectively. Determine the absolute electrostatic potential at the point (0, 1 m, 0) assum- 
ing a zero-potential reference at infinite distance from the origin. (Answer: 19.1 V) 


MATLAB 2.7 


There is a point charge Q = 10 nC at the origin, and the potential difference V, is to be 
calculated going from a point AG m, 4 m, 0) to a point B(3 m, 0, 0). Now, the solution 
is not hard to derive and gives you an answer of 12.00 V. However, you want to see how 
to get the same solution using MATLAB so that you’! have some confidence in solving 
more difficult problems where the answer is not so easy to derive. 

Here’s one approach: 


M-File: ML@207 


This program calculates potential difference going 
from point A(3,4,@) to point B(3,@,@), given a point 
charge Q=10nC at the origin. The approach will be to 
break up the distance from A to B into k sections. 
The field E will be found at the center of each 
section (located at point P) and then dot(Ep,dLv) 
will give the potential drop across the kth section. 
Total potential is found by summing the potential 
drops. 


Wentworth, 7/7/02 E . A a 


Variables: 
Q point charge, in nC 


AL BE SS SF BS SE BL BF Be BE Be af BE BC ae ae 


Gradient 
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% k number of num. integration steps 
% dL magnitude of one step 

% dLv ; vector for a step 

% y(n) y location at center of section at P 
% R vector from Q to P 

% E electric field at P 

% V(n) > portion of dot(E,dL) at P 

elc %clears the command window 
clear %clears variables 

% Initialize variables 

k=32; 

dlL=4/k; 


dLv=dL*[0 -1 0]; 


% Perform calculation 

for n=1:k 
y(n)=(n-1)*dL+dL/2; 
R=[3 y(n) 0]; 
Rmag=magvector (R); 
E=90*R/RmagA3; 
V(n)=dot(E,dLv); 

end 

Vtot=sum(-V) 


Sufficient steps must be chosen to converge on the correct solution. Here are the poten- 
tials calculated for various numbers of steps: 


K=2 V= 12.76 
K=4 V=12.17 
K=8 V= 12.04 
K=16 V= 12.01 
K =32 V = 12.003 


The program therefore requires less than 32 integration steps to achieve convergence. 


Figure 2.39 is a plot of the electrostatic potential superimposed over the field lines for a 
point charge. The electrostatic potential contours form equipotential surfaces surrounding 
the point charge. All points on such a surface have the same potential. It is evident that these 
surfaces are always orthogonal to the field lines. In fact, if the behavior of the potential is 
known, the electric field can be determined by finding the maximum rate and direction of 
spatial change of the potential field. We can use the del operator again, this time in the gra- 


dient equation 
=-VV 
- am) 


where the negative sign indicates that the field is pointing in the direction of decreasing 
potential. In Cartesian, cylindrical, and spherical coordinates, respectively, the gradient 
equations are 
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Fa ù 4 


Equipotential 


$ surface Figure 2.39 Equipotential lines are shown 


orthogonal to field lines for a point charge. 


(2.75) 





We can demonstrate the gradient equation by applying it to the potential field of (2.71). 
We have ` 





as expected for a point charge at the origin. 

So now we have three ways to calculate E. First, if there is sufficient symmetry, we can 
employ Gauss’s law. Second, we can use the Coulomb’s law approach. But this approach 
can be very difficult to implement for some charge distributions. The gradient equation pro- 
vides us with a powerful, third technique for finding electric field intensity. Here, we can do 
an integration (without worrying about vectors) followed by a relatively simple differentia- 
tion. The electrostatic potential then acts as a stepping stone, or intermediate step, that 
replaces a single difficult mathematical operation with two simpler ones. 


EXAMPLE 2.19 


Consider a disk of charge density p, as shown in Figure 2.40 extending to a radius a. We want to first 
find the potential at point / on the z-axis and then find E at that point. We start with (2.73) and find 


that dQ = p, p dp do and r= yh? +p” , giving us 
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Figure 240 Disk of charge to find V and E on the 
x . 
z-axis. 





g a d 20 
v= e eE ja 


ANE, oh? +p” 0 


The integral over do is simple and the other integral is accomplished by substitution (i.e., letting 
u = h?+p? and du = 2p dp leads to the integral {u~/du). The result is 


v= Pei? +p? = > (Ja? +0? -h) 


o p=0 Eo 


p=a 








Now, to find E we have to know how V is changing with position. In this case, where we want to 
know how E varies along the z-axis, we can simply replace h with z in the answer for V, and proceed 
with the gradient expression: 





In many practical problems, the charge distribution is unknown but we are provided the 
potentials. For example, we might be given the potentials on each plate of a capacitor. We 
can use the gradient equation, along with Laplace’s or Poisson’s equation, to find the field. 
This will be explained further in Section 2.12. 


peii 2.22 Given the field V = xyz (V), find E at (2 m, 3 m, 0). (Answer: E = -12 a, V/m) 


MATLAB 28 


In this example we compare the electrostatic potential to the electric field intensity as a 
function of radial distance from a 1-nC point charge. 

The SUBPLOT(m,n,p) command breaks the figure window into an m-by-n matrix 
of small panes and selects the pth pane for the current plot. The SEMILOGX command 
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plots a linear y against a logarithmic x-axis. Running this program returns the plots in 
Figure 2.41. 


M-File: MLQ208 


This program compares V and Er versus radial 
distance from a point charge. 


Wentworth, 7/7/02 


Variables: 

Q point charge (nC) 

eo ° free space permittivity (F/m) 

r radial distance from point charge (m) 
Vv electrostatic potential (V) 

Er radial electric field (V/m) 


BE Be SF a BS BF BE af Bf R ae ae ae 


clc %clears the command window 
clear %clears variables 


% Initialize variables 


Q=1e-9; 
eo=8.854e-12; 
r=0.1:0.01:10; 


% Perform calculation 
V=Q./(4*pi*eo*r) ; 
Er=V./r; 


Subplot(2,1,1) 

semi logx(r,V,'-r') 

ylabelC'potential (V)") 

subplot(2,1,2) 

semi logx(r,Er, 'k") 
ylabel('electric ‘field intensity (V/m)') 
xlabel('radial distance (m)') 


100 


Potential (V) 
Qı 
=] 








vE 
os 
-2 œ 500 
25 
SE 
1071 10° 10! 


Radial distance (m) Figure 241 EandVfora 
point charge in MATLAB 2.8. 
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EXAMPLE 2.26 


Consider a pair of point charges of equal magnitude and opposite sign, +Q and —Q, in close proxim- 
ity as depicted by Figure 2.42. Such a pair, termed an electric dipole, is useful for describing the 
behavior of dielectric materials, which will be encountered in Section 2.11. We wish to find an expres- 
sion for the potential field of such a dipole at a distance r that is large compared to the charge separa- 
tion d and then apply the gradient equation to find the resulting electric field. 

From (2.72), the total potential at point P is 


e 40 (=| 


4me,R* 4ne,R™ 4ne,\ R*R™ 





Vp 


We are interested in the potential at a distant point such that r >> d. In this case, the two lines R+ and 
Rare approximately the same length, and the product in the denominator can be estimated as RR- 
= r°. Inthe numerator, the difference R` — R* is required. From the lower part of the figure we see that 
the two lines are approximately parallel, leading to R~ - Rt = d cos@. So our electric potential 
becomes 
QOdcos8 
\b= Z 
- Aner 


The electric field for r >> d can be found using the gradient operation on V,- We have 


A E 


E=-VV = +— — 
p r r o ° ene d$ #6 








Since V, only varies with r and 9, the Æ, term is zero. The E, term is 


_ OV, _ Odcos® 2 (r2)a e 20dcos0 | 
ðr ” 4ne, or É 4ne,r° 


r 


and the E, term is 





Fiauee 242 An electric 
dipole. 
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Combining these terms, we have 


post 


4ne,r 





5 (2cos@a, +sin®ag) 





In the next few sections we turn to how fields behave in material space. In electromagnet- 
ics, materials are defined by their constitutive parameters: permeability u (“mu”), permit- 
tivity € (“epsilon”), and conductivity © (“sigma”). Permeability, associated with magnetic 
fields and inductance, will be described in Chapter 3. Permittivity, discussed in the next sec- 
tion, describes dielectric materials used, for instance, in capacitors. Conductivity relates to 
a material’s ability to conduct electricity and is the subject of this section. In our treatment 
of the constitutive parameters, we will generally assume that the materials are homoge- 
neous,~2! meaning the properties are the same at every point in the material, and that the 
materials are isotropic,2? meaning the properties are independent of direction. 

The units for conductivity are most often expressed in terms of siemens per meter 
(S/m), or by the equivalent terms //Q-m and, less commonly, (O/m) (pronounced “mhos 
per meter”). Figure 2.43 shows the range of conductivity exhibited by good conductors 
(o > 104 S/m), good insulators (o < 104 S/m), and semiconductors. 
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2.21Īn some problems, parameters will be given as a function of position, clearly indicating an inhomogeneous 
material. 


2.22Constitutive properties for semiconductor crystals are anisotropic, meaning they depend on direction in the 
crystal. 
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Most conductors are metals with an abundance of electrons available for conduction. 
The conductivity in metals depends on the charge density and on the scattering of electrons 
by their interactions with the crystal lattice. Conductivity decreases with increasing tem- 
perature for metals since more lattice vibration and hence more scattering occurs at higher 
temperatures. Most metals commonly used for electrical wiring have conductivities 
between 107 and 108 S/m (see Figure 2.43 and Appendix E). Note that an electrical con- 
ductor does not have to be solid. Mercury, a liquid at room temperature and pressure, con- 
ducts well enough to be used as an electrical probe for delicate surfaces. Also, seawater is 
somewhat conductive. 

A perfect conductor has infinite conductivity and is termed a superconductor. Until the 
1980s, only a limited number of metals existed that would superconduct at very low tempera- 
tures (in the vicinity of 10 K or so). Then, a startling discovery was made that certain ceramic- 
layered structures, beginning with yttrium-barium-copper-oxide, would superconduct at 
significantly higher temperatures. The most advanced superconductors today are limited to 
modest field intensity levels and still are only operable at well below room temperatures. 

In a good insulator, or dielectric, the electrons are tightly bound by their parent atoms 
and so are not available to conduct. In the presence of a very strong field (or large potential 
across the insulator), the electrons may be stripped from their orbits and conduction will 
ensue, sometimes with unfortunate results. The insulator’s breakdown voltage is therefore 
a critical parameter when large fields are involved. 

In semiconductors, electrons are loosely bound to their parent atoms, and with the 
addition of thermal energy they are made available for conduction. When the electron is 
pulled from its parent atom it leaves behind a vacancy, or hole, which for all practical pur- 
poses behaves as a mobile positive charge. For pure silicon at room temperature, the num- 
ber of mobile charge carriers (electrons and holes) is modest and conductivity is low, as _ 
indicated in Figure 2.43. With increasing temperature, however, the number of charge car- 
riers increases rapidly and the conductivity increases in spite of the increased lattice vibra- 
tions. Another way to increase a semiconductor’s conductivity is to intentionally add, or 
dope, the semiconductor with impurities that can easily donate a charge carrier. As seen in 
Figure 2.43, heavily doped silicon can achieve a conductivity as high as 104 S/m. 


Current and Current Density 


An ampere (A) or amp of current is defined as the amount of charge (in coulombs) that 
passes through a reference plane in a given amount of time (in seconds). Thus, 1 A = 1 C/s. 
The current density is the current divided by the area through which the current passes. The 
current density is expressed as a vector quantity J (A/m?) and is related to current J by 


There are three types of current density: convection, conduction, and displacement. 
Displacement current density is a time-varying field phenomenon that allows current to 
flow between the plates. of a capacitor and will be discussed in Chapter 4. 

Convection current density involves the movement of charged particles through vac- 
uum, air, or other nonconductive media. An example is the beam of electrons in a cathode 
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ray tube (i.e., a conventional television picture tube). If a charge density p, is moving at 
velocity u, the convection current density is 


J=pu ~ (2.77) 
larti 2.2% A 4,00-mm-diameter columnar beam of electrons with charge density 
—0.200 nC/m3 moves with velocity u = 6.00 x 10° m/s. Determine the current. (Answer: 


15.1 nA) 


Conduction current density involves the movement of electrons through conductive 
media in response to an applied electric field. It is given by the point form of Ohm’s law, 


J =o0E (2.78) 


Suppose charge is introduced into a good conductor. The charges repel each other and 
quickly accumulate very near or on the conductor surface.” The result is that within a 
good conductor the charge density is zero, and by Gauss’s law considerations the electric 
field intensity inside the conductor is zero. With E = 0, the potential difference 


a 
Vıp =-JE-dL E (2.79) 
b 


is zero between any two points in the conductor. The conductor is considered to be an 
equipotential medium. Another way to see that E = 0 inside a good conductor is to consider 
the field within a perfect conductor where © = æ. The only way J can be a finite quantity is 
if E approaches zero. 

Although perfect conductors are equipotential volumes, real conductors and resistive 
materials will encounter a potential difference in the direction of current. The relationship 
between the potential difference and the current is the resistance R, given by the version of 
Ohm’s law we’ve seen before in circuit theory, R = V/I. 

As an example, and to show the derivation of the circuit-theory form of Ohm’s law 
from the point form, let us consider a cylinder of material with conductivity 6, length L, and 
cross-sectional area S as indicated in Figure 2.44. A potential difference V,, between the 
two ends of the cylinder will establish an electric field intensity E = (V,,/L) a.. The current 
density will be related to the field by the point form of Ohm’s law, J = GE. Because the cur- 
rent is related to the current density by J = (//S) a., the point form of Ohm’s law becomes 


ee 
ial? 


Manipulating this equation to arrive at an expression for resistance, we have 
Ra (2.80) 


2.23We assume, since this chapter concerns static electric fields, that the charges have already reached the sur- 
face. 
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Figure 2.44 Bar with conductivity © for 
deriving the circuit-theory form of Ohm’s law. 





ity iff 2.24 Determine the resistance of a 1.00-m-long, 1.00-mm-diameter nichrome 
wire. (Answer: 1.27 Q) 


A more general expression for resistance is 


(2.81) 





EXAMPLE 2.21 


As an example of how we can apply (2.81), let us find the resistance between the inner conductive 
shell (radius a) and outer conductive shell (radius b) for a length L of coaxial cable filled with mate- 
rial of conductivity o. Assuming a charge Q on the inner shell, we have by Gauss’s law a field for a < 


p<bof 








= Q a 
2ne,pL ° 
Then, using this field we can determine potential difference between the inner and outer conductors as 
a Q b 
V =-/—\a, ‘dpa, = In} — 2.82 
ji cay or enee 2ne,,L (2) cc 


The current is found from (2.76) and (2.78) to be 


1 ={J-dS = [oE-dS 
(2.83) 
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Joule’s Law 


Dividing V,„, by / to find resistance, we have 





in = = ~ (2.84) 


The resistance between the conductors of coaxial cable given by (2.84) can also be 
expressed in terms of a conductance G, where G = 1/R. So, the conductance for the coaxial 
cable is 





Boo (2.85) 
In(b/a) 
and the conductance per unit length, G’, is simply 
Ga G = _ 200 (2.86) 
L In(b/a) 


This value is one of the distributed parameters to be employed when studying transmission 
lines in Chapter 6. 


The electric field does work in moving charges through a material. Some of the energy of 
the moving charges is given up in collisions with atoms of the material. The amount of 
energy given up per unit time is called the dissipated power, denoted P. 

The differential force exerted by the electric field to move a differential charge dQ = p, 
dvis 


dF = dQ E = 9,dvE (2.87) 
The incremental work done is simply 
dW=ad¥F -dL=p,dvE- dL (2.88) 
The increment of power dissipated is this work divided by the increment of time, or 
ap = © = p,dvE-— =p,dvE -u (2.89) 
where u is the velocity vector dL/dt. Now, this can be rearranged to give 
dP=E- p,u dv (2.90) 
which, since J = p, u, is equal to 
dP =E - J dv (2.91) 


Finally, we can integrate over the volume to find the total dissipated power, 
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Equation 2.92 is known as Joule’s law. 
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Considering again the cylinder of conductive material in Figure 2.44, we can write 
(2.92) as 


P=JE-Jdv= [2 dL {ds (2.93) 


which is easily evaluated to get the more familiar electric-circuit-theory form of Joule’s law, 
P=VI (2.94) 

EXAMPLE 7.92 
The electric field intensity in a 10-cm-diameter cylinder of material with conductivity o = 10-3 S/m 
is measured as E = 12 p a, V/cm, where p is in centimeters. What is the dissipated power in a 1-m 


length of this cylinder? 
To maintain the correct units, we’ll convert o to 10-5 S/cm. Then using (2.92) we have 


5cm 2 2m 100cm A (5*) 
P=o f (12p) pdp jdp fdz=(10 * (144) (2m)(100) = 140 W 
0 0 0 


Prii 2.35 How much power is dissipated if 1 V is placed across the wire of Drill 2.24? 
(Answer: 0.79 W) 


„agri aoe ee go a) 
THELECTRICS 


In the previous section we saw that insulators (dielectrics) are different from conductors in 
that they have few, if any, free charges available for conduction. Such materials do have 
fixed, or bound, charges that influence the field within the material. At the atomic level, 
where an electron cloud surrounds a positively charged nucleus, an external applied field 
will cause some shifting of the electron cloud such that electric dipoles are formed and 
aligned, as indicated in Figure 2.45. Each dipole consists of a positive charge at the center 
of the nucleus separated by a small distance from a negative charge at the center of the elec- 
tron cloud. We say that the material is polarized by the electric field, meaning the dipoles 
are aligned, and the degree and direction of alignment are given by 


P= X £E : (2.95) 


where the polarization vector P aligns with the electric field and x, (“chi”) is the material’s 
electric susceptibility. 

Molecules like the fictitious ones depicted in Figure 2.45 are nonpolar, meaning they 
have no dipole until influenced by an electric field. However, some molecules are polar, 
meaning they have a built-in electric dipole. A water molecule is an example of a polar mol- 
ecule. Because the hydrogen atoms are not placed on opposite sides of the oxygen,”74 and 
the shared electrons spend a bit more time in the vicinity of the oxygen nucleus than with 


2.24Think of the silhouette of a very famous cartoon mouse; the round ears are the hydrogen atoms and the head 
is the oxygen atom. 
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Figure 245 A collection of 
atoms before and after applica- 
tion of an electric field shows 
the formation of aligned dipoles. 


the hydrogen nuclei, the water molecule is an electric dipole. These polar molecules are 
randomly arranged, but under the influence of an electric field they are polarized, just like 
the ones in Figure 2.45. The degree to which a material is susceptible to polarization is 
termed the electric susceptibility Xe- 

The polarization creates an opposing electric field within the material, where the net 
effect is a decrease of the field. The lines of flux, however, remain the same, and we can 
relate the flux density to polarization by the equation 


D=c,E+P (2.96) 


The susceptibility and polarization terms are useful for giving us some insight into 
what is going on in the material to influence the fields, but in practice we combine (2.95) 
and (2.96) to give a more compact relation between D and E: 


D=e,(11+7JE=€,E = £E (2.97) 


where € is the material’s permittivity, related to free-space permittivity by the factor €, 
called the relative permittivity or dielectric constant. 7:5 The relative permittivity is clearly 
related to the electric susceptibility by 


Poe TEE (2.98) 


Appendix E lists a number of dielectrics with their relative permittivities and breakdown 
voltages. 


Devt 2.26 The relative permittivity for polystytrene is 2.6. Determine the electric sus- 
_ ceptibility and the permittivity. (Answer: 1.6, 23 pF/m) 


2.25The term dielectric constant, though widely used, is a bit deceptive in that it is not really constant. It can 
change with temperature and frequency. 
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A Linear 


F 


~ == Nonlinear 


Figure 2.48 The D versus E relation is 
compared for a linear and a nonlinear 
E material. 





The relative permittivity may itself be a function of electric field intensity. In such a 
case, the material is considered nonlinear, meaning that a plot of D versus E would not 
yield a straight line, as evidenced in Figure 2.46. Whereas (2.96) holds for all materials, 
(2.97) is true only for linear, isotropic, homogeneous materials. We will restrict our treat- 

_ment to linear materials. 

The many equations developed thus far for fields in free space are simply modified by 

replacing €, with €. 


Deili 227 A 10-nC point charge exists at the origin in free space. (a) Find D and E at 
a point | m away from the origin. (b) Repeat the problem with the point charge embed- 
ded in a large volume of distilled water (£, = 81). (Answer: (a) D = 0.796 a, nC/m?, E = 
90 a,V/m; (b) D = 0.796 a, nC/m?, E = 1.11 a, V/m) 


Application of a sufficiently strong field can strip the electrons from the parent atoms 
and allow conduction in the dielectric. This can cause a runaway effect, whereby the colli- 
sion of a stripped electron with another atom can lead to further generation of charges and 
breakdown of the dielectric. The dielectric strength is the maximum electric field a dielec- 
tric can handle before breakdown. The spark between the charged poles in a Jacob’s ladder 
is an example in which the breakdown voltage in air has been exceeded. A more common 
example of dielectric breakdown is the lightning bolt, where sufficient charge has accumu- 
lated to overcome the dielectric strength in air (about 3 MV/m!). 

In high-power or high-voltage applications involving dielectrics, high-voltage cables 
for instance, the dielectric strength is an important design criterion. In the design of capac- 
itors, as discussed in Section 2.13, care must be taken not to exceed the dielectric’s break- 


down voltage. 


EXAMPLE 2.23 


Suppose a pair of capacitive plates is to support a 6-kV potential difference. We want to bring the 
plates as close together as we can with a mica separation layer without the dielectric breaking down. 
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Mica has £, = 6 and a dielectric breakdown value of 200 MV/m. The field in the dielectric is E = 
6 kV/d, where d is the separation distance, and this value of E must be kept below 200 MV/m. 
Dividing 6 kV by 200 MV/m, we see that d must be at least 30-um thick. 





fei!) 2.28 Suppose a 30-um-thick layer of polystyrene is substituted for mica in 
Example 2.23. What is the maximum potential difference that can be supported across 
the plates? (Answer: 600 V) 


Practical Application: Electret Microphone 


An electret is a dielectric material specially treated to sustain an electric field. This is anal- 
ogous to a magnet that sustains a magnetic field. Electrets find use primarily in electro- 
acoustic transducers, such as microphones. They are also employed to produce miniature 
electric motors and a variety of sensors. 

The first electrets were formed by aligning dipoles within a dielectric. The dielectric 
must contain dipolar molecules, and at sufficient heat where the dipoles are able to twist and 
turn, a strong electric field is externally applied, thus aligning the dipoles. The heat is 
removed while maintaining the electric field, and the dipoles are frozen into place. The first 
such thermal electret was made in 1919 using a combination of carnauba wax and beeswax. 

A second, much more widely used approach is to inject charge into a good dielectric 
using irradiation. When the charges are placed within the dielectric, they are locked into 
place and maintain a very long lasting electric field. These electrets are routinely made of 
polypropylene, Mylar, or Teflon. The irradiation may be accomplished in a number of ways, 
including direct injection of an electron beam. A general approach is to use a corona dis- 
charge, the dielectric breakdown of air in a strong electric field. Rolls of polymer film elec- 
trets are heavily irradiated by passing the film through a corona discharge. 

A very common type of microphone uses a variable capacitor, where one of the elec- 
trodes is a thin, taut membrane (or diaphragm) that is deflected by sound waves. Such a 
microphone is known as a condensor microphone. In an electret microphone, shown in 
Figure 2.47, the membrane is made of a metallized electret film used as one side of the vari- 
able capacitor. As sound waves impinge on the membrane, the distance between the plates 
is varied. An output signal is produced that is proportional to the diaphragm deflection. The 


Sound waves 


Electret 
diaphragm 
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Figure 2.87 
Simplified 
schematic of an 
electret microphone 
circuit. 


-Fixed electrode 
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big advantage of the electret microphone is that it doesn’t require an external power source. 
Some power is, however, required for the support electronics. 

Thin electret films can also be used in microelectromechanical systems (MEMS). Not 
only can MEMS-based electret microphones be very small with high sensitivity, but they 
can also be mass-produced and integrated with electronics. Their construction can be much 
simpler than that of a conventional condensor-based microphone. One application is to 
build microphonic arrays, capable of directional reception of sound (identical to beam steer- 
ing in antenna arrays). 


217 BOUNDARY CONDITIONS 
We have looked at fields in conductors and in dielectrics. Now we want to see how the fields 
behave at the boundary between a pair of dielectrics or between a dielectric and a conduc- 
tor. Beginning with the boundary between two dielectrics, we perform a line integral of E 
around a closed rectangular path, as indicated in Figure 2.48. In the figure, fields are shown 
in each medium along with their normal and tangential components. For static fields we 
have Kirchhoff’s voltage law 


fE-dL=0 (2.99) 


_We integrate in the loop clockwise starting at a and have 


b d 
JE-dL+fE-dL+fE-dL+fE-dL=0 (2.100) 
b d 


a c 


Evaluating each segment of this integral we have 


b Aw 
JE . dL = Í Erat -dLay = Ey,Aw 


a 0 

c 0 : —Ah/2 Ah 
fE-dL= J Eyjan ‘dL ay + fÍ En28n 'dLayn =-(Eyı + Exo) 

b Ah/2 0 

E i (2.101) 
JE "dL = f Ey a7 -dLay = —Ey,Aw 

c Aw 

a 0 Ah/2 Ah 

fE-dL= Í Eyoay-dlay+ | Eyan dl ay =(En + Exo) 

d —Ah/2 0 


Now summing the results for each segment, we see that the normal components can- 
cel2-26 and we have Ey, = Ey), or 
a 


2.26But, you say, what if the normal components vary over the distance Aw? Then the normal components 
wouldn’t cancel, right? We can avoid this problem two ways. Let’s make sure that Aw is small so that there isn’t 
much change, but let’s also shrink Ah to close to zero. This ensures that the normal components cancel. 
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Medium 1 





Figure 248 Boundary 
condition for a line 
integral. 


Medium 2 


So we see that the tangential component of the electric field intensity must be continuous 
across the boundary. 
We can get a second boundary condition by applying Gauss’s law, 


$D -dS = Qon 


over a very small pillbox-shaped Gaussian surface?’ enclosing a portion of the surface, as 
shown in Figure 2.49. The left side of Gauss’s law becomes 


$D-dS= | D-dS+ Í| D-dS+ | D-dS (2.103) 
Top Bottom Side 


If we make the pillbox short enough, negligible flux passes through the side, leaving us 
with just the flux through the top and bottom, or 


J D-dS =f Dyian -dSay = Dy, AS 


ee | (2.104) 
J D-dS={ Dyan -dS(-ay) =—Dy AS 
Bottom 
which sums to 
(Dy — DNAS = Qene (2.105) 
Medium 1 





: Figure 2.49 Boundary 
Medium 2 condition for Gauss’s 
law. 


227 Pillbox is the historical term used since it is hollow and has the correct shape. As pillboxes are rather out of 
fashion, it would be easier to think of a Gaussian surface with the shape of a penny. 
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The right side of Gauss’s law, the charge enclosed, is 
ne = f PsdS = p,AS (2.106) 


Equations (2.105) and (2.106) lead to the second boundary condition 
Dy, — Duo = Ps — (2.107) 


The sign of (2.107) is a consequence of the normal direction being chosen to go from 
medium 2 to medium 1. Had we chosen the normal direction from medium t to medium 2, 
we would have gotten Dyz- Dy, = P, To always get the sign correct we can use a general 
expression for this boundary condition: 


where a,, is the unit vector normal from medium 2 to medium 1, and the dot product 
ensures that we consider only the normal components of D, and D,. 

We see that, if there is no surface charge, (2.108) says the normal component of the 
electric flux density must be continuous across the surface. However, the presence of a sur- 
face charge indicates an abrupt change in Dy at the boundary. 

If the boundary between two dielectrics is not normal to the field, we can use (2.102) 

„and (2.108) to relate the field components on each side and determine how much the field 
bends from one medium to the other. 


EXAMPLE 2.24 


Consider that the field E, is known for one of a pair of dielectrics as shown in Figure 2.50 and we wish 
to find the field E, in the other dielectric and also the angles that the fields in each dielectric make with 
a normal to the surface. 

We follow a bookkeeping approach as indicated in the figure. By E in step 1 we see that 
the component of E, normal to the boundary is just Sa,. Mathematically, we can find Ey, by finding 
out how much of E, is in the normal direction (a, = a,), and then multiplying this by ay, or Ey, = (E; 
- a,)a,. The tangential portion of E, is simply E, — Ey, (step 2). In step 3, we get the angle E, makes 
with a normal by employing routine trigonometry. Then, by (2.102) the tangential component in the 
second dielectric is known (step 4). Using the permittivity information, we are able to determine the 
normal component of D, (step 5), and by (2.108) this is equivalent to Dy; since p, = 0 (step 6). The 
known permittivity in medium 2 allows calculation of Ey, (step 7), which is used with Er, to find the 
angle to the normal (step 8) and the total field E, (step 9). 





Using our boundary conditions for a pair of dielectrics, we can also find the boundary 
conditions between a dielectric and a good conductor. Realizing that in a good conductor E 
= 0, we see that the first boundary condition becomes 


(2.109) 


There is no tangential electric field intensity at the boundary of a good conductor. For the 
second boundary condition, the electric flux density is also zero inside the conductor, so 


(2.110) 
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z 
Step 9. E, = 3a, + da, + 2a, (V/m) 
Step 7. Exp = Dap/e ,€, = 28, 
Step 4. E7, = E;, = 3a, + 4a, 


E, = 3a, + 4a, + 5a, (V/m) 
Step 1. E,,, = 5a, 

Step 2. E} = 3a, + 4a, 
Er 
lEn 


Fiasre 250 Procedure 
for evaluating the fields 
on both sides of a 
boundary separating a 
pair of dielectrics. 


Enel 


E 
Step 3. 6, = tan = 45° Step 8. @, = tan! Erli 68.20 














Step 5 Dy: = EEE m = 10€,a, 


pel 2.29 For p $2 m, € = 2 and E, = 3a, + 6a, + 9a, V/m. For p > 2 m, €p = 3. 
Determine E,. (Answer: E, = 2a, + 6a, + 9a, V/m) 


one) 4 


9; for y > 3 m, € = 12. Determine E, and E,. (Answer: E, = 37.7 a, V/m, E, = 28.3 
a, V/m) 


Boundary Value Problems | 


The boundary conditions are very useful for finding the electric fields when some of the 
field quantities are known. In many instances, however, only the potentials are known along 
with, perhaps, some information about charge distribution. Commonly we will know the 
potential difference across a pair of conductors of some geometrical configuration separated 
by a known dielectric and will want to determine the potential everywhere along with the 
electric field. We can employ Poisson’s and Laplace’s equations to help us find the poten- 
tial function when conditions at the boundaries are specified. 
We have, from the divergence expression, 


V-D=p, (2.111) 
which we can rewrite by considering D = £E and dividing both sides by € (since we are 
assuming it is not a variable with position) so that 


ES (2.112) 
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We also know that the electric field is a function of the potential field by the gradient 
expression 
E=-VV (2.113) 


which upon insertion into (2.112) gives 


v-w=|viv=—2e] (2.114) 


The divergence of a gradient is expressed by the Laplacian operator (V2), and (2.114) is 
known as Poisson’s equation. For a charge-free medium in which p, = 0, the equation 


becomes Laplace’s equation, 


The Laplacian operator is easily expanded in Cartesian coordinates to give 


av V av 


es 
cart ax? dy? dz” 


(2.116) 


The expansion in cylindrical and spherical coordinate systems, although not so obvious are 









































taf av) 1feav) av 
VV. elle ess | | ay 
a aaa ae, az? ae 
and 
; w), l (sinok eia (2.118) 
Ər) r*sin@ 00 00) r*sin? @ 067 i 





Solution of Poisson’s and Laplace’s equations to determine the potential field requires 
that we know the potential on the boundaries (i.e., the boundary conditions). A useful appli- 
cation is finding the resistance for a material of nonuniform cross section. We assume a con- 
ductive surface at each end of the material and then employ Laplace’s equation to arrive at 
an expression for the potential, which is solved based on the boundary conditions (i.e., the 
potentials at each end). The electric field is determined using the gradient equation, which 
allows calculation of the current. The resistance is then the ratio of the potential difference 
to the current, which only depends on the geometry and the conductivity. In this section we 
restrict our discussion to simple, symmetric geometries where application of the equations 
is straightforward. The fields for more complicated geometries can be solved via Poisson’s 
and Laplace’s equations by employing numerical analysis techniques. 


EXAMPLE 2.25 


Let’s derive the resistance over a length d of a block of material that has conductivity © and cross- 
sectional area $ as shown in Figure 2.51. 

We’ll put a potential difference across the block by placing V; at z = d and by grounding the 
block at z = 0. Equation (2.115) reduces to 
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N 
es 


Figure 2.8% Cross section of a block of material 
for which resistance is to be calculated. 


$ 

i — i 
Ha 

i 


3 V(z) = 
3z? 





where the z in parentheses for V(z) indicates that the potential is only a function of z. Integrating once, 
we have 


oV(z) 
ma! — A 
dz 


where A is a constant of integration. A second integration gives 
V(iz)=Az+B 


where B is a second constant of integration. These constants are determined by employing the bound- 
ary conditions, namely, 


V(d) = Vi 
and 
Vio) =0 


Applying V(0) = 0 returns a value of 0 for B, and applying V(d) = V, returns a value of V,/d for A. So 
now we have 


ð V, 
E=-VV =-— “tn se 
dz 
The current, found by integrating over a cross-sectional surface, is then 
Va 
a a T a; S(-a.)=—-Va 
So we see that the resistance is the expected result 


Rees Va 
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EXAMPLE ? 26 


Let’s determine the electric potential in the dielectric region between a pair of concentric spheres that 
have a potential difference V,, as indicated in Figure 2.52. 

In this problem we’ll also assume a charge distribution p, = p,/r C/m? and employ Poisson’s 
equation to find the fields. From the problem’s symmetry we know the potential is only a function of 
r, So (2.114) with (2.118) reduces to 


1a Gen 


Por or rE,£5 
Multiplying both sides by r and integrating we obtain 


2 
r2 ƏV(r) ee, Por TTA 
or 2€,€, 


where A is a constant of integration. Dividing both sides by r? and integrating again gives 


gae ee aa 
2€,€ r 


ESQ 


where B is a second constant of integration. To solve for the constants, we’ll employ boundary condi- 
tions. Let’s assume that the potential difference V,,, consists of a voltage V, on the inner conductor and 


ab 


“we'll ground the outer conductor. The conditions result in 


B= Pola+b) Vaa 
ZE,£5. ap 


and 


nE Vab 4 Poab 
a—b 2g,£, 


Hence the potential between the spheres is given by 








A a Figure 252 Concentric conductive 
_“ Py =P,/t spheres with a charge distribution 
between them. 





84 


Chapter 2. Electrostatics 





2 Find an expression for the electric field intensity for Example 2.26. 


Answer. E =|| L+ Va abInr -—P2 a, 
2e8, baa 2E98, 








Peili 2.22 Use Laplace’s equation to find V and E as a function of p within the dielec- 
tric of a coaxial cable of inner conductor radius a and outer conductor radius b. 


Inp—Inb Vab 
Answer: V(p)=V,,———,. E=—2— 
l nswer: V(p)= Vib Faini p In(b/a) | 


PACITANCE 


Suppose a potential difference is applied across a pair of conductors separated by a dielec- 
tric, as shown in Figure 2.53. In the configuration shown, positive charge (+Q) will accu- 
mulate on the bottom surface of the top plate and an equal amount of negative charge (—Q) 
will accumulate on the top surface of the bottom plate. The amount of charge that accumu- 
lates as a function of potential difference is called the capacitance. The formula for capac- 
itance C is 


Be 
C= (2.119) 


where Q is the charge on the positive plate and V is the potential difference between the top 
and bottom plates.”?° The capacitance unit is the farad (F), defined as a coulomb per volt. 

A device used to store charge, and hence electrical energy, is known as a capacitor.2-29 
Capacitors are frequently employed in electrical circuits for DC blocking, AC bypassing, 
filtering, tuning, and noise suppression. Typically their values are less than a microfarad 
(uF,-or 10% F), and picofarad (pF, or 107!? F) values are not uncommon, while some state- 
of-the-art supercapacitors have values in the multifarad range. 


z 
Va 
7 e pme A 
d a O n i Sap S wae ms ee T S N 
( | l po meea 


Ao ae a 


wW # kos an 
| Fringing = Figure 253. Cross section of a 
= fields : 
parallel-plate capacitor. 


2.28 You could also say capacitance is the magnitude of the charge on one of the plates divided by the magnitude 
of the potential difference. 


2.29The capacitance is a capacitor’s capacity for storing charge. 
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The value of capacitance depends on the conductor—dielectric configuration and the 
dielectric’s permittivity. It does not depend on Q or V, as the ratio of Q and V will be con- 


stant.?*° There are two basic methods for determining capacitance, which we will call the 
Q-method and the V-method: 


Q-Method 
e Assume a charge +Q on plate a and a charge —Q on plate b. 


e Solve for E using the appropriate method (Coulomb’s law, Gauss’s law, or bound- 
ary conditions). 

e Solve for the potential difference V_,, between the plates. 

e C=Q/V,, (the assumed Q will divide out). 


V-Method 
e Assume V_, between the plates. 
¢ Find E (and then D) using Laplace’s equation. 
e Find p, (and then Q) at each plate using conductor—dielectric boundary conditions 
(Dy = P3). 
e C=Q/V,, (the assumed V_, will divide out). 


EXAMPLE 2.27 


Let’s use the Q-method to find the capacitance for the parallel-plate capacitor shown in Figure 2.53. 

We start by placing charge +Q on the inner surface of the top plate and —Q on the upper surface 
of the bottom plate. The charge density p, = Q/S, and we can relate this to the electric flux density by 
using the conductor—dielectric boundary conditions to obtain D = Q/S (—a.). Now, the electric field 
intensity is found by dividing D by the permittivity, or E = —Q a, /(e,¢,,5). The potential difference 
across the plates is 




















In the derivation of the parallel-plate capacitance we neglected the fringing fields, 
which are shown in Figure 2.53 at the very edge of the capacitor. These fringing field lines 
increase the capacitance. But if the surface S is large compared to the separation distance d, 
it is common practice to ignore the fringing fields. 


2.30This conclusion can only be made with the important assumption that the permittivity is independent of field 
strength. 
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It is interesting to compare the parallel-plate capacitance with the resistance calculated 
between the plates in the previous section. We see that 


E€ 
RES- (2.120) 


This is actually a general relationship that is quite useful since if the capacitance of a struc- 
ture is known, it can be used to find the resistance. 


EXAMPLE 2.28 


Let’s use the V-method to determine the capacitance for a length L of coaxial line of inner conductor 

. radius a and outer radius b, filled with dielectric of permittivity €,¢, as shown in Figure 2.54. 
V,» is applied across the dielectric, and we want to employ Laplace’s equation to find the poten- 
tial field everywhere in the dielectric. Here, we'll make the simplifying assumptions that fringing 
fields may be neglected and that the field is only a function of p. Then Laplace’s equation reduces to 


Integrating twice we obtain 
V(p)=Alnp +B 


where A and B are constants of integration determined by applying the boundary conditions. We can 
let V(b) = 0 and V(a) = V» leading to 





=V, 
A=—*. B=Alnb 
in(b/a) g 
and 
-V b In(pb) 
v(o)=— ee 
=~ a) 
Next, we find the electric field intensity by applying the gradient: 
dV(p) 
E=-VV=-——— 
op “p 





Figure 254 Coaxial capacitor. 
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which yields 
i= BE 2 ap 

pin(b/a) 

The electric flux density is then 
= £,£Vap a 

pin(b/a) ° 
which we can use to find the surface charge density at the conductive plates. At the inner conductor, 
the flux is directed outward, indicating a positive surface charge density 
= EE Vab 


Ps = ain(B/a) 


We can find Q on the inner conductor by multiplying p, by the surface area S, which gives 


O=p,S= E ECV (2naL,) = 20LE Eo Vab 
aln(b/a) In(b/a) 
Now the capacitance is found by dividing Q by V,» leaving us with 
Q _2nLe,€, 





Va In(b/a) 





17411 233 Use the Q-method to find the capacitance for the coaxial capacitor. 


1241] 2.2.4 Use the V-method to find the capacitance for the parallel-plate capacitor. 


Electrostatic Potential Energy 


Work is required to assemble.a collection of like charges, and if held in place this collection 
of charges constitutes potential energy. By considering how much work it would take to 
assemble a collection of charges, we can arrive?*! at the relationship 


W; = 5 JD-Edv== fe,eoE” dv (2.121) 


where W, is the electrostatic potential energy. 
For a parallel-plate capacitor where fringing fields are neglected, the field is constant 


over the Sd volume and (2.121) becomes 


We = 3&6 E7Sd l s (E22) 


2.31 A different sort of proof for this relation will be seen in Chapter 5 in the discussion of the Poynting theorem. 
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By using E = V/d and C = €£,,S/d, (2.122) becomes 


I 
W; = Ce - (2.123) 


Although this expression is derived for a parallel-plate capacitor, it holds for any capac- 
itor configuration. 


“he AEE D D nA 
EXARIPLE 223 


A parallel-plate capacitor has a plate area of 4 m? and a separation distance of 0.01 m and is filled with 
a dielectric of £, = 10 and o = 10-8 S/m. We apply 12 V to the top plate and ground the bottom plate. 
We want to find the electrostatic potential energy stored in this capacitor as well as the amount of 
power dissipated. 

We can first calculate the capacitance: 


108.854 «107! (4 
C= EES E OR { I a nF 
d = (001) 


Then, the electrostatic potential energy from (2.123) is 


-ley2_! -9\12)= 
We =>CV = (35x10 )(12)=210 nJ 


Finally, with 12 V applied across 0.01 m, we know E = 1.2 kV, and we can apply (2.92) to get 


P = GE*Sd = (10-8)(1200)2(4)(.01) = 0.58 mW 
——— ee ee ee ee 


Deili 2.35 Suppose a coaxial capacitor has inner and outer radii of 2 and 4 cm, respec- 
tively, a dielectric with £, = 4, and a 50-cm length. (a) Calculate the capacitance. (b) 
Calculate the electrostatic potential energy stored in this capacitor if a 9-V potential is 
applied across the conductors. (Answer: (a) 160 pF, (b) 6.5 nJ) 


Practical Application: Electrolytic Capacitors 


For circuit applications that require high values of capacitance, electrolytic capacitors are 
often used. The very high capacitance available for electrolytic capacitors (up to 220 mF) 
results from a very large electrode surface area combined with a very thin insulative dielec- 
tric. This is represented by Figure 2.55. One of the electrodes for an electrolytic capacitor is 
a porous metallic slug formed by compressing and baking a metal powder. The metal used to 
form the slug is generally either aluminum or tantalum. Although aluminum is far cheaper, 
tantalum electrolytic capacitors perform better. The nooks and crannies of the porous slug 
can deliver surface area on the order of a square meter for a cubic centimeter of slug. The 
other electrode is a conductive electrolyte separated from the slug by a very thin insulative 
layer. This layer can be formed either by oxidation or by anodization. The quality and thick- 
ness of this insulative layer determines the capacitor’s maximum voltage rating. 
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Oxide insulator Figure 2.55 


Electrolytic capacitor. 


If the insulative layer is formed by oxidation, the baking step is performed in air, lead- 
ing to an oxidized surface. The oxide quality is not very good, however, and the capacitor 
will not be able to sustain very large voltage drops. In layer formation by anodization, an 
electrochemical reaction results in a high-quality insulative oxide of thickness between 0.01 

- and 0.1 um. 

The electrolytes should be chemically and thermally stable with appropriate conduc- 
tivity. One type of electrolyte is manganese dioxide. After forming the insulative layer, the 
porous slug is heated while immersed in manganese nitrate solution. Semiconducting man- 
ganese dioxide is formed in the porous region. 

With an anodized insulative layer, it is important that the anode metal always be biased 
positive with respect to the electrolyte. Otherwise, performance is that of a rectifier. With a 
reverse-bias voltage of more than a volt or two, large currents can result that damage the 
capacitor. Operation is therefore limited to DC applications. If AC signals are present, the 
total instantaneous voltage should never be negative. 


SUMMARY 
e Vectors in Cartesian, cylindrical, and spherical F2 
coordinate systems, respectively, are __ ee o 
Ott ATAA and the Coulomb’s law expression can be written 


Ayı = Apay + Agay +AA, 
and 

Apher = A,A, + Agag + Aga 
The force exerted by charge Q, on charge Q, in a 
medium of permittivity € is given by Coulomb’s law, 


QQ» 
4neR?. 2 


io 





a2 


where R,, = R, ap is a vector from charge Q, to Q,. 
Electric field intensity Ẹ is related to force F,, by 


= a 
47ER? i 





For a continuous charge distribution, E is found by 
integrating: 

, dQ 
Í 


BE 
4ER? 





aR 


For a point charge Q at the origin, 
Q 


E= 
Aner? 





a, 
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For an infinite length line charge p, on the z-axis, 


_ PL 


2nep 





ap 


For an infinite extent sheet of charge p,, 


For a pair of vectors A and B, the dot product A - B is a 
measure of how much of A is in the direction of B, 
multiplied by thé magnitude of B. In Cartesian 
coordinates, 


A : B= |A| |B|cos@,,=4,B, + A,B, + AB, 
Electric flux density is related to field intensity by 
D=e,£,E 


where €, is the relative permittivity in a linear, isotropic, 
homogeneous material. Electric flux passing through a 
surface is given by 


v=JD-ds 


The divergence theorem relates a surface integral to a 
volume integral and is given by 


{D-dS={V-Ddv 


where V - D is the divergence of D, given in Cartesian 
coordinates by 








Gauss’s law states that the net electric flux through any 
closed surface is equal to the total charge enclosed by 
that surface: 


fD- aS = Oenc 
The point form of Gauss’s law is 
V-D=p, 


The electric potential difference V,, between a pair of 
points a and b in an electric field is given by 


b 
Ue =-JE-dL=V,-V, 
a 


where V, and V, are the electrostatic potentials at b and 
a, respectively. For a distribution of charge in the 


vicinity of the origin, where a zero reference voltage is 
taken at infinite radius. 


dQ 


W= 
bone 





E is related to V by the gradient equation, 
E=-VV 


which for Cartesian coordinates is 


The point form of Ohm’s law relates the current density 
J to the electric field intensity E by the material 
conductivity © as 


J=0o0E 


The current through an area is 


l=JJ-dS 
and the resistance is 
R= —fE-dL 
foE-dS 


Joule’s law indicates amount of dissipated power P by 
P=fE-Jdv 


The conditions for fields at the boundary between a pair 
of dielectrics is given by 


and 

a,, ` (D, -D,)=p, 
where E,, and E,, are the electric field components 
tangential to the boundary, a,, is a unit vector from 
medium 2 to medium 1, and p, is the surface charge at 
the boundary. If no surface charge is present, the 
components of D normal to the boundary are equal: 


Dy; = Dyz 


At the boundary between a conductor and a dielectric, 
the conditions are 


E,=0 
and 
Dy =p, 


e Poisson’s equation is 


yV2?y =P» 
£ 
where the Laplacian of V in Cartesian coordinates is 
given by 


2 J2 2 
ee 
dy“ az 


In a charge-free medium, Poisson’s equation reduces to 
Laplace’s equation 


V2V=0 
These equations are used in conjunction with values at 
the boundaries to solve for Vin a region. 


e Capacitance is a measure of charge storage capability 
and is given by 


PROBLEMS 


2.1 Vectors in the Cartesian Coordinate System 

2.1 Given P(4, 2, 1) and Apo = 2a, +4a, +6a., find the 
point Q. 

2.2 Given the points P(4 m, 1 m, 0) and Q(1 m, 3 m, 0), 
construct a table showing the vector, vector magnitude, and 
unit vector for the following: (a) the vector A from the ori- 
gin to P, (b) the vector B from the origin to Q, (c) the vec- 
tor C from P to Q, (d) the vectors A + B, C — A, and B— A. 
(e) Make a sketch of the vectors found in (a) through (d). 


Write a program that will find the vector between a 


PER) 
A of arbitrary points in the Cartesian coordinate system. 


2.2 Coulomb’s Law, Electric Field Intensity, and Field 
Lines 

2.4 Suppose Q,(0.0, -3.0 m, 0.0) = 4.0 nC, Q,(0.0, 3.0 m, 
0.0) = 4.0 nC, and Q,(4.0 m, 0.0, 0.0) = 1.0 nC. (a) Find the 
total force acting on the charge Q,. (b) Repeat the problem 
after changing the charge of Q, to -4.0 nC. (c) Find the 
electric field intensity for parts (a) and (b). 


2.5) Find the force exerted by Q,(3.0 m, 3.0 m, 3.0 m) = 





RS 


0 uC on Q,(6.0 m, 9.0 m, 3.0 m) = 10. nC. . 
2.6 Suppose 10.0-nC point charges are located on the 
corners of a square of side 10.0 cm. Locating the square in 
the x-y plane (at z = 0.00) with one corner at the origin and 
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where Q is the magnitude of charge on one of a pair of 
conductive plates and V is the magnitude of the 
potential difference across the plates. For a parallel- 
plate capacitor of plate area S and separation distance d, 
filled with a medium of permittivity £, 


C=— 
d 
where fields fringing at the edges are ignored. 


e Electrostatic potential energy is a measure of the energy 
stored in the electric field and is given by 


1 2 I 
W, =—/eE“dv=—CV 
E a 4 7 


e The use of MATLAB to perform vector calculations 
was demonstrated and several examples demonstrating 
basic programming and plotting techniques were 
presented. 


one corner at P(10.0 cm, 10.0 cm, 0.00), find the total force 
acting at point P. 


2.7 Four 1.00-nC point charges are located at (0.00, -2.00 
m, 0.00), (0.00, 2.00 m, 0.00), (0.00, 0.00, -2.00 m), and 
(0.00, 0.00, +2.00 m), respectively. Find the total force act- 
ing on a 1.00-nC charge located at (2.00 m, 0.00, 0.00). 


£8) A 20.0-nC point charge exists at P(0.00, 0.00, -3.00 
m). Where must a 10.0-nC charge be located to make the 
total field zero at the origin? 


2.3 The Spherical Coordinate System 


2.9 Convert the following points from Cartesian to spher- 
ical coordinates: 


(a) P(6.0, 2.0, 6.0) 

(b) Q(0.0, —4.0, 3.0) 

(c) R(-5.0, —1.0, 4.0) 

2.19 Convert the following points from spherical to 
Cartesian coordinates: 


(a) P(3.0, 30.°, 45.°) 
(b) Q(5.0, 1/4, 37/2) 
(c) R(10., 135°, 180°) 
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2.41 Given a volume defined by 1.0m<r<3.0m,0°<@ 
< 90°, and 0° < 9 < 90°, (a) sketch the volume, (b) perform 
the integration to find the volume, and (c) perform the nec- 
essary integrations to find the total surface area. 


2.4 Line Charges and the Cylindrical Coordinate 
System 

2.12 Convert the following points from Cartesian to 
cylindrical coordinates: 

(a) P(0.0, 4.0, 3.0) y 

(b) Q(-2.0, 3.0, 2.0) 

(c) R(4.0,—3.0, —4.0) 

2.13 Convert the following points from cylindrical to 
Cartesian coordinates: 

(a) P(2.83, 45.0°, 2.00) 

(b) P(6.00, 120.°, —3.00) 

(c) P(10.0, —90.0°, 6.00) 

Ž.44 A 20.0-cm-long section of copper pipe has a 1.00- 
cm-thick wall and outer diameter of 6.00 cm. 

(a) Sketch the pipe, conveniently overlaying the cylindrical 
coordinate system and lining up the length direction with 
the z-axis. 


(b) Determine the total surface area. (This could actually be l 


useful if, say, you needed to do an electroplating step on 
this piece of pipe.) 


(c) Determine the weight of the pipe given the density of 
copper of 8.96 g/cm. 


15 )A line charge with charge density 2.00 nC/m exists 


“at y = -2.00 m, x = 0.00. (a) A charge Q = 8.00 nC exists 


somewhere along the y-axis. Where must you locate Q so 
that the total electric field is zero at the origin? (b) Suppose 
instead of the 8.00-nC charge of part (a) that you locate a 
charge Q at (0.00, 6.00 m, 0.00). What value of Q will 
result in a total electric field intensity of zero at the origin? 


“16 You are given two z-directed line charges of charge 
density +1.0 nC/m at x = 0, y =—1.0 m and of charge den- 
sity —1.0 nC/m at x = 0, y = 1.0 m. Find E at P(1, 0, 0). 


2.17 Suppose you have a segment of line charge of length 
2L centered on the z-axis and having a charge distribution 
Pi. Compare the electric field intensity at a point on the y- 
axis a distance d from the origin with the electric field at 
that point assuming the line charge is of infinite length. Plot 
the ratio of E for the segment to E for the infinite line ver- 
sus the ratio L/d using MATLAB. 


. «1% A segment of line charge p, = 10. nC/m exists on 





the y-axis from the origin to y = +3.0 m. Determine E at the 
point (3.0 m, 0, 0). 


2.5 Surface and Volume Charge 

=.i% In free space, there is a point charge Q = 8.0 nC at 
(—2.0 m, 0, 0), a line charge p, = 10. nC/m at y = —9.0 m, x 
= 0 m, and a sheet charge p, = 12. nC/m? at z = -2.0 m. 
Determine E at the origin. 


Sey 
Ci An infinitely long line charge (p, = 21n nC/m) lies 


ong the z-axis. An infinite area sheet charge (p, = 3 
nC/m7) lies in the x-z plane at y = 10 m. Find a point on the 
y-axis where the electric field intensity is zero. 


“21 Sketch the following surfaces and find the total 
charge on each surface given a surface charge density of p, 
= InC/m2. Units (other than degrees) are meters. 


(a)-3 <x<3,0<y<4,z=0 
(b) 1 <r <4, 180° << 360°, 0 = n/2 
(c) 1 <p <4, 180° < b < 360°,z=0 


9 


2.24 Consider a circular disk in the x-y plane of radius 
5.0 cm. Suppose the charge density is a function of radius 
such that p, = 12p nC/cm? (when p is in centimeters). Find 
the electric field intensity a point 20.0 cm above the origin 
on the z-axis. 


2.23 Suppose a ribbon of charge with density P, exists in 
the y-z plane of infinite length in the z direction and 
extending from —a to +a in the y direction. Find a general 
expression for the electric field intensity at a point d along 
the x-axis. 


2.24 Sketch the following volumes and find the total 
charge for each given a volume charge density of p, =1 
nC/m?. Units (other than degrees) are meters. 


(a) 0S x<4,0<y<5,0<7<6 
(b) 1 <r<5,0<0<60° 
(c)1<p<5,0°<<90°,0<z<5 
= 


You have a cylinder of 4.00-in diameter and 5.00-in 
(imagine a can of tomatoes) that has a charge distri- 
bution that varies with radius as p, = (6 p, nC/in?) where p 
is in inches. [It may help you with the units to think of this 
as p, (nC/in?) = 6 (nC/in*) p(in).] Find the total charge con- 
tained in this cylinder. 





2.26 Consider a rectangular volume with 0.00 < x < 4.00 
m, 0.00 < y < 5.00 m, and —6.00 m < z < 0.00 with charge 
density p, = 40.0 nC/m?. Find the electric field intensity at 
the point P(0.00, 0.00, 20.0 m). 





2.2? Consider a sphere with charge density p, = 120 
nC/m? centered at the origin with a radius of 2.00 m. Now, 


* “remove the top half of the sphere, leaving a hemisphere 


.below the x-y plane. Find the electric field intensity at the 
point P(8.00 m, 0.00, 0.00). (Hint: See MATLAB 2.4, and 
consider that your answer will now have two field 
components.) 


2.6 Electric Flux Density 


2.2% Use the definition of dot product to find the three 
interior angles for the triangle bounded by the points 
P(-3.00, —4.00, 5.00), Q(2.00, 0.00, —4.00), and R(5.00, 
—1.00, 0.00). 


... 2.29 Given D = 2pa, + sind a, C/m”, find the electric flux 
* passing through the surface defined by 2.0 < p < 4.0 m, 90.° 
<< 180°, and z = 4.0 m. 

2.30 Suppose the electric flux density is given by D = 3r 
a, — cos ag + sin*@ a, C/m?. Find the electric flux through 
both surfaces of a hemisphere of radius 2.00 m and 0.00° < 
6 < 90.0°. 


2.7 Gauss’s Law and Applications??? 


2.31 Given a 3.00-mm-radius solid wire centered on the 
z-axis with an evenly distributed 2.00 C of charge per meter 
length of wire, plot the electric flux density D, versus 
radial distance from the z-axis over the range 0 < p <9 mm. 


Beinn 2.3% Given a 2.00-cm-radius solid wire centered on the z- 


“axis with a charge density p, = 6p C/cm3 (when p is in cen- 
timeters), plot the electric flux density D versus radial 
distance from the z-axis over the range 0 < p < 8 cm. 


2.33 A cylindrical pipe with a 1.00-cm wall thickness and 
an inner radius of 4.00 cm is centered on the z-axis and has 
an evenly distributed 3.00 C of charge per meter length of 
pipe. Plot D, as a function of radial distance from the z-axis 
over the range 0 < p < 10 cm. 

2.34 An infinitesimally thin metallic cylindrical shell of 
radius 4.00 cm is centered on the z-axis and has an evenly 
distributed charge of 100. nC per meter length of shell. (a) 
Determine the value of the surface charge density on the 
conductive shell and (b) plot D, as a function of radial dis- 
tance from the z-axis over the range 0 < p < 12 cm. 

$ A spherical charge density is given by p, = P, 1/a for 


ES Y£ r< aand p, =0 for r> a. Derive equations for the elec- 


tric flux density for all r. 
2,36 A thick-walled spherical shell, with inner radius 
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2.00 cm and outer radius 4.00 cm, has an evenly distributed 
12.0 nC charge. Plot D, as a function of radial distance 
from the origin over the range 0 < r < 10 cm. 


Given a coaxial cable with solid inner conductor of 
radius a, an outer conductor that goes from radius b to c (so 
c> b >a), a charge +Q that is assumed evenly distributed 
throughout a meter length of the inner conductor, and a 
charge —Q that is assumed evenly distributed throughout a 
meter length of the outer conductor, derive equations for 
the electric flux density for all p. You may orient the cable 
in any way you wish. 


2.8. Divergence and the Point Form of Gauss’s Law 
2.38 Determine the charge density at the point P(3.0 m, 
4.0 m, 0.0) if the electric flux density is given as D = xyz a, 
C/m?. 
2.) Given D = 3a, +2xya, +8x’y%a, C/m?, (a) determine 
€ charge density at the point P(1, 1, 1). Find the total flux 
through the surface of a cube with 0.0 < x < 2.0 m, 0.0 < y 
< 2.0 m, and 0.0 < z < 2.0 m by evaluating (b) the left side 
of the divergence theorem and (c) the right side of the 
divergence theorem. 






: Suppose D = 6pcoso ay C/m2. (a) Determine the 
charge density at the point (3 m, 90°, -2 m). Find the total 
flux through the surface of a quartered cylinder defined by 
0<p<4m,0<0< 90°, and —4 m <z <0 by evaluating (b) 
the left side of the divergence theorem and (c) the right side 
of the divergence theorem. 

2.4) Suppose D = r’sin® a, + sin@cosh a, C/m?. (a) 
Determine the charge density at the point (1.0 m, 45°, 90°). 
Find the total flux through the surface of a volume defined 
by 0.0 < r < 2.0 m, 0.0° < 8 < 90.°, and 0.0 < 9 < 180° by 
evaluating (b) the left side of the divergence theorem and 
(c) the right side of the divergence theorem. 


29% Electric Potential 
A sheet of charge density p, = 100 nC/m? occupies 


é x-z plane at y = 0. (a) Find the work required to move a 
2.0-nC charge from P(—5.0 m, 10. m, 2.0 m) to M(2.0 m, 
3.0 m, 0.0). (b)Find Vyp- 

2.43 A surface is defined by the function 2x + 4y? In z= 
12. Use the gradient equation to find a unit vector normal to 
the plane at the point (3.00 m, 2.00 m, 1.00 m). 


2.44 For the following potential distributions, use the gra- 
dient equation to find E. 


2.321¢ would be very good practice to use MATLAB for generating the plots required in this section. 
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(a) V = x+y?z (V) 
(b) V = p’sing(V) 


(c)Y = r sinOcoso(V) 
raae Gi A 100-nC point charge is located at the origin. (a) 
Hyn D adr S . . a 


mine the potential difference V,, between the point 
A(0.0, 0.0, -6.0 m) and point B(0.0, 2.0 m, 0.0). (b) How 
much work would be done to move a 1.0-nC charge from 
point A to point B against the electric field generated by the 
100-nC point charge? 


246 Suppose you have a pair of charges Q,(0.0, —5.0 m, 

Ao = 1.0 nC and Q,(0.0, 5.0 m, 0.0) = 2.0 nC. Write a 

_ MATLAB routine to calculate the potential Vko Moving 

from the origin to the point R(5.0 m, 0.0, 0.0). Your numer- 

ical integration will involve choosing a step size AL and 

finding the field at the center of the step. You should try 

several different step sizes to see how much this affects the 
solution. 


247 For an infinite length line of charge density p, = 20 
nC/m on the z-axis, find the potential difference Vp 
een point B(O, 2 m, 0) and point A(O, 1 m, 0). 

2.4% | Find the electric field at point P(0.0, 0.0, 8.0 m) 
ing from a surface charge density p, =- 5.0 nC/m? 
existing on the z = 0 plane from p = 2.0 m to p = 6.0 m. 
Assume V = 0 at a point an infinite distance from the origin. 






. 2.49 Suppose a 6.0-m-diameter ring with charge density 
“5.0 nC/m lies in the x-y plane with the origin at its center. 
Determine the potential difference V,,,. between the point 
H(0.0, 0.0, 4.0 m) and the origin. (Hint:` First find an 
expression for E on the z-axis as a general function of z.) 





2.10 Conductors and Ohm’s Law 


2.59 A columnar beam of electrons from 0 < p < 1 mm 
has a charge density p, = -0.1 cos(mp/2) nC/mm3 (where p 
is in millimeters) and a velocity of 6 x 10° m/s in the +a, 
direction. Find the current. 


... 21 Two spherical conductive shells of radii a and b (b > 
` a) are separated by a material with conductivity o. Find an 
expression for the resistance between the two spheres. 





2.52 The typical length of each piece of jumper wire on a 
student’s protoboard is 5.0 cm. Assuming AWG-20 (with a 
wire diameter of 0.812 mm) copper wire, (a) determine the 
resistance for this length of wire. (b) Determine the power 
dissipated in the wire for 10. mA of current. 

2.53 A 150-m length of AWG-22 (0.644 mm diameter) 
copper magnet wire with a very thin insulative sheath is 
used to make a tightly wrapped coil. Determine the resist- 
ance for this length of wire. 


= 


2.4 Determine an expression for the power dissipated 
per unit length in coaxial cable of inner radius a, outer 
radius b, and conductivity between the conductors © if a 
potential difference V, is applied. 


os 


Find the resistance per unit length of a stainless steel 
pipe of inner radius 2.5 cm and outer radius 3.0 cm. 


2.56 A nickel wire of diameter 5.0 mm is surrounded by < set 
a 0.50-mm-thick layer of silver. What is the resistance per ` 
unit length for this wire? Assuming 1.0 m of this wire car- 

ries 1.0 A of current, determine the power dissipated in the 

nickel portion and in the silver portion of the wire. 


2.11 Dielectrics 


“57 A material has 12.0 V/m a, field intensity with per- 
mittivity 194.5 pF/m. Determine the electric flux density. 
2.58 A 20-nC point charge at the origin is embedded in 
Teflon (€, = 2.1). Find and plot the magnitudes of the polar- 
ization vector, the electric field intensity, and the electric 
flux density at a radial distance from 0.1 cm out to 10 cm. 


"> mt 





Suppose the force is very carefully measured :==< 
between a pair of point charges separated by a dielectric“ ” 
material and is found to be 20 nN. The dielectric material is 
removed without changing the position of the point 
charges, and the force has increased to 100 nN. What is the 
relative permittivity of the dielectric? 


2.6% The potential field in a material withe,=10.2isV= © 
12 xy? (V). Find E, P, and D. i 


P261 Ina mineral oil dielectric, with breakdown voltage ew 
of 15 MV/m, the potential function is V = xX -6X2 -3.x 
(MV). Is the dielectric likely to break down, and if SO, 
where? 


2.12 Boundary Conditions 


2.62 Fory<0,€, =4.0 and E, =3a + Oma, + 4a, V/m. At 
y =0, p, = 0.25 nC/m2. Ife, =5.0 for y>0, find E.. 


2.63 Forz <0, £ = 9.0, and for z > 0, £, = 4.0. If E, 
makes a 30° angle with a normal to the surface, what angle 
does E, make with a normal to the surface? 


2.64 A plane defined by 3x + 2y + z = 6 separates tw0 syns 
dielectrics. The first dielectric, on the side of the plane con- `` 
taining the origin, has €,, = 3.0 and E, = 4. Oa, V/m. The 
other dielectric has £, = 6.0. Find E.. 


ary at the plane z = 0. Construct a program that will allow 
the user to enter £; (for z < 0), £, and E, and will then cal- 
culate E,. (Just for fun, you may want to have the program 
calculate the angles that E, and E, make with a normal to 
the surface). 


265 Consider a dielectric—dielectric charge-free bound- f 


2.66 A 1.0-cm-diameter conductor is sheathed with a 
0.50-cm thickness of Teflon and then a 2.0-cm (inner) 
diameter outer conductor. (a) Use Laplace’s equation to 
find an expression for the potential as a function of p in the 
dielectric. (b) Find E as a function of p. (c) What is the 
maximum potential difference that can be applied across 
this coaxial cable without breaking down the dielectric? 


267 A 1.0-m-long carbon pipe of inner diameter 3.0 cm 
and outer diameter 5.0 cm is cut in half lengthwise. 
Determine the resistance between the inner surface and the 
outer surface of one of the half sections of pipe. 


2.68% For a coaxial cable of inner conductor radius a and 
outer conductor radius b and a dielectric €, in between, 
assume a charge density p, = p,/p is added in the dielectric 
region. Use Poisson’s equation to derive an expression for 
V and E. Calculate p, on each plate. 


2.69 For the parallel-plate capacitor given in Figure 2.51, 
suppose a charge density 


Py =Po sn) 
2d 


is added between the plates. Use Poisson’s equation to 
derive a new expression for V and E. Calculate p, on each 
plate. 


2.13 Capacitance 


2.76 A parallel-plate capacitor is constructed such that 
the dielectric can be easily removed. With the dielectric in 
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place, the capacitance is 48 nF. With the dielectric 
removed, the capacitance drops to 12 nF. Determine the rel- 
ative permittivity of the dielectric. 


2.24 A parallel-plate capacitor with a 1.0 m? surface area 
for each plate, a 2.0-mm plate separation, and a dielectric 
with relative permittivity of 1200 has a 12.-V potential dif- 
ference across the plates. (a) What is the minimum allowed 
dielectric strength for this capacitor? Calculate (b) the 
capacitance and (c) the magnitude of the charge density on 
one of the plates. 

2.74 A conical section of material extends over the range 
2.0 cm < r < 9.0 cm for 0 < 0 < 30° with £, = 9.0 and © = 
0.020 S/m. Conductive plates are placed at each radial end 
of the section. Determine the resistance and capacitance of 
the section. 

2.73 An inhomogeneous dielectric fills a parallel-plate 
capacitor of surface area 50. cm? and thickness 1.0 cm. You 
are given £, = 3(1 + z), where z is measured from the bot- 
tom plate in centimeters. Determine the capacitance. 

2.74 Given E = 5xya, + 3za, V/m, find the electrostatic 
potential energy stored in a volume defined by 0 <x <2 m, 
0<y<1m,and0<z<1 m. Assume € = £, 


2.75 Suppose a coaxial capacitor with inner radius 1.0 
cm, outer radius 2.0 cm, and length 1.0 m is constructed 
with two different dielectrics. When oriented along the z- 
axis, £, for 0° < p < 180° is 9.0, and £, for 180° <  < 360° 
is 4.0. (a) Calculate the capacitance. (b) If 9.0 V is applied 
across the conductors, determine the electrostatic potential 
energy stored in each dielectric for this capacitor. 
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Magnetostatics 





Learning Objectives 


Describe magnetic field intensity and magnetic flux density 


Define Biot—Savart’s law and use it to determine the magnetic field resulting from 
various current distributions 


Use Ampeére’s circuital law to find magnetic field intensity for symmetrical current 
distributions 


Introduce magnetic forces, torque, and moment 
Describe the features of magnetic materials 

Compare the magnetic field across material boundaries 
Define inductance and calculate it for various geometries 


Describe magnetic circuits and electromagnets 


It is thought that 4500 years ago the Chinese discovered that certain types of iron ore could 
attract each other and certain metals. Carefully suspended slivers of this metal were found 
to always point in the same direction, and as such they could be used as compasses for nav- 
igation. The first compass is thought to have been used by the Chinese around 376 B.c. 
Greeks found this iron ore near Magnesia, in what is present-day Turkey. It contained mag- 
netite (Fe,O,) and came to be known as magnetic lodestone. 

In 1600, William Gilbert of England postulated that magnetic lodestones, or com- 
passes, work because the earth is one big magnet. The magnetic field is generated by the 
spin of the molten inner core. The north end of a compass needle points to the geographic 
North Pole, which corresponds to the earth’s south magnetic pole. 

Magnetism and electricity were considered distinct phenomena until 1820 when Hans 
Christian Oersted conducted an experiment that showed a compass needle deflecting when 
in proximity to a current-carrying wire. The principle of magnetism is now used in a host of 
applications, including magnetic memory, motors and generators, microphones and speak- 
ers, and magnetically levitated high-speed vehicles.>-! So the study of magnetostatics is 


3.|Some people claim that magnets can help ease pain if placed at strategic locations about the body. A similar 
claim was made about electric fields early in the 20th century. Neither claim appears to have any scientific validity, 
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important in its own right, but it is also a prerequisite for the understanding of dynamic elec- 
tromagnetic fields. 

The action at a distance exhibited by magnets suggests the presence of a magnetic field 
analogous to electric fields. It has just been mentioned that magnetic fields are produced by 
permanent magnets and by steady electric currents. They are also produced from time vary- 
ing electric fields, a key aspect of Maxwell’s equations, which will be discussed in 
Chapter 4. The field from a permanent magnet is very difficult to understand; it is thought 
to arise from quantum mechanical electron “spin,” which can be considered charge in 
motion (i.e., current). It is much more straightforward to base our magnetostatics theory on 
steady electric currents.>-2 

So in this chapter, magnetic fields will be introduced in a manner paralleling our treat- 
ment of electric fields. The key difference between the two types of fields is that action is at 
right angles to magnetic fields. Handling this in terms of vectors requires the use of a vec- 
tor cross product, to be described in Section 3.1. Also, we will see that, unlike electric flux, 
magnetic flux has no starting or ending point, instead existing as continuous loops. 


3.1 MAGNETIC FIELDS AND THE CROSS PRODUCT 

Magnetic fields are easily visualized by sprinkling iron filings on a piece of paper sus- 

. pended over a magnet, for instance over the bar magnet in Figure 3.1a. The iron filings align 
themselves with the direction of the field lines. A schematic of the bar magnet is shown in 
Figure 3.1b, where the field lines are in terms of the magnetic field intensity H, in units of 
amps per meter. This is analogous to the volts per meter units for electric field intensity E. 
The field lines are directed from the magnetic north end to the magnetic south end of the bar 
magnet. 

A loosely held conductor with current / is shown in Figure 3.2a. The wire is deflected 
in the presence of a magnetic field as shown in Figure 3.2b. The force of deflection depends 
on the velocity of the moving charge in the conductor (i.e., the current) and on the strength 
of the field. Note that the force on the wire is in the a, direction, normal to both the 


Figure 3.1 (a) Iron fil- 
ings “map” of a bar 
magnet’s field. (b) 
Schematic view of a 
bar magnet showing 
the magnetic field. 





3.2 though the charges are in motion for DC current, the magnetic field established by the moving charges is 
static. 
3.3We will return to this concept in Section 3.6. 
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Figure 3.2 (a)A 
loosely held conduc- 
tor carrying current. 
(b) Upon application 
of a magnetic field, 
the wire is deflected 
in a direction normal 
to both the field and 
the direction of 

(b) i : current. 





magnetic field and the direction of the current. If the current is reversed, the deflecting force 
would be in the —a, direction. 

This action at right angles is a key difference between magnetic and electric fields, and 
we need some mathematical way to handle this. When we dealt with vectors in Chapter 2, 
we found the scalar dot product of a pair of vectors. Now, we wish to multiply a pair of vec- 
tors and return a vector product. The cross product of a pair of vectors A and B is 


AxB= |A] |B] sind, ,a, (3.1) 


which is the product of the magnitude of the vectors multiplied by the sine of the angle 
between the vectors, and ay is a unit vector in the normal direction of A x B taken by the 
right-hand rule. Here, the fingers of the right hand point in the direction of the first vector, 
A, and as they curl toward the second vector, B, the thumb points in the direction of the 
cross product. Notice that, although the magnitude of A x B is the same as that for B x A, 
the unit vector normal will be in the opposite direction. 

Figure 3.3 shows the unit vector directions for the Cartesian coordinate system. For a 
right-handed system, the coordinates of a point or the coordinates of a vector are listed in a 
“right-handed” sequence, (x, y, z). If we take the cross product of the first two components 
in order, we get the third: 


a, X a, = (1)(1)sin 90°a, = a, 


sequence (x, y, z, x, y), and take the cross product of the second and third components (mov- 
ing in the right direction of the sequence), we get the fourth component: 


This result is easily confirmed using the right-hand rule with Figure 3.3. If we extend the 


a, x a= a, 
If we reverse the order (move in the left direction of the sequence) we get negative results: 


a, X a,=—a, 
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r 


ay Figure 2.2 Cartesian coordinate unit vectors. 


A physical picture of the cross product is given by considering the torque exhibited at 
the pivot point of a lever arm that has some force applied to it as shown in Figure 3.4. The 
torque vector 7 (tau), in newton-meters, is given by 


v=rxXF= |r| |F|sinO a, (3.2) 


where F is a force vector in newtons applied at the end of the lever-arm vector r with length 
in meters. The most torque is generated when F is normal to r. 


EXAMPLE 3.1 


Let us consider the cross product A x B, where A = 3a, + 4a, and B = 3a,. 
We can easily calculate the magnitude of these vectors, and in Figure 3.5 it is apparent that sin 8 
is equal to 3/5. The right-hand rule indicates a unit vector normal of a., so 


AxB=(5)(3)(3}a, = 9a, 


This example is simple because the sine of the angle between the vectors is easy to calculate. 
However, this is rarely the case in most problems. Fortunately, we can also perform a vector cross 


product using a determinant, 


Figure 2.4 Illustration of 
torque on a lever arm. 





100 = Chapter 3. Magnetostatics 





Figure 35 Cross product example. 


= A,B, - A,B, )a, (A,B. - A,B, )ay +(A,B, - A,B, ) -| C8) 





a, a, a, 
AxB=|3 4 0O/=9a 
0 3 0 


The cross products for cylindrical and spherical coordinate systems are identical in 
form. For each case, we can look at the unit vectors at a convenient point away from the ori- 
gin.>4 As with the Cartesian system, the coordinates for cylindrical and spherical points are 
listed in right-handed order. That is, for cylindrical coordinates we have (P, Q, z) and we see 
from Figure 3.6a that 


a, X a =a, 
For spherical coordinates (Figure 3.6b) we have (790,0). and inspecting Figure 3.6b we have 


a, X ag = ay 


34At the origin, we have no a, Component in cylindrical coordinates and no Ag nor a, Component in spherical 
coordinates. 
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Figure 3.6 Demonstrating the 
cross product relation for unit vec- 
tors in (a) cylindrical coordinates 
(b) and (b) spherical coordinates. 





MATLAB 3.1 


The cross product A x B is accomplished in MATLAB using cross(A,B). For our exam- 
ple with A = 3a, + 4a, and B = 3a,, we have 
» A=[3 4 0]; B=[0 3 0]; 
» cross(A,B) 
ans = 
@ © 9 


iii? 3.1 The points O(0, 0, 0), P(3, 0, 3), and Q(0, 4, 2) are the three vertices of a tri- 
angle. (a) Find the interior angles for the triangle and (b) find a unit vector normal to the 
plane containing the triangle. (Answer: (a) 99 = 72°, Op = 56°, 09 = 52°; (b) a, = —0.67a, 
— 0.33a, + 0.67a,) 


Oersted’s Experiment 


A compass is simply a weak magnet that aligns itself to the local magnetic field. In the pres- 
ence of a bar magnet, an obvious source of magnetic field, a compass will align itself with 
the fields. A meter or so away from the typical bar magnet, the earth’s magnetic field 


dominates. 
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oe 


pe ; dia Figure 3.7 Oersted’s experiment 
with a compass placed in several 
Cry" positions in close proximity to a 
= current-carrying wire. The inset 
shows © used to represent the 
cross section for current coming 
out of the paper; this represents the 
head of an arrow. A ® symbol 
would represent the feathered end 
of an arrow and would correspond 
to a current heading into the paper. 
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cross section 


In 1820, Hans Christian Oersted (1777-1851) used a compass to show that current pro- 
duces magnetic fields that loop around the conductor, as indicated in Figure 3.7. As one 
moves away from the source of current, the field grows weaker. Prior to this tremendous dis- 
covery by Oersted, electricity and magnetism were thought to be two separate entities. 
Oersted’s discovery released a flood of study that culminated in Maxwell’s equations in 1865. 


AVART’S LAW 


Shortly following Oersted’s discovery that currents produce magnetic fields, Jean Baptiste 
Biot (1774-1862) and Felix Savart (1791-1841) arrived at a mathematical relation between 
the field and current. The law of Biot-Savart is 


(3.4) 





where Figure 3.8 identifies each term in the equation. Subscripts are included in this intro- 
duction to the Biot-Savart law to clarify the location of each element. However, in general 
the subscripts are left out for simplicity. Equation 3.4 is analogous to the Coulomb’s law 
equation for the electric field resulting from a differential charge, 


` dQ\ayy 
dE, = ——+ : 3.5 
. 4neR?, Ce) 


Of course, you never really have an isolated differential segment of current. To get the total 
field resulting from a current, you can sum the contributions from each segment by 
integrating, 


(3.6) 
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A 
ya 
# 

dL, < 

X Ry2=Ry2 42 dH 
[ P 
| 
| Fiere 38 Illustration of the law of 

Biot-Savart showing magnetic field arising _ 
\ from a differential segment of current. 


Progression from (3.4) to (3.6) is possible because, just like electric fields, magnetic fields 
can be added by superposition. 


EXAMPLE 2.2 


Consider an infinite length line along the z-axis conducting current J in the +a. direction as displayed 
in Figure 3.9. We want to find the magnetic field everywhere. 

We first inspect the symmetry and see that the field will be independent of z and @ and only 
dependent on p. So we consider a point a distance p from the line along the p-axis. Now we must 
determine each component in (3.6) before integrating. The term /dL is simply Idza., and the vector 
from the source to the test point is 


Ra, = —za, + pa, 


Combining these terms, we have 






-za, 


ee ee m a a e m 


Figure 3.93 Component values for the equa- 
tion to find the magnetic field intensity result- 
ing from an infinite length line of current on 
the.z-axis. 
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a f Idza, x(-za, +pap) 
e 
—> 4n(z? +p”) 
Pulling the constants outside of the integral and realizing that a, x a, = 0 and a, x a, = a), we have 


_ [pag f dz 
An (22 +p)“ 





H 


An interesting aspect of this problem is that no matter what differential current element we choose, 
there will only be an a, element of field at the test point. Finding the solution to this integral in 
Appendix D, we have 





+co 
Ipa; 7 
H= ——— (3.7) 
An p? B2 +p? a 
Solving, we find the magnetic field intensity resulting from an infinite length line of current: 
la 
H=- (3.8) 


The solution for a segment would also be straightforward, just requiring a change to the limits on 
the integral. Equation 3.8 suggests another version of the right-hand rule. If you grip the conducting 
wire with your right hand,?5 with your thumb in the direction of current, then the fingers will curl 
around the wire in the direction of the magnetic field. 





EXAMPLE 3.3 


Let us now consider a ring of current with radius a lying in the x-y plane with a current / in the +a, 
direction as shown in Figure 3.10a. The objective is to find an expression for the field at an arbitrary 
point a height / on the z-axis. Venturing away from the z-axis makes the problem significantly harder, 
but it is still solvable as we will see in MATLAB 3.2. 

Our first task is to solve for each term in the Biot-Savart equation. Figure 3.10b shows what 
these component values are, leading to 


“4 2x ladbay x (ha, —aa,) 


60 an(h? +a?) 


We can further simplify this expression by considering the symmetry of the problem in Figure 3.10c. 
A particular differential current element will give a field with an a, component (from ay x a.) and an 
a, component (from a, x ~a,). By taking the field from a differential current element on the opposite 
side of the ring, it is apparent that the radial components cancel whereas the a, components add. 
Taking this into consideration, and pulling all the constants outside of the integral, we have 
2 2n 
H= A [do 
anh? + í] gl 


351f you actually perform such an experiment, you may wish to wear insulative gloves. 
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Figure 3.10 (a) We 
want to find Ha 
height h above a ring 
of current centered in 
the x-y plane. (b) The 
component values are 
shown for use in the 
Biot—Savart equation. 
(c) The radial compo- 
nents of H cancel by 





symmetry. ` 
which is easily solved to get 
H= E z (3.9) 
2(h? +a? y 
At h = 0, the center of the loop, this equation reduces to 
| H= a (3.10) 


a 


tel) 32 A segment of conductor is 2h long, centered on the z-axis. If this segment 
conducts current / in the +a, direction, find H(p, 6, 0). 


thag 


Answer: H = —— 
2npyh? 3E p? 
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en 3.3 An infinite length line with a 4r A current in the +a, direction exists along the 
x-axis. Find H(0, 1 m, 0). (Answer: 2 A/m a.) 


Ovi àd A ring of radius a is centered in the x-y plane at z = 0 and has 1 A of current 
in the +a, direction. An infinite length line of current exists at z = 0, y = 2a. Determine 
the magnitude and direction of current needed in this infinite length line to make the 
magnetic field at the origin equal to 0. (Answer: 27 A in the +a, direction) 


— 
MATLAB 3.2 


Let us now find the field inside a circular loop of current-carrying wire. We can find the 
field at any point by summing the dH contributions (using (3.4)) from each differential 
current element in the ring. 

Figure 3.11 shows the key parameters used in the MATLAB routine. One of the 
parameters we need is the vector direction of each dL element. We get this by finding a 
unit vector from the origin to the location of the dL element, and crossing this unit vec- 
tor with —a,. 

Note that this method can be modified to find H at any point, not just in the x-y 
plane (see Problem 3.10). 


% M-File: MLO302 

%% Magnetic Field Inside a Ring of Current 

% 

% This program determines and plots the magnetic field 
% intensity at a location on the x-axis between the 
% center and the periphery of a ring of current. 

% 

% Wentworth, 7/15/02 

% 

% Variables: 

% I : current(A) in +phi direction on ring 
% a ring radius (m) 

% \Ndeg . number of increments for phi 

% ` angle of phi in radians 

% df differential change in phi 

% dL differential length vect. on the ring 
%  dLmag magnitude of dL 

% dLuv unit vector in direction of dL 

% [xL,yL,@] location of source point 

% \Ntest — number of test points 

% . Rsuv unit vector from origin to source point 
% R vector from source to test point 

% Ruv - unit vector for R 

%  Rmag magnitude of R 

% dH differential portion of H 

%  dHmag magnitude of dH 

% radius radial distance from origin 

% Hz total mag. field at test point 
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cle %clears the command window 
clear . %clears variables 


% Initialize Variables 


df=360/Ndeg; 
dLmag=(df*pi/180)*a; 


% Perform Calculation 
for j=1:Ntest 
x=(j-1)*a/Ntest; 
for i=l:df:360 
f=i*pi/180; 
xL=a*cos(f); 
yL=a*sin(f); 
Rsuv=[xL yL 0]/a; 
dLuv=cross([@ @ 1],Rsuv); 
dL=dLmag*dLuv; 
R=[x-xL -yL 0]; 
Rmag=magvector (R); 
Ruv=R/Rmag; 
dH=I*cross(dL,Ruv)/(4*pi*Rmag^2); 
dHmag(i)=magvector (dH); 
end 
radius(j)=x; 
Hz(j)=sum(dHmag) ; 
end 
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Figure 3,11 The ring with key parameters 
used in MATLAB 3.2. 
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Solenoid 


% Generate Plot 
plot(radius,Hz) 
grid on 
xlabel('radius(m)") 
ylabel('Hz(A/m) ') 


The plot is given in Figure 3.12. The magnetic field is seen to be fairly constant near the 
center of the loop. 





0 0.2 0.4 0.6 0.8 1 Figure3.12 The field inside a 
radius(m) ring of current. 


Figure 3.13a shows many turns of insulated wire coiled in the shape of a cylinder. Such con- 
structs are known as solenoids and are commonly used as relays and switches. We can use 
our solution for the field at the center of a single loop of current to find the field at any point 
along the center axis of a solenoid. 

Suppose the solenoid has a length h and a radius a and is made up of N turns of current- 
carrying wire. For tight wrapping, we can consider the solenoid to be made up of N loops 
of current. To find the magnetic field intensity from a single loop at a point P along the axis 
of the solenoid, from (3.9) we have 


2 
Hee la 


2(2’ + ay? i 


- We could also consider that this is a differential amount of field resulting from a differen- 


tial amount of current, or 
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= i 


Figure 3.413 (a)A 
solenoid. (b) 
Schematic with param- 
eters for solving the 
magnetic field inten- 
sity at P, 


3 
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- where the differential amount of current can be considered a function of the number of 
loops and the length of the solenoid as 


N 
dI = — Idz’ 
i Z 


Fixing the point P where the field is desired (see Figure 3.13b), we have that z’ will range 
from —z to h — z, or 
He | Madz 2 Nig? "|? R 
=p Ba <7 Of; 2 242 z 
-z 2h(z +a ) -z (z’ +a ) 


This integral is found from Appendix D, leading to the solution 


N h-z 


I Z 
— jim 
2h (h-z +a? a 5: (3.11) 


At the very center of the solenoid (z = h/2), with the assumption that the length is consider- 
ably bigger than the loop radius (h >> a), the equation reduces to 


H = 


H = —a 


ia (3.12) 


Surface and Volume Current Densities 


In addition to linear current / (A) and volume current density J (A/m?), we can also consider 
a surface current density K (A/m). This vector, also called sheet current, is considered to 
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flow in an infinitesimally thin layer. Surface current density can be a good approximation 
for the current in a thin metallic conductive layer for a circuit board, for instance. In the 
solenoid example, the coils were considered so tightly wound that the current could be 
assumed as an evenly distributed sheet current. We could write 

NI 

K = — ay 

h 

for the solenoid. 
The Biot—Savart law can also be written in terms of surface and volume current densi- 

ties by replacing /dL with KdS and Jdv: 





(3.13) 


Notice that the sheet current’s direction is given by the vector quantity K rather than by a 
vector direction for dS, since dS would be normal to the direction of current.2-® 


EXAMPLE 3.4 


We wish to find H at a point centered adjacent to an infinite length ribbon of sheet current as shown 
in Figure 3.14a. 

Using (3.13) with KdS = K dxdza., we have a double integral that is not conveniently solved. 
Fortunately, we can treat the ribbon as a collection of infinite length lines of current K.dx. Each line 
of current will contribute dH of field from (3.8), 





Figure 3.14 (a) A 2d-wide ribbon with 
(a) current density K. 


36It might also make sense to treat fine current as a vector quantity and have IdL rather than /dL. But the con- 
vention is to treat line current as a scalar quantity, so we will do so. 
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Figure 3.44 (b) Cross section showing 
x (b) parameter values. 


R =—xa, + aa, 


and p = R. Also, by the law of Biot-Savart, the a, direction is given by the cross product of the cur- 
` rent element direction and a,. To find the total field, we integrate from x =—d to x = +d: 





a 2n(x? +a’) 
Expanding the integral gives us 
_K, d -xdxa, d adxa , 
Chia Fe pce ep mame re 


We notice by symmetry arguments that the first term inside the brackets, the a, component, is zero. 
This is confirmed by solving this portion of the integral. If we were to look for the field at a point other 
than adjacent to the middle of the ribbon, the a, component would not cancel. The second bracketed 
integral is solved using the integral solutions of Appendix D, leading to 


H= K a(i), (3.14) 
n a 

Finally, we can find the field resulting from an infinite extent sheet of current by letting d be infinite. 

In such a case we get 


H=-—a, (3.15) 


For many problems involving surface current densities, and indeed for most problems 
involving volume current densities, solving for the magnetic field intensity using the law of 
Biot—Savart can be quite cumbersome and require numerical integration. For some prob- 
lems that we will encounter with volume charge densities, there will be sufficient symme- 
try to be able to solve for the fields using Ampére’s circuital law, the topic of the next 


section. 
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In electrostatics problems that featured considerable symmetry we were able to apply 
Gauss’s law to solve for the electric field intensity much more easily than Coulomb’s law. 
Likewise, in magnetostatic problems with sufficient symmetry we can employ Ampére’s 
circuital law more easily than the law of Biot—Savart. 

Ampeére’s circuital law says that the integration of H around any closed path is equal to 
the net current enclosed by that path. This is stated in equation form as 


fH-dL=I.,, _ (3.16) 


This equation can be derived from the law of Biot—Savart, but that requires the use of 
Stoke’s theorem and curl, concepts to be covered later in this chapter. However, it is verified 
by experiment, and most students prefer to take the equation on faith rather than slog their 
way through the derivation. 

The line integral of H around a closed path is termed the circulation of H. The path of 
the circulation doesn’t matter in solving for the current enclosed, but in practical applica- 
tion, a symmetrical current distribution is given and you want to solve for H, so it is impor- 
tant to make a careful selection of an Amperian path (analogous to a Gaussian surface) that 
is everywhere either tangential or normal to H, and over which H is constant. 

The direction of the circulation is chosen such that the right-hand rule is satisfied. That 
is, with the thumb in the direction of the current, the fingers will curl in the direction of the 
circulation. We’ll show how to use Ampére’s circuital law to find the well-known field 
resulting from an infinite length line of current on the z-axis. This will be followed by 
increasingly complex examples to further illustrate the procedure. 


EXAMPLE 3.5 


Here we want to find the magnetic field intensity everywhere resulting from an infinite length line of 
current situated on the z-axis as shown in Figure 3.15. 

The figure also shows a pair of Amperian paths, a and b. Performing the circulation of H about 
either path will result in the same current /. But we choose path b, which has a constant value of Hy 
around the circle specified by the radius p. In Ampère’s circuital law equation, we substitute Hya, for 
H and pdọ a, for dL, giving 


2n 
fH-dL = Rre = [Hoag “Pda, = 2mpHy = 


Here we have chosen to perform the circulation in the +a, direction in accordance with the right-hand 
rule. Solving for H, we find that the field resulting from an infinite length line of current is the 
expected result (3.8) 


EXAMPLE 3.6 


Let us now use Ampére’s circuital law to find the magnetic field intensity resulting from an infinite 
extent sheet of current. 
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around an infinite length line of current. 


Figure 3.16 Calculating H 
resulting from a current 
sheet K = K a, in the x-y 
plane. 





Figure 3.16 shows a current sheet with uniform current density K = K, a, in the z = 0 plane along 
with a rectangular Amperian path of height Ah and width Aw. In accordance with the right-hand rule, 
where the thumb of the right hand points in the direction of the current and the fingers curl in the 
direction of the field, we'll perform the circulation in the order a > b > c 4 d — a. We have 


b c d a 
fH- dL =/.,, = [H-dL+|H-dL+jH-dL+fH-dL 
a b c d 


From symmetry arguments in Section 3.2 we know that H only has an H, component. Therefore the 
integrals from b > c and from d > a, with dL = dz a,, will be zero. Abov the sheet H = H,(—a,) and 
below the sheet H = H a, Also, above the sheet we could write dL = dy(-a,). But instead, we’ ll adopt 
the convention of letting dL = dya, and take care of the sign by integrating from Aw to zero.?7 So we 
have 


3.7Had we used dL = —dya, and integrated from Aw to 0, we would have accounted for the direction twice and 
would have had a sign error in our answer. 
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0 Aw 
fH-dL= | H,(-a,)-dya, + [H,a, -dya, =2H,Aw 

Aw oo Tey * 

The current enclosed by the path is just 
Aw 
I= [K,dy=K,, 
0 

and equating the two terms gives 


lt 
2 


y 





The result of Example 3.6 can be extended to give a general equation for the magnetic 
field intensity resulting from an infinite extent sheet of current, 


l 


where ay is a normal vector from the sheet current to the test point. 


Drill 35 An infinite extent sheet current K = 6 a, A/m exists on the x-z plane at y = 0. 
Find H(3, 4, 5). (Answer: —3a, A/m) 


EXAMPLE 3.7 


Consider the cylindrical conductor of Figure 3.17 carrying a radially dependent current J = JP a, 
A/m?, where J, is a constant with units of amperes per cubic meter. We wish to find H everywhere. 

What components of H will be present in this example? Consider the distributed current to be 
made up of a bundle of line currents. Grabbing a line current and finding the field at some point P, as 
shown in Figure 3.18a, we find that the field has both a, and a, components. Grabbing a particular 
second line current in Figure 3.18b, we see that the a, components cancel and the a, components add. 
From this we say that from symmetry arguments H only has an H, component. 

To calculate H everywhere, two Amperian paths are required, as shown in Figure 3.17b. 
Amperian path #1 is for p < a, and path #2 is for p > a. Evaluating the left side of Ampére’s circuital 
law we have 


fH-dL= [Haag “Pdoay =27pH, 
0 
This is true for both Amperian paths. 
The current enclosed by the first path is found by integrating 
1=[J-dS=JJ,pa, -pdpdoa, = Jn hap [ab = S28 
Equating both sides of Ampére’s circuital law and solving for H, we have 


Jap? 
3 
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Amperian Path #1 Amperian Path #2 
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or 
Jn 2 
H = pap, forp <a 
3 Pay P 
For the second Amperian path, the current enclosed is 


Pua 
3 


I 


and solving Ampère’s circuital law we have 
3 
H =2% a, forp>a 
3 P 


We note that, for p > a, the magnetic field intensity falls off as 1/p just like the field for the line of 
current. 
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(a) 


Figura 2.18 (a) The field from a particular line of current making up the distributed current of Figure 3.17. (b) The field 
from a second line of current results in a cancellation of the a, component. 
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In Example 3.7, let’s suppose that J, = 6.0 A/m and a = 2.0 cm. Let’s plot H, versus p out 


to 6 cm. 

% M-File: ML03@3 

% 

% This program plots the magnetic field intensity 
% versus radial distance from a cylindrical conductor 
% that has a radius-dependent current density. 

% 

% Wentworth, 7/15/02 

% 

% Variables: 

% Jo current density constant 

% rho — radial distance (m) 

% Hf mag. field intensity in phi direction (A/m) 
% N number of points per cm to plot 

% a radius of conductor (cm) 

% b radial plot limit (cm) 

GEC -~ %clears the command window 

clear ` %clears variables 

% Initialize Variables 

N=20; 

Jo=6; 

a=2; 

b=6; 

% Perform Calculation 

i=1:b*N; 

rho=i ./N; 


Hf(1:a*N)=Jo*(106/3)*rho(1:a*N).A2; 
Hf (1+a*N:b*N)=Jo*aA3./(@.03*rho(1+a*N:b*N)): 


% Generate Plot 

plot(rho,Hf) 

grid on 

xlabel('rho(cm)') 

ylabel('Mag Field Intensity (microamps/m)') 
titleC'ACL: MATLAB 3.3") 


The result is plotted in Figure 3.19. 


EXAMPLE 3.8 


A fourth example details the very important case of the coaxial cable. A number of configurations are 
possible, but we’ll address the case shown in Figure 3.20a, where even current distributions are 
assumed in the inner and outer conductors. Other configurations (such as a line of current surrounded 
by a cylindrical shell of current) will be given as problems at the end of the chapter. 

There are four Amperian paths to consider, as shown in the cross section of Figure 3.20b. The left 
side of Ampére’s circuital law will be the same for all four paths. The symmetry of the problem sug- 
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ACL: MATLAB 3.3 
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0 1 2 3 4 5 6 Figure 3.19 Plot of Hy versus 
rho(cm) p from MATLAB 3.3. 


gests that only an H, component is present, and as was seen in the third example of the cylindrical 
conductor we have 


The current enclosed by the first path is found by integrating 
Tenc = jJ pds 


but we need to know J;. Because the problem assumes an even current distribution 
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we therefore have 


I =j—a “pdpdoa = adage ere 
enc Tta? Z Z na? p ; a? 


Equating both sides of Ampère’s circuital law we have 





For a < p < b, the current enclosed is just 7 and we have 


I 


H === 
° 27p 


To find the total current enclosed by Amperian path #3, we need the current density in the outer con- 
ductor, given by 


J = I(-a.) 
i n(c? -b?) 
Now, the total current enclosed by the path is the sum of the inner current and the outer current 
enclosed by the path, and thus 
lene =1+JI,-dS 


Evaluating the right side we have 





I(-a,) ee p- 
J, dS =|———, -pdpdba, =—— ~ |pdp Jdo=-1 
J J we? 6?) ‘pdpdoa, Sea pf de 


Therefore 





ae: gee 
law 1-8; nae e 
c“ =b 


Now we can solve for H, for Amperian path #3: 


I a 
H, = — forb<p<c 
, Peal P g 





Finally, at Amperian path #4 the total current enclosed is zero, so Hy = 0 for p > c. This further shows 
the shielding ability exhibited by coaxial cable. 
Summarizing the results for the coaxial cable we have the following: 











Ip 
for Pp <a, HS a 
B ma t 
I 
fora < <b, ee 
ug 2mp ? 
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forb<p<c, H= = ie Ay 
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Mag Field Intensity (A/m) 


Figure 3.21 Magnetic field 
intensity plotted against radius 


for the coaxial cable example of 
rho(cm) Drill 3.6. 





Pei 2G 
i 


nii 4G Suppose in the coaxial example just examined a = 2.0 cm, b = 4.0 cm, c = 
5.0 cm, and 7 = 1.0 A. Plot H, versus p from 0 to 6 cm using MATLAB. (Answer: See 
Figure 3.21.) 


EXAMPLE 3.9 


Let us now find the magnetic field intensity within a tightly wrapped solenoid of infinite length. 
Cross sections are shown in Figure 3.22. Over a distance h, we have N turns of coil. First, we can 
make symmetry arguments that the only component of H will be H.. 
Now let’s look at a cross section as shown in Figure 3.22a. The cross section resembles a pair of 
infinite extent sheets of current, one directed out of the page and one into the page. The current den- 
sity for each of these sheets is 





Figure 3.22 Cross sections 
(a) (b) | of an infinitely long solenoid. 


120 


“o g 
$, 


Chapter 3. Magnetostatics 


Using Eq. 3.17, it would be easy to see that the fields from the two sheets cancel each other outside 
the solenoid and add inside. So from this argument we have inside the solenoid 


H= Ka, =Ma, 


Although true, this result isn’t entirely satisfactory since we really aren’t talking about a pair of infi- . 
nite extent sheets. 

Using an Ampère’s circuital law argument in Figure 3.22a, we see that the patha > b >c >d 
— a encloses no current. This can only be true if either Ha, is constant or equal to zero outside the 
solenoid. If a field exists at all, we would expect it to at least decrease with radial distance away from 
the solenoid. This suggests that the field outside the solenoid is zero, a result confirmed experimen- 
tally. 

Now we look at the Amperian path in Figure 3.22b. The only nonzero portion of the circulation 
integral will be from a > b, so we have 


h 
fH- dL =| H_a,-dza, = NI 
0 
leading to the expression for magnetic field intensity inside a solenoid: 


(3.18) 


A very interesting aspect of this answer is that we didn’t specify a distance from the solenoid 
wall; thus this is the field at any point within the solenoid! This is the same result that we found using 
the law of Biot—Savart for the very center of a solenoid. 





SURL AND THE POINT FORM OF AMPERE’S CIRCUITAL LAW 


When we studied electrostatic fields, the concept of divergence was employed to find the 
point form of Gauss’s law from the integral form. A nonzero divergence of the electric field 
indicates the presence of a charge at that point. In this section, curl is employed to find the 
point form of Ampére’s circuital law from the integral form. A nonzero curl of the magnetic 
field will indicate the presence of a current at that point. 

To begin, let’s apply Ampére’s circuital law to a path surrounding a small surface. 
Dividing both sides by the small surface area, we have the circulation per unit area 


fH-dL _ tone 7 3.19) 
“AS AS 
Taking the limit as AS is shrunk to zero, we have 
H- db 
lim pe = lim da (3.20) 


AS>0 AS AS>0 AS 


Both sides of (3.20) will be maximized if AS is chosen normal to the direction of the cur- 
rent, a,. Multiplying both sides of (3.20) by a, we have 


fH: dL I : 
li = i enc 
sao Ae AS30 AS ay 
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The right side of (3.21) is the current density J, and the left side is the maximum circulation 
of H per unit area as the area shrinks to zero, called the curl of H for short. So we now have 
the point form of Ampére’s circuital law: 


curlH=J (3.22) 
The curl describes the rotation or “vorticity” of a field about a particular point. It gives 


a measure of the degree to which a field curls around a particular point. It is a position deriv- 
ative of H that returns a vector quantity, and it can be shown that 


curl H=VxH (3.23) 


which, for Cartesian coordinates, can be written 


a, ay a, 
VxH=|%, 4 yx ~ (8.24) 
He oH OH, 


The most common way, then, to refer to the point form of Ampére’s circuital law is 


` pronounced “the curl of H equals J.” 

Divergence and curl are both position derivatives of a vector field. With divergence, the 
field’s magnitude is changing in the direction of the field, so a scalar quantity is adequate. 
But with curl the change occurs in a direction transverse to that of the field, so a vector 
quantity is needed to give this direction. For example, the field in Figure 3.23a has a posi- 
tive divergence but zero curl. In Figure 3.23b, the divergence is zero and the curl is a posi- 
tive value in the +a, direction. 

We can confirm this last statement by considering that the field in Figure 3.23b is A = 
A,a, and that this field only varies in the y direction. So, expanding (3.24) we see that only 


the ðA /oy term is nonzero, and we have 
vV x A — A; 
oy 


Now, because A, decreases as y increases, 0A /oy is negative, leading to a positive a, direc- 
tion for the curl. 


Figure 3.22 Field lines indicating (a) 
x. divergence and (b) curl. 
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Figure 3.24 A Skilling wheel used to meas- 
ure curl of the velocity field in flowing water. 





A simpler, more intuitive, way to see the direction of the curl in Figure 3.23b is to 
imagine that the field vectors represent water velocity and to use a Skilling wheel (intro- 
duced by H. H. Skilling in 1948), as shown in Figure 3.24. This small, imagined paddle 
wheel can be inserted into the flow and oriented in the direction that provides maximum 
torque on the axis. Using the right-hand rule with fingers curling in the direction of paddle 
wheel spin, the thumb will indicate the curl direction. Doing this in Figure 3.24 (for a por- 
tion of the field from Figure 3.23b) clearly shows the curl in the +a, direction. 

As was the case with divergence, the curl in cylindrical and spherical coordinate sys- 
tems is not as straightforward: 








VAHI = 
i og dz Joo oz dp La dp (PH) oo a. i (3.26) 
and 
_1fa A 
V X H ier = an BR sin a)-e h, 
Len ee 1 oH (3.27) 
ofp eS (rt) ho +1) 2 (rt4e)- 7 ps p" 


Drill 37 Find J at (2m, 1 m, 3 m) if H = 2xy? a, A/m. (Hint: Make sure you perform 
the curl operation before plugging in the numbers.) (Answer: 8a, — 2a, A/m?) 


Peil 38 Find J at (3 m, 90°, 0) if H = 7? sing a, A/m. (Answer: -3a, A/m?) 
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Stokes’s Theorem 


We can rewrite Ampére’s circuital law in terms of a current density as 
fH-dL={J-ds (3.28) 


and then it is a simple matter to use the point form of Ampére’s circuital law to replace J 


with V x H, yielding 
$H- dL = {(VxH)-dS (3.29) 


This expression, relating a closed line integral to a surface integral, is known as Stokes’s 
theorem (after British mathematician and physicist Sir George Stokes, 1819—1903). Note 
that the directions dS and dL are not independent but are related by the right-hand rule. 

That (3.29) is true is apparent by studying Figure 3.25a. The closed line integral is 
taken around a contour enclosing an area that has been divided into AS sections. As AS 
shrinks to zero, the right side of (3.29) is found by summing V x H - ASa, from each AS sec- 
tion. However, recalling that 


H-dL 
VxH= lim , 
AS>0 AS 





a, (3.30) 


we see that this is the same as summing the $H - dL from each section. As shown in the fig 
ure, the $H - dL components at common boundaries will cancel, leaving only those com- 
ponents along the contour (i.e., the left side of (3.29)). 

Now suppose we consider that the surface bounded by the contour in Figure 3.25a is 
actually a rubber sheet. In Figure 3.25b, we can distort the surface while keeping it intact. 
As long as the surface remains unbroken, Stokes’s theorem remains valid. 


Figure 3.25 The areas inside the con- 
tour divided into AS sections. 
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SME PIP ETES DENSITY 


In our dealings with electrostatics we sometimes found it convenient to think in terms of 
electric flux lines and electric flux density. So too we will find it convenient to work with 
magnetic flux density B, which is related to the magnetic field intensity in free space by 


B=p,H (3.31) 


where p, is the free space permeability, given in units of henrys per meter, or 


H, =47 x 10-7 H/m (3.32) 


The units of B are therefore H-A/m?, but it is more instructive to write webers per meter 
squared, or Wb/m?, where Wb = (H)(A). Writing the units in terms of webers per square 
meter is satisfying in that it reminds us of writing electric flux density in terms of coulombs 
per square meter. We will think of lines of magnetic flux in units of webers. But for brevity, 
and perhaps to honor a deserving scientist, a tes/a>8 T, equivalent to a Wb/m?, is the stan- 
dard unit adopted by the International System of Units. To further add to your confusion, 
Wb/m? and T both replace an older unit for magnetic flux density called the gauss G, where 
10,000 G = 1 T. This unit was used for many years to specify the performance of magnets 
and is somewhat convenient in that the earth’s magnetic flux density is about 0.5 G. 
Although we will use Wb/m? in the discussions to follow, the student should be conversant 
with all three terminologies. Table 3.1 lists some typical magnetic flux densities, in terms 
of both T(Wb/m2) and G. 

The amount of magnetic flux ọ, in webers, from magnetic field passing through a sur- 
face is found in a manner analogous to finding electric flux: 


$=[B-ds (3.33) 


Pri! 3.9 (a) Find B for an infinite length line of 3.0-A current going in the +a, direc- 
tion along the z-axis in free space, and (b) find the magnetic flux through a surface 
defined by 1.0m < p < 4.0 m, 0 < z < 3.0 m, = 90°. (Answer: (a) B = (6 x 1077/p)a, 
Wb/m?, (b) ọ = 2.5 uWb) 


TABLE31 Approximate Magnetic Flux Densities for Selected Items 


Item G Wb/m? or T 
Human brain 107!! 19-15 
Human heart 10+ 10 
Earth’s field 0.5 5x105 
Refrigerator magnet 100 0.010 
Permanent magnet 4000 0.40 
Pulsed electromagnet Í ' 10° ; 100 


Neutron star 10!2 108 

— n E T 
3.8The unit is named after Nikola Tesla (1856-1943), a Yugoslavian-born American electrical engineer who, 
among other things, invented the induction motor. 
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A fundamental feature of magnetic fields that distinguishes them from electric fields is 
that the field lines form closed loops. Figure 3.26 shows the magnetic field lines in a bar 
magnet, where the lines are shown extending through the bar forming closed loops. This is 
quite different from electric field lines, which start on positive charge and terminate on neg- 
ative charge. You cannot saw the magnet in half to isolate the north and the south poles; as 
Figure 3.27 shows, if you saw a magnet in half you get two magnets. Put another way, you 
cannot isolate a magnetic pole. From this characteristic of magnetic fields, it is easy to see 
that the net magnetic flux passing through a Gaussian surface (a closed surface as shown in 
Figure 3.26) must be zero. What goes into the surface must come back out. Thus we have 
Gauss’s law for static magnetic fields, 


039 


This is also referred to as the law of conservation of magnetic flux. 
Applying the divergence theorem to (3.34), we arrive at the point form of Gauss’s law 
for static magnetic fields, 


V-B=0 (3.35) 


With the addition of Gauss’s law for static magnetic fields, we can now present all four 
` of Maxwell’s equations for static fields: 





Figure 3.26 Magnetic field lines form closed 
Gaussian PR aanmanen loops, so the net flux through a Gaussian sur- 
Surface face is zero. 


Figure 3.27 Dividing a magnet in two parts 
results in two magnets. You cannot isolate a 
magnetic pole. 
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Integral form Differential form 
4D-dS = Qpr 
$B-dS=0 
$E -dL =0 
fH-dL =/,,, 







(3.36) 





The differential, or point, form of Maxwell’s equations are easily derived by applying the 
divergence theorem and Stoke’s theorem to the integral form of the equations. 


a eT Tie reo pp 
et f 2s Poppers. } 
Ee Kao ie Sn 


We saw in Figure 3.2 that when electric current is passed through a magnetic field, a force 
is exerted on the wire normal to both the magnetic field and the current direction. This force 
is actually acting on the individual charges moving in the conductor. The magnetic force 
F,,(N) on a moving charge q(C) is given by 


Fn = qu x B ; (3.37) 


where the velocity of the charge is u(m/s) within a field of magnetic flux density B(Wb/m?). 
The units are confirmed by using the equivalences Wb = (V)(s) and J = (N)(m) = (C)(V). 

By the definition of electric field intensity, the electric force F, acting on a charge q 
within an electric field is given by 


F.=qE (3.38) 


A big difference between the two forces is readily apparent: The electric force acts in the 
direction of the electric field whereas the magnetic force acts at right angles to the magnetic 
field. Also, the magnetic force requires that the charged particle be in motion. Finally, 
recalling the definition of work as 


W=[F-dL 


we see that the magnetic force can do no work, since dL is always in a normal direction to 
the force. 
A total force on a charge is given by superposing (3.37) and (3.38), arriving at the 


Lorentz’? force equation: 
F=9(E+uxB) | (3.39) 


The Lorentz force equation is quite useful in determining the paths charged particles will 
take as they move through electric and magnetic fields. If we also know the particle mass 
m, the force is related to acceleration by the equation, fondly remembered from introduc- 
tory physics, 

F=ma = (3.40) 


3.°The equation is named after Dutch physicist Hendrik Antoon Lorentz (1853-1928). 
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It should be noted that because the magnetic force acts in a direction normal to the particle 
velocity, the acceleration is normal to the velocity and the magnitude of the velocity vector 
is unaffected. 

et) 3.1 Ata particular instant in time, in a region of space where E = 0 and B = 3 a, 
Wb/m2, a 2-kg particle of charge 1 C moves with velocity 2a, m/s. What is the particle’s 
acceleration due to the magnetic field? 


m ; 
(Answer 2= fy xB=3a ag O calculate the units: 
s 


m 
Cm [s J (z) 
kes m \N-SÅÀ J AC-VA w) 8 


Force on a Current Element 





Consider a line conducting current in the presence of a magnetic field. We wish to find the 
resulting force on the line. We can look at a small, differential segment dQ of charge mov- 
_ ing with velocity u, and we can calculate the differential force on this charge from (3.37) as 


=dQuxB (3.41) 
But the velocity can also be written 
dL . 
u= Te (3.42) 
and (3.41) can be rearranged as 
-2 dL xB (3.43) 


Now, since dQ/dt (in C/s) corresponds to the current 7 in the line, we have 
dF = IdL x B (3.44) 


Equation 3.44 is often referred to as the motor equation. 
We can use (3.44) to find the force from a collection of current elements, using the integral 


F2 = f hdL, xB, (3.45) 


where the subscripts are added to indicate that the magnetic force acts from the field B, on 


an element /,dL,. 
Let’s consider a line of current in the +a, direction on the z-axis as shown in Figure 


3.28a. For current element /dL,, we have 
Id, = Idza, 
We know this element produces magnetic field, but the field cannot exert magnetic force on 


the element producing it. As an analogy, consider that the electric field of a point charge can 
exert no electric force on itself. 
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i Figure 2.28 (a) Differential current 

i i elements on a line. (b) A pair of 

Í l ¥ current-carrying lines will exert 
(a) (b) magnetic force on each other. 


What about the field from a second current element IdL, on this line? From 
Biot-Savart’s law, we see that the cross product in this particular case will be zero, since 
IdL and ap will be in the same direction. So, we can say that a straight line of current exerts 
no magnetic force on itself. 

Now suppose we add a second line of current parallel to the first, as shown in Figure 
3.28b. The force dF, from the magnetic field of line 1 acting on a differential section of line 
2 is 

dF = L,dL, x B, i ~ (3.46) 
The magnetic flux density B, for an infinite length line of current is recalled from (3.8) to 
be : 





B; = K 
270 


and by inspection of the figure we see that p = y and a, = —a,. Inserting this into (3.46) and 
considering that dL, = dza,, we have 


E Holi _Bohh 
dF = hdza, x ya - “im E) (3.47) 


To find the total force on a length L of line 2 from the field of line 1, we must integrate dF 12 
from +L to 0. We are integrating in this direction to account for the direction of the current. 
This gives us 





lohh ta, — Holle 
F = = —a,}| dz = = — a, 3.48 


which is a repulsive force. Had we instead been seeking F,,, the magnetic force acting on 
line 1 from the field of line 2, we would have found F,, = —F,. So two parallel lines with 
current in opposite directions experience a force of repulsion. For a pair of parallel lines 
with current in the same direction, a force of attraction would result. 
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In the more general case where the two lines are not parallel, or not straight, we could 
use the law of Biot—Savart to find B, and arrive at 


(3.49) 


This equation is known as Ampére’s law of force between a pair of current-carrying circuits 
and is analogous to Coulomb’s law of force between a pair of charges. Rather than apply- 
ing (3.49), it is easier in practice to find the magnetic field B, by Biot-Savart’s law and then 
use (3.45) to find F,.. 


EXAMPLE 3.18 


Let’s find the force on each arm of the square loop of current in Figure 3.29 resulting from the mag- 
netic field created by the infinite length line of current /, on the z-axis. Here we will ignore any force 
that may be acting between current elements in the loop, but in MATLAB 3.4 we will address this sort 
of problem and you will also consider this force in a homework problem. 

As a first step, we find the field B, in the y-z plane containing the loop, which we know for this 
particular infinite length line of current is 


_ Boli ies 
B; = TA a,) 





Next we find the force on each segment of the loop starting with segment a. We have 
Fa = hdl, xB; = I, jdya, x Boi (-a,) 
ery 
+w 


_ Hola, G dy _ Bolib pf 224 s 
21 y 2n y 





Yo 


Figure 3.28 Figure used to find the mag- 
netic force exerted bythe field of J, on 
each arm of a square loop of current /,. 
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For segment b, y is fixed at y, + w and we have 


y 


Pp Ja, e )= Hol law A 
0 


2n(y, +w 2 2n(y, +w) 


Likewise, for the other two segments we have 


Fic satib p| Sat Yh, 
27 Yo 


and 


F. = Holi hw a, 
2ny, 

If we were to sum the fields, we would see that F,, and F,, cancel, but the magnitude of force F, is 

bigger than that of F, owing to segment d’s closer proximity to the infinite length line of current. 


Pri 3.13 A pair of parallel infinite length lines each carry current / = 2 A in the same 
direction. Determine the magnitude of the force per unit length between the two lines if 
their separation distance is (a) 10 cm and (b) 100 cm. Is the force repulsive or attractive? 
(Answer: (a) 8 N/m, (b) 0.8 N/m, attractive) 


We want to find the magnetic force dF acting on a differential segment of a current- 
conducting loop from the field of the rest of the loop as shown in Figure 3.30. 


M-File: MLQ304 
This program finds the force on one piece of a loop 
resulting from the field of the rest of the Joop. 


The loop is broken up into segments subtended by 2 
degree increments. 


Wentworth, 7/16/02 


Variables: 
I. Joop current (A) 
loop radius (m) 
F the angle phi in radians 
xi,yi location of ith element 
Ai vector from origin to xi,yi 
ai unit vector from origin to xi,yi 
Dli ith element vector 
Ril vector from ith point to test point 
ril unit vector from ith point to test point 
DL1 test element vector 
mu free space permeability (H/m) 


BW BE I af BE SC Se BC Be Be SS a ae Be de de BS SE R de PR 
w 


az unit vector in z direction 


clc %clears the command window 
clear %clears variables 


% Initialize Variables 


lile 
asis 
mu=pi*4e-7; 
az=[0 0 1]; 


DL1l=a*2*(pi/180)*[(®@ 1 0]; 


% Perform Calculation 
for j=1:179 
F=2*i*pi/180; 
xi=a*cos(F); 
yi=a*sin(F); 
Ai=[xi yi 0]; 
ai=unitvector(Ai); 
DLi=(pi*a/9@)*cross(az,ai); 
Ril=[a*(1-cos(F)) -a*sin(F) 0]; 
ril=unitvector(Ril); 
num=mu*I*cross(DLi,ril); 
den=4*pi*(magvector(Ril)A2); 
B=num/den; 
Bx(i)=BC1); 
By(i)=B(2); 
Bz(i)=B(3); 
end 
Btot=[sum(Bx) sum(By) sum(Bz)]; 
dF=I*cross(DL1,Btot) 


Running this program yields 
dF= 18.6 nN a, 
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In this particular example we see that a force is attempting to expand the loop. 





Figure 3.20 In MATLAB 3.4, we want to find 
the force on dL, from the field of the rest of 
the loop. 
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Magnetic Torque and Moment 


If we place a planar loop of current in a uniform magnetic field, there will be no net mag- 
netic force on the loop. However, there can be a torque, or twisting force, acting on the loop. 

We begin by recalling that torque 7 is the cross product of the moment arm r and a 
force F: 


t=rxF l (3.50) 


If we have a pair of moment arms and a pair of forces, as shown in Figure 3.31a, the total 
torque will be a superposition of the individual torques. Here we consider the special case 
where total net force is zero. Taking the torque about the origin in this figure we have 


t=R, xF, +R, x F, = 2a, x Fa, + 4a, x (-F,a,) =-2F a (3.51) 


O zZ Ox 


Now consider taking the torque about the point (0, 3, 0) in Figure 3.31b. Here we see 
'v=—la, x Fa, + la, x (Fa) = -2F a, (3.52) 


Notice that the torque about the center point is the same as the torque about the origin. This 
is a consequence of the zero net force and means that the torque for this case will be inde- 
pendent of the chosen origin. It will be convenient, then, for us to consider the center point 
of our conducting loop as the origin, or the axis about which rotation occurs. 
Now consider a current-carrying loop in the x-y plane immersed in a uniform magnetic 
field 
B=B,a, +B a, + B.a, 





(a) F = -Fo 8, 


a y 
ta, Figure 3.34 (a) Finding the total 


i torque about the origin by super- 
li position of a pair of torques. (b) 

Finding torque at the center point 
between the forces. 
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Figure 3.32 (a) Rectangular loop of 
current in a uniform magnetic field. 
(b) The normal component of the field 
acts to contract the loop. (c) Torque 
arises from the parallel components of 
(c) the field. 


as shown in Figure 3.32a. This magnetic field can be conveniently broken up into a field 
normal to the plane of the loop, B, = B.a, (Figure 3.32b), and a field parallel to the plane, 
B, = B,a, + B a, (Figure 3.32c). For simplicity we’ll let B,= 0 for this example. Inspection 
of Figure 3.32b reveals that the perpendicular magnetic force is acting to contract the loop. 
If the current had been going in the other direction, the force would be acting to expand the 
loop. In this case, there is no net force on the loop and no torque. The torque comes from 
the parallel component of B. 
In Figure 3.32c the total torque consists of contributions from each arm, 


v=R,XF,+R,xF,+R,xF,+R,xF, (3.53) 

The force on arm | is found by integrating along the length of the arm the differential force 
dF, given by 

dF, = Idya, x B a, (3.54) 


which is zero since for this segment the current is in the same direction as the field. The dif- 
ferential force dF, will be zero for the same reason, leaving us with 


t=R, xF, +R,xF, (3.55) 
For arm 2, the differential force is 
dF, = Idxa, X B a, = IB dxa, i (3.56) 
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and the total force F, is 


a 
F, = IB,a, f dx = IB,aa, (3.57) 
0 


The moment arm R, is (b/2)a,, resulting in a torque for arm 2 


T2 = IB; Par > (3.58) 
Likewise, for arm 4 we have 
dF, = IB dxa, (3.59) 
and 
0 
F; = /B,a, | dx =-IB,aa, (3.60) 
a 
The moment arm R, is -(b/2) a, SO 
T4 = IB, Cay (3.61) 
ae 
and the total torque on the loop is therefore 
T= IB aba, . (3.62) 


It is helpful to define the magnetic dipole moment m of a loop as 


where m has the dimensions (A-m2) and @, is a unit vector normal to the planar loop of area 
S. The unique a, direction is found via the right-hand rule, where the fingers curl in the 
direction of the current loop and the thumb points in the direction of ay. Then, the torque on 


a magnetic dipole in a field B is 


Notice that B is the general field consisting of both B , and B,. However, the B, portion is 
in the same direction as m and will therefore not contribute to the torque. For the problem 
of Figure 3.32, the surface S = ab and the direction ay = —a,, So m = /ab(—a.), which leads 
to the same solution as before for +. 

Equations (3.63) and (3.64) will hold for planar loops of any shape, not just rectangu- 
lar ones. Also, if instead of a single loop there is a winding of N loops of insulated con- 
ducting wire then (3.63) is modified as 


m = N/Sa,, : (3.65) 
Suppose the loop from Figure 3.32c is free to turn about its axis of rotation. For sim- 


plicity, let’s ignore the B, component of the field. In Figure 3.33 we see the loop at three dif- 
ferent positions on its axis of rotation. The torque is acting to twist the loop such that the 
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(a) 


Figure 3.33 A cross section of the loop from Figure 3.32c 
is free to rotate. The torque wants to align the loop’s mag- 
(c) netic dipole moment with B. 





magnetic dipole moment is in the same direction as the magnetic field. This behavior of 
magnetic torque is useful for understanding magnetic materials (covered in the next section) 
as well as simple DC motors. 

In a very simple DC motor, the loop (called a rotor) is immersed in the field. The ends 
of the rotor have conductive brushes that contact a DC current source through a split ring. 
Current is passed through the loop, resulting in torque. The rotor turns, but just as it reaches 
the point of zero torque, the brushes pass the split in the ring and the current changes direc- 
tion. The rotor thus continues to be torqued in the same direction. 


Dei} 412 A circular conducting loop of 10.-cm radius lies in the xy plane and con- 
ducts 3.0 A of current in the a, direction. The loop is immersed in a magnetic field B = 
3.0a, + 4.0a, Wb/m?. Determine the loop’s (a) magnetic dipole moment and (b) torque. 
(Answer: (a) 0.094 a, A-m?, (b) 0.28 a, N-m) 


Practical Application: Loudspeakers 


A typical loudspeaker is a very simple device consisting of a paper or plastic cone affixed 
to a voice coil (an electromagnet) suspended in a magnetic field. Alternating current (AC) 
signals to the voice coil cause it to move back and forth, and the resulting vibration of the 
cone can reproduce practically any sound. 

The cross section of a typical moving-coil speaker is shown in Figure 3.34. The mag- 
netic field comes from a permanent magnet. The front and rear suspensions hold the coil in 
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Figure 3.34 Cross section of a 
moving-coil loudspeaker. 


place and allow movement of the cone. The front suspension, often called the surround, can 
be made of rubber. The rear suspension is referred to as the spider. 

The voice coil is a typical electromagnet consisting of a coil of wire wrapped around 
an iron cylinder. Current through the coil in one direction will produce a particular polarity 
in the electromagnet. Since the voice coil is also under the influence of the permanent mag- 
net, the polarity will cause the coil, and the attached cone, to move ina particular direction. 
That is, the positive pole of the coil is attracted to the negative pole of the permanent mag- 
net and vice versa. When the current is reversed, the coil moves in the opposite direction. 
An AC signal through the coil therefore produces back-and-forth movement of the coil and 
diaphragm, thus producing sound waves of the same frequency as the AC signal. 

Speaker size determines how well a particular audible frequency can be produced. The 
diaphragm of a small speaker, called a tweeter, can move back and forth (or vibrate) very 
rapidly and is therefore used to produce high-frequency sound waves. For large speakers, 


called woofers, the diaphragm can move much slower and therefore is used to produce the 


low-frequency sound waves. In between is the midrange speaker (sometimes called a 
squawker). Typically the speaker system will break up the audio signal into different fre- 
quency bands and pass these bands on to the appropriate speaker. The user can choose to 
amplify a particular band if more bass (lower frequency component) or more treble (higher 
frequency component) is desired. The speakers are housed in an enclosure specially 
designed to optimize the sound quality. 

Instead of a moving-coil arrangement, a speaker diaphragm can also be vibrated with 
electrostatic fields. In one design for an electrostatic speaker, a conductive diaphragm is 
supported between a pair of charged panels, each with opposite polarity. A positive charge 
on the diaphragm moves it toward the negative charged panel and away from the positive 
charged panel. A negative charge on the diaphragm moves it in the opposite direction. The 
electrical signal to the diaphragm is therefore transduced to a sound wave. This approach is 


‘Most effective for high-frequency sound, where the diaphragm doesn’t have to move very 


far in either direction. 
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We know that current through a coil of wire will produce a magnetic field akin to that of a 
bar magnet. We also know that we can greatly enhance the field by wrapping the wire 
around an iron core. The iron is considered a magnetic material since it can influence, in 
this case amplify, the magnetic field. 

In Chapter 2 we described the polarization P and the electric susceptibility Xe to arrive 
at an expression for the €, of a dielectric material. In a like manner, for magnetic materials 
we can consider magnetization M and magnetic susceptibility y,,. The magnetization M is 
the vector sum of all the magnetic dipole moments in a unit volume of the material. It con- 
tributes to the total magnetic flux density as 


B=H+uM (3.66) 


The magnetization M is related to the magnetic field intensity by the material’s magnetic 
susceptibility, 

M =% H (3.67) 

The permeability u and relative permeability 1, of a material are thus defined in terms of ¥,,: 

B=), (1 +Xn)H = pH = pp, H (3.68) 


- Rarely do we keep track of M and y,,. Instead we consider the degree to which a material 


can influence the magnetic field to be given by y. In free space (a vacuum), p, = | and there 
is no effect on the field. In most materials, 1, is either slightly more or slightly less than 
unity, but in some materials, u, can be very large, even as high as 10°. Table 3.2 lists a vari- 
ety of materials along with their relative permeabilities. 

To understand, at least qualitatively, why a magnetic material behaves as it does 
requires that we first consider the net magnetic dipole moment for the outermost electrons 
orbiting their nucleii. Recalling from the previous section that a loop of current will have a 


FABLE3.2 Relative Permeahilities for a Variety of Materials? 


Material H 
Diamagnetic bismuth 0.99983 
gold 0.99986 
silver 0.99998 
copper ; 0.999991 
water 0.999991 
Paramagnetic air 1.0000004 
aluminum 1.00002 
platinum 1.0003 
Ferromagnetic cobalt i 250 
(nonlinear) nickel _~ 600 
iron (99.8% pure) i 5000 
iron (99.96% pure) 280,000 
Mo/Ni supermalloy 1,000,000 


aSee also Appendix E. 
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Figure 3.35 The outer electron 

y ? f orbiting a nucleus exhibits (a) an 
ne a orbital magnetic moment along 

aaea with (b) a spin magnetic moment. 





magnetic moment, we consider the classical orbit of electrons around a nucleus as shown in 
Figure 3.35. If we assume that all of the inner electron shells are filled, then the net moment 
of the inner electrons and nucleus tends to be negligible and the majority of the net mag- 
netic dipole moment comes from consideration of the outermost electrons. The outermost 
electron in Figure 3.35a is a charge in orbital motion that resembles a loop of current, and 
as such it has an orbital magnetic dipole moment, or orbital moment for short. The electron 
itself has a quantum mechanical property known as spin, and though not rigorously accu- 
rate, it is convenient for us to think of this spin as charge spinning about its own axis as 
shown in Figure 3.35b. This electron has a spin magnetic dipole moment, or spin moment 


for short. 


In most materials, the net dipole moment is zero in the absence of a magnetic field. 
Here, the spin moment cancels the orbital moment. With application of an external mag- 
netic field, the orbital moments are torqued to align with the field whereas the spin 
moments continue to oppose the orbital moments. This would seem to imply that the net 
moment remains zero and that 1, should equal one. But this is not the case. 

The externally applied field imparts some energy to the orbiting electron. However, the 
electron is in a quantized, constant energy state. If energy is added to the electron, it must 
be decreased some other way to keep the total energy level constant. This reduction in 
energy is achieved by slowing down the electron. A decrease in the electron’s orbital veloc- 
ity is tantamount to reducing the current in the loop and therefore the orbital moment is 
decreased. The spin moment is unaffected, however, so the net dipole moment is slightly 
negative and the material tends to oppose the externally applied field. For such diamagnetic 
materials, ų, is slightly less than one. Most diamagnetic materials*-!° have very little influ- 
ence on the magnetic field. The most diamagnetic material is bismuth, with a u4, = 0.99983. 

In a second class of magnetic materials, known as paramagnetic, the orbital and spin 
moments are not equal and there exists a net magnetic dipole moment. However, the 
arrangement of the moments is random and so paramagnetic materials exhibit no magnetic 


%- 10t should be noted that all materials will exhibit a degree of diamagnetism, but this effect is often overshad- 


owed by other considerations, 
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behavior in the absence of a magnetic field. But when a magnetic field is applied, the mag- 
netic dipoles experience a torque that tends to align them with the field, and the material can 
become slightly magnetic. Aluminum is an example of a paramagnetic material, with a rel- 
ative permeability of 1.000021. 

Diamagnetic and paramagnetic materials are two of the three major classes of magnetic 
material. They can be somewhat understood by considering only the contributions of the 
orbital and spin moments. The third major class of magnetic material is called ferromag- 
netic. These materials, which are strongly magnetic even in the absence of an externally 
applied field, are used for permanent magnets. The most common member of this class is 
iron (whose atomic symbol Fe is from the Latin ferrum). Other common ferromagnetic 
materials are nickel and cobalt. The mechanism for this third class of magnetic material can 
be somewhat understood? !! by invoking the concepts of exchange coupling and the forma- 
tion of domains. 

First, consider the energy for a collection of atoms. Assume that each atom has a dipole 
moment and that they are randomly arranged as in Figure 3.36a. Quantum theory says the 
system energy will be minimized if the spins on electrons of adjacent atoms are in opposite 
directions.*'? This is indeed the case for most materials that exhibit very little magnetic 
behavior. However, for ferromagnetic materials, the system energy appears to be reduced if 
adjacent atoms have parallel spin. This is a poorly understood phenomenon, but it is con- 


_ jectured that a third, “intermediate” electron is involved that tends to have an opposite spin 


to the electrons on adjacent atoms responsible for the magnetic moment. The mechanism 
for the alignment of spins on the electrons of adjacent atoms is termed exchange coupling. 

As more and more of the moments are aligned to reduce the system energy via exchange 
coupling, as in Figure 3.36b, a stronger and stronger magnetic field is generated by these 
aligned dipoles. As was the case for electric fields in Section 2.13, magnetic fields store 


Figure 3.26 Randomly ori- 
ented dipoles in (a) are all 
aligned in (b) via exchange 


` ka (b) - coupling. 


3.1! To quote Richard Feynman, “...to the theoretical physicists, ferromagnetism presents a number of very inter- 
esting, unsolved, and beautiful challenges. One challenge is to understand why it exists at all” (The Feynman 
Lectures on Physics, Vol. 2, p. 37-13, Addison-Wesley, 1989). 

3.12As a simple example of a magnetic system seeking a low energy level, consider a collection of 20 or so bar 
magnets, initially with their north and south poles aligned. Bring them close together and release them and the 
magnets will repel, flip, and then attract such that the system energy is decreased. 
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tigere 326 In (c), the dipoles have formed 
domains (separated by the dashed-line domain 
(c) walls). 





energy. System energy, then, is increased by the increase in the magnetic field if all the 
moments line up. We can reduce the energy stored in the field if we break up the magnetized 
regions into domains that have random magnetic dipole direction as shown in Figure 3.36c. 

Can we continue to break up the sample into smaller and smaller domains to decrease 
the energy in the magnetic field and thus the system energy? No, because the spins on atoms 
along the domain walls are in opposite directions, and lower energy is achieved via the 
exchange coupling phenomenon when the poles are aligned. The formation of domains in 
conjunction with exchange coupling, as depicted in Figure 3.36c, appears to be a trade-off 
to minimize energy in the system. 

Physically, a magnetized domain contains between 10!6 and 10!9 atoms, all with 
aligned magnetic dipoles. The thin region between a pair of domains is termed a domain 
wall and is on the order of 100 atoms thick. When an external magnetic field is applied, the 
domains oriented in the direction of the applied field grow larger, with the domain walls 
moving further into the unaligned domains.*-'3 Sometimes the domain walls get stuck at 
crystal boundaries or at impurities in the material. Eventually, with more external field 
applied, the domain wall snaps free, but in doing so there is energy loss to heat from friction. 

Because the domain walls have trouble moving past grain boundaries, the relation 
between B and H in a ferromagnetic material is nonlinear. This is best seen in a magnetiza- 
tion curve as shown in Figure 3.37. We begin at point a with a completely demagnetized 
material. By this we mean that the domains are organized such that there is no net field for 
the sample. Now we apply a magnetizing field H to the ferromagnetic material and meas- 
ure the resulting flux density B. At first, it is relatively easy for the domains in the direction 
of H to grow and B proceeds along the initial curve to point b. But then it grows harder to 
align the domains, and finally all the domains are aligned at point c and we are at magnetic 
saturation, denoted by H, and B,. Now notice what happens when we reduce the magneti- 
zation field H to zero, following the path from point c to d. There remains a residual flux 
density B, even with no applied H. This is the property of ferromagnetic materials employed 
to make permanent magnets. It actually takes a negative magnetization field to coerce B to 


3.13}¢ should be emphasized that although a ferromagnetic material like iron may be composed of many crystals, 
these crystals are not the same as domains. 
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Figure 337 Magnetization curve 
showing the hysteresis loop of a ferro- 
magnetic material. 





zero at point e. This occurs at H,, the coercive field intensity. If we continue decreasing the 
magnetization field, eventually we reach magnetic saturation in the other direction (point f). 
We can then start increasing the magnetization field to travel from point f to g, h, and then 
_ finally back to point c. The complete round trip is termed a hysteresis?-'4 loop. 

Wide hysteresis loops are desirable for permanent magnets, since we want to freeze the 
domain walls in place over a significant range of external field. For transformers and 
motors, however, we want the domain walls to move easily so that we can easily change the 
magnetism. A tall, narrow hysteresis loop is desired in this case. The area enclosed by the 
hysteresis loop is proportional to the energy dissipated in a round trip around the loop. 

If a permanent magnet is subjected to a sufficiently high temperature, known as the 
Curie temperature, the thermal energy will overwhelm the exchange coupling force and the 
material will lose its magnetization. It will become a paramagnetic material, at least until it 
cools off again. The Curie temperature for iron is 770°C. 

Diamagnetics, paramagnetics, and ferromagnetics account for almost all material 
types, but there are some exotic materials that should be briefly mentioned. 

An antiferromagnetic material, for example manganese oxide, has its moments of adja- 
cent atoms locked in opposite directions regardless of the applied field. The coupling of the 
moments disappears above the material’s Curie temperature, at which point the material 
behaves like a paramagnetic. 

A ferrimagnetic material, for example iron ferrite, is less magnetic than a ferromag- 
netic one. Here, the dipole moments of adjacent atoms are aligned opposite, as in an anti- 
ferromagnetic material, but the moments are not equal, leaving a small magnetic moment. 
Some ferrimagnetic materials, known as ferrites, have low electrical conductivities and are 
useful in a variety of high-frequency applications. As with antiferromagnetism, ferrimag- 
netism disappears above the Curie temperature. 

A superparamagnetic material comprises simply ferromagnetic particles suspended in 
a dielectric, as in magnetic audio and video tapes. The particles are far enough apart that 
their exchange forces do not interact. 


3.14Hysteresis means “to lag” in Greek. 
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In Section 2.12 we found how D and E varied across the boundary separating a pair of 
dielectric materials. We broke the field into components normal and tangential to the sur- 
face, then applied Gauss’s law and Kirchhoff’s voltage law to derive the boundary condi- 
tions. Now we will use a similar approach to find how B and H vary across a boundary 
separating a pair of magnetic materials. These magnetostatic boundary conditions are 
derived using Ampére’s circuital law 


$H- dL = Ion 
and Gauss’s law for magnetostatic fields 
¢B-dS=0 


Beginning with Ampére’s circuital law, we consider a pair of magnetic media separated 
by a sheet current density K as depicted in Figure 3.38. We choose a rectangular Amperian 
path of width Aw and height Ah, centered at the interface such that half of the path lies in 
each medium. The path is chosen such that the surface current is normal to the surface 
enclosed by the path. Then, the current enclosed by the path is 


lenc = | KAW = KAw (3.69) 


Notice that in this problem we have chosen the sheet current heading into the page (©), and 
we use the right-hand rule to determine the direction of integration around the loop. 
Pointing the right thumb in the direction of the current, we see that the right-hand fingers 
curl in a clockwise direction around the closed path. We can break up the circulation of H 
into four integrals: 


bac d a 
` $H-dL = |+f+f +f (H-dL)=KAw (3.70) 
GD E 


In the first integral, we move from point a to b. We can install our own mini-coordinate sys- 
tem here and say that this corresponds to moving from 0 to Aw. This gives us 


b Aw ; 
JH-dL= | Hr ar:dLar = Hy Aw (3.71) 
a 0 


Medium 1 


Figure 3.33 Boundary 
between a pair of mag- 
netic media, and place- 
Medium? ment of a rectangular 
mA path for performing the 
circulation of H. 
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Moving from b to c involves going from Ah/2 to 0 in medium 1, and from 0 to —Ah/2 in 
medium 2. The second integral is therefore 


c 0 —Ah/2 : Ah 
JH-dL= | Hy,ay-dlay+ | Hy,ay-dlay=-(Hy,+Hy,)— 6 
b Ah/2 0 2 


Moving from c to d in medium 2 we are going from Aw to 0, so the third integral is 


d 0 
JH-dL= [Hy,a7-dlay =—Hy, Aw (3.73) 


G Aw 


Finally, we complete the path by moving from d to a and the fourth integral is 
JH-dL= | Hy,ay-dlay+ | Hy,ay-dlay =(Hy,+Hy,)— 6) 
d —Ah/2 0 z 
We see that the second and fourth components cancel. If we are concerned that H may vary 
across the small Aw width of the rectangle (i.e., that Hy, at the left side of the box is 
unequal to Hy, at the right side), then we can simply shrink Ah to zero. Combining our 
results, we have 
Hr —Hy, =K (3.75) 


Equation (3.75) requires that the surface of the chosen Amperian path be normal to the 
surface current, with the direction of circulation about the path determined by the right- 
hand rule. A more general expression for the first magnetostatic boundary condition can be 


written as 


where a,, is a unit vector normal going from medium 2 to medium 1. 

To find the second boundary condition, we center a Gaussian pillbox across the inter- 
face as shown in Figure 3.39. We can shrink Ah such that the flux out of the side of the pill- 
box is negligible. Then we have 


$B- dS = | By ay -dSay + | By, ay -dS(-ay) = (By, - By, JAS = 0 (3.77) 


Medium 1 





Figure 2.38 Gaussian 
pillbox placed across the 
boundary. 


Medium 2 
H2 
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Electrostatic Magnetostatic 
Ez, =Ez, a X (H, -H,)=K 
ax: (D, - D,) =P, By, = By, 


Now, since AS can be chosen unequal to zero, it follows that 


` Table 3.3 summarizes the boundary conditions for both electrostatic and magnetostatic 
fields. 

You may recall that, for a conductor—dielectric interface, E; = 0 and Dy = p, A similar 
situation does not in general exist for magnetostatic fields. The exception is if one of the 
media is a superconductor. By the Meissner effect, the magnetic field rapidly attenuates 
away from the surface such that B = 0 within a superconductor. If we let medium 2 be the 
superconductor, the equations at the interface for magnetostatic fields become 


a, XH, =K (3.79) 


and 
By =0 (3.80) 


The second condition is logical since we know magnetic field lines must form closed loops 
and cannot suddenly terminate, even on a superconductor. 

The solutions of many magnetostatic boundary condition problems follow the same 
kind of bookkeeping approach that we used for electrostatic boundary-condition problems. 
Example 3.11 and Figure 3.40 detail such a procedure. 


EXAMPLE 3.11 


The magnetic field intensity is given as H, = 6a, + 2a, + 3a, A/m in a medium with un = 6000 that 
exists for z < 0. We want to find H, in a melia ‘with H, = 3000 for z > 0. 

Following the procedure shown in Figure 3.40, the first step is to break H, into its normal com- 
ponent (step 1) and its tangential component (step 2). With no current at the interface, the tangential 
component is the same on both sides of the boundary (step 3). Next, we find By, by multiplying Hy, 
by the permeability in medium 1 (step 4). This normal component B is the same on both sides of the 
boundary (step 5), and then we can find Hy, by dividing By, by the permeability of medium 2 (step 
6). The last step is to sum the fields (step Ds: , 





Petit 3TA A block of iron (99.8% pure) exists for z < 0. For z > 0, we have air and a 
magnetic flux density B,;, = la, + Sa, + 12a, T. Assuming there is no sheet current at the 
interface, find B;,,,. (Answer: Bion = 5000a, + 25,000a, + 12a, T) 


3.9 Inductance and Magnetic Energy ~ 145 





H, = 6a, + 2a, + 3a, A/m Step 7 H; = 6a, + 2a, + 6a, A/m 

Step 1 Hy, = 3a, ' Step 6 Hy, = By, /Mrollo = 6a, 

Step 2 Hy, = 6a, + 2a, Step 3 H7, = Hr, = 6a, + 2a, 

Step 4 By, = Hr HoH, Step 5 By, = By, = 18,000a, l 

= 18,000a, - FigureS.42 Procedure for evaluating the 
fields on both sides of a boundary separat- 
ing a pair of magnetic materials. 
29 INDUCTANCE AND MAGNETIC ENERGY 


Consider a loop of current / in Figure 3.41a. The flux @, that passes through the area S, 
bounded by the loop is 


9 = Í B-dS 
Si 


Suppose we pass the same current / through two loops, wrapped very close together, as 
indicated in Figure 3.41b. Each loop generates 6, of flux, and since they are so closely 
spaced, the total flux through each loop is Q, = 2,. How much flux passes through the total 
area bounded by the loops, 25,? Because o passes through the surface of each loop, the 
answer is 26,,,, or 4@,. We say that the two loops of current are linked by the total flux Qv 


Figure 3,41 (a) A single loop of cur- 
(a) . `. (b) rent. (b) Two loops of current. 
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We define the flux linkage À as the total flux passing through the surface bounded by 
the contour of the circuit carrying the current. For Figure 3.41a, A is simply ,, and for 
Figure 3.41b, A is 4o,. For a tightly wrapped solenoid, the flux linkage is the number of 
loops multiplied by the total flux linking them. If we have a tightly wrapped solenoid with 
N turns, 


A = No. = N20, (3.81) 


where again , is the flux generated by a single loop. 
Now we define inductance L as the ratio of the flux linkage to the current 7 generating 
the flux, 


a N rot 


T I (3.82) 


This has the units of henrys (H), equal to a weber per ampere. Inductors are devices used to 
store energy in the magnetic field, analogous to the storage of energy in the electric field by 
capacitors. Inductors most generally consist of loops of wire, often wrapped around a fer- 
rite or ferromagnetic core, and their value of inductance is a function only of the physical 
configuration of the conductor along with the permeability of the material through which 
the flux passes. 

A procedure for finding the inductance is as follows: 


1. Assume a current / in the conductor. 


2. Determine B using the law of Biot—Savart, or Ampére’s circuital law if there is 
sufficient symmetry. 


3. Calculate the total flux ,,, linking all the loops. 
4. Multiply the total flux by the number of loops to get the flux linkage: A = NO rot: 
5. Divide A by Z to get the inductance: L = A/I. The assumed current will divide out. 


EXAMPLE 3.12 


Let’s calculate the inductance for a solenoid with N turns wrapped around a p, core as shown in 
Figure 3.42. 
Our first step is to assume a current / going into one end of the conductor. In an earlier section, 
we found 
NI 
=— a, 


h < 


inside a solenoid. Technically, near the ends there is a drop off in the field, but here we'll assume that 
h >> a so we can neglect any such end effects. Then, within the p, core we have 


where u = p, H, The cross-sectional area of one loop in the solenoid is ma2, so the total flux through 
a loop is i 


I 2 
Por = | B-dS= a (3.83) 
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ucore Figure 342 N-turn solenoid. 
This flux is linked to the current N times, so the flux linkage is 


2 2 
uN“ Ina 
A= Noo = ape (3.84) 


Finally, we divide out the current to find the inductance, 


————— (3.85) 


Drill 2.54 Using fine magnet wire (copper wire with a thin insulative enamel coating), 
you manage to evenly wrap 200 turns along the 10-cm length of a 1-cm-diameter 
wooden dowel (4 = Hp). (a) Determine the inductance. (b) Replace the wooden dowel 
with a 99.8% pure iron core of identical dimensions and recalculate L. (Answer: (a) 40 
uH, (b) 200 mH) 


EXAMPLE 3.13 


Consider a coaxial cable (coax) consisting of a pair of cylindrical metallic shells of inner radius a and 
outer radius b as indicated in Figure 3.43. Here we wish to determine the inductance per unit length 
of the coax. 

We can start by assuming a current going in the +a, direction on the inner conductor and return- 
ing on the outer conductor. We can easily find the field between the conductors using Ampére’s cir- 
cuital law (see Section 3.3). We can use this field to find the flux through an area of height A and width 
from a to b as shown in the figure. We have 


wl w 2dp* ulh (2) 
TBa —a, |-dpdza, = =j E a= El 
ġ=|B-dS (Ea) pdzay Zn! z ae 


148 Chapter 3. Magnetostatics 





0s a aam N 
=". 


SS Figure 3.43 Diagram for coaxial cable. 


To find the flux linkage, we need to know the number of loops being linked by the flux. Notice in the 
figure that the inner and outer conductors are shown connected at the ends. These connections are 
considered to be a long distance from where we are calculating the inductance. It is easy to see that 
there is only one loop of current. The inductance per unit length is simply 


h 2” \a 





Mutual Inductance 


So far, what we have discussed has been a self-inductance,>:'!5 where the flux is linked to the 
circuit containing the current that produced the flux. We could, however, also determine the 
flux linked to a different circuit than the flux-generating one. In this case we are talking 
about mutual inductance, which is fundamental to the design and operation of transformers. 

Consider the pair of coils shown in Figure 3.44. We’ll let circuit 1, with N, loops, be 
our driving coil and circuit 2, with N, loops, be our receiving coil. When current / ı is pushed 
through circuit 1, it produces flux, some of which links the N, loops of circuit 2. This flux 
is common, or mutual, to both circuits. We'll call this flux ,, where the subscripts indicate 
that this is the flux from B, of circuit | that links circuit 2. We find Qiz by integrating the dot 
product of B, and the area of a loop in circuit 2: 


2 =|B,-dS, ` (3.87) 


The flux linkage À, is then the number of times ,, links with circuit 2, or 


Aiz = No12 (3.88) 


3-15When we use the term inductance by itself, we will be talking about self-inductance. 
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Fsaere 344 Pair of coils used to illus- 
Circuit 1 Circuit 2 trate mutual inductance. 


Finally, the mutual inductance M, is 


à N 
Mp =—2% =e -dS, (3.89) 
l 


a 





EXAMPLE 3.14 


Consider the solenoid from Example 3.12 as having N, turns, and add a secondary winding of N, turns 
sharing the same core as shown in Figure 3.45. Our procedure to determine the mutual inductance of 
this structure is very similar to the approach we took to find self-inductance: 


1. Assume a current /, in the conductor for the driving circuit.>-!6 

2. Determine the total B, from circuit 1. 

3. Find the flux p, through one of the loops of circuit 2. 

4, Multiply this flux by the number of loops N, to get the flux linkage: A,, = N, >. 
5. Divide À, by /, to get the mutual inductance: M,, =A,9/I,. 

6. The assumed driving current will again divide out. 


We begin by assuming /, in circuit 1 and use this to calculate B,. We found this for the example 
of Figure 3.42, and appending circuit 1 subscripts we have 


pN, 1, 
B, aaa 


The flux through one of the loops of circuit 2 is 


2 
= pn, Ina 
942 O 
This flux links all N, loops of circuit 2, so we have 
Ni Nz hna’? 
dig = Nab = 2 5 : 


3.16Note that we will arrive at the same value for mutual inductance no matter which circuit is the designated 
driver, but in some problems it will be far easier to find a solution if we make an intelligent selection for the driver. 
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Osage 2 a Figure 3.45 Solenoid with a sec- 
ondary winding. 





Dividing out the driving current /,, we obtain a mutual inductance 


uN; Nona? 
Mp = E 
Now, since it makes no difference which circuit we designate as the driver for our calculation, 
Mp =M (3.90) 





Pel 2.15 For the solenoid described in Drill 3.14, add a secondary winding of 100 
turns and calculate the mutual inductance with (a) the wooden dowel and (b) the iron 
rod. (Answer: (a) 20 uH, (b) 99 mH ) 


Magnetic Energy 


In Chapter 3 we found that it takes work to assemble a collection of charges and that the 
work went into energy stored in the electric field. The field and capacitance quantities were 
related by the equation 


wan = (DEd 
2 2 


Likewise, for inductors it takes work to place a current in the coil and this work is stored as 
energy in the magnetic field. 


From circuit theory, we know that voltage v and current i are related by the inductance as 


di(t) 


v(t) = eae 


(3.91) 
This equation is a consequence of Faraday’s law, to be discussed in Chapter 4. We also 


know from circuit theory that the power in an electric component can be found by integrat- 
ing the product of voltage and current over time, 
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W = [ o(t)i(t)dt (3.92) 
Rearranging (3.91) as 
Lees 
dt = TO (3.93) 
we can rewrite (3.92) as 
I 
Wa = J Li(t)di(t) = : LP (3.94) 
i=0 


Here we have written W with the subscript M to acknowledge that we’re looking for the 
magnetic energy. This (/,)LI? is very similar to the electrostatic energy expression (//,)CV2, 
and in fact it can also be shown?!” that 


Wy =>] B-Hav (3.95) 


EXAMPLE 2.15 


- Although we will not prove (3.95), we can at least verify the equivalence of (3.94) and (3.95) for the 
solenoid. 
First recall from earlier in this section that the field within the solenoid is 


pNI 


BE = Ba, (3.96) 
We can solve this for the current, 
Bh 
=== 3. 
aN (3.97) 





Py 
p= UN tae (3.98) 
h 
we can rewrite (3.94) as 
plage) 2 
Wy = |En | Bh) -1 pH (nah) (3.99) 
2 h uN 2 
For (3.95) it is easy to see that 
_1 me nel 2 
Wu = 5 /B-H dv = — BH| dv =— BH(nah) (3.100) 


which is the same result as (3.99). 


3.17See the discussion of the Poynting theorem in Chapter 5. 
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Combining (3.94) and (3.95) we have 


(3.101) 





This equation gives us a powerful alternative approach to solving for the inductance of a cir- 
cuit element. If we assume the current in an inductor, and can calculate the field values and 
integrate over a finite volume to solve for W,,, we can calculate inductance by 





fal 7 (3.102) 
I 


FRAME E 296 


Let’s use the energy approach to find the inductance internal to a length of solid wire with current dis- 
tributed evenly over the cross section (see Figure 3.46). 
From Ampére’s circuital law, we can find 








Ip 
H= 3.103 
? 2na? Oe 
Solving for Wy, we get 
Wy =~) uHgdv = — dp | do| dz =—— 3.104 
m= >) HH, 2 an?a dP P| o) TA (3.104) 


Inserting this value for W,, into (3.102) we have 


L =H (3.105) 








Figure 3.46 A length of solid wire with uniform current /. 
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The result of Example 3.16 is sometimes referred to as the internal inductance per unit 
length for a wire. This would be extremely difficult to calculate using steps outlined by the 
flux linkage approach?-!8 and shows the utility of the energy approach. However, consider 
finding the inductance for a pair of straight parallel wires (see problem 3.55); here, the energy 
approach would be impractical because of the lack of a finite volume over which to integrate. 


Di) 2.26 Use the energy approach to find the inductance per unit length of the coax- 
ial cable of Figure 3.43. 


[Answer t = in 2) 
h 2n a 


jti 317 Consider a coaxial cable with solid inner conductor of radius a and a con- 
ductive outer shell at radius b, filled with nonmagnetic material (u, = 1). Find the total 
inductance per unit length. 


(Answer f= He(2+n2)} 
h 2n\4 a 


rt 


EEE EO 


fi, 2. 


Consider the toroid in Figure 3.47a. A ferrite core has been wrapped with N turns of wire, 
and passing current through this wire results in a flux @ through the core. Now consider 
Figure 3.47b, where instead of being evenly distributed about the toroid, all of the loops are 
bunched on one side. The same flux is generated in this second case, and in both cases the 
flux is confined mainly to the ferrite core. 

Why does the flux stay in the core? Magnetic field mapping can confirm this behavior, 
but this topic lies beyond the scope of this chapter. As a qualitative argument, we can con- 
sider a magnetic circuit, analogous to an electric circuit, where flux replaces current and 
permeability replaces conductivity. As current prefers to flow on paths of high conductiv- 
ity, so the loops of magnetic flux prefer to occupy paths of highest permeability. The flux 
leakage out of the core is minimal if u, >> 1. 

Many magnetic devices such as transformers can be analyzed just like electric circuits. 
Table 3.4 lists variables used in magnetic circuit analysis that are analogous to those used 
in electric circuits. Considering the toroid shown in Figure 3.48a, we see that the magneto- 
motive force V,,, analogous to electromotive force V in electric circuits, is the total current 
enclosed by an Amperian path along the center of the toroid, or 


fH-dL = NI=V,, (3.106) 
The reluctance of a magnetic circuit element to hold flux is analogous to resistance for elec- 
tric circuit elements. In our toroid problem, the reluctance is 


R= L m Zo (3.107) 


HA pA 


3.18 This approach involves a nebulous concept called differential flux linkage. 
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Figure 3.47 Fora set N 
number of loops around 
a ferrite core, the flux 
generated is the same 
even when the loops are 











bunched together. 

TABLE34 Analogy between Magnetic and Electric Circuits 
Electric circuits i Magnetic circuits 

Electromotive force (volts) V Von Magnetomotive force (amp-turns) 
Current (amps) I 0 Magnetic flux (webers) 
Resistance (ohms) R R ` Reluctance (amp-turns/webers) 
Ohm’s law V=IR EV FHR Ohm’s law for magnetic circuits 
Conductivity (siemens/meter) oO u - Permeability (henrys/meter) 





where the length of the toroid is estimated using its mean radius p, The flux for Figure 
3.48a can be calculated using the magnetic circuit approach as indicated in Figure 3.48b. By 
Ohm’s law for magnetic circuits we have 
Vnan _ NIA 
Pe pel sl 3.108 
as lar : (3.108) 
As a check on this result, let’s calculate the flux by integrating the magnetic flux den- 
sity over the surface, 


¢={B-dS (3.109) 


which for our toroidal circuit is simply BA. Since B inside the toroid is given by 





T 
yee (3.110) 
2mp, 
then for this approach we also have 
NI 
d= pAn (3.111) 


27P, 
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Cross- 
sectional 





(a) (b) 


Fise 3.48 A simple toroid wrapped with N turns modeled by a magnetic circuit. 


A few caveats need to be mentioned regarding magnetic circuit analysis. First, in elec- 
. tric circuits the conductivity is assumed to be linear with field strength. This is definitely not 
the case for the analogous quantity permeability in magnetic materials. Using magnetic cir- 
cuit analysis accompanied by a hysteresis curve can help get around this problem, though it 
may require an iterative approach for solution. Second, in electric circuits current is 
restricted to flow in conductors rather than air since the conductivity of air is essentially 
zero. But the permeability of air is not zero: It is 1. So even though ferrite materials can 
have relative permeabilities in the thousands, some flux will leak from the magnetic circuit 
and travel in air. In our magnetic circuit calculations, we have made the simplifying 
assumption of zero flux leakage. And third, because flux can travel in air, we can have air 
gaps in our ferrite cores that must be treated as magnetic circuit elements. 


EXARAPLE 317 


Consider Figure 3.49a, the simple toroidal core from Figure 3.48a, only this time with a small air gap 
of length fs We can analyze this structure by using the magnetic circuit shown in Figure 3.49b. 
The reluctance of the core is 


2mp 
R, = —- 
uA 


where we are assuming £, << 27p,. The reluctance of the short air gap is simply 


R, = fe 

E uA 
where we have assumed the gap is small enough that fringing of the field is negligible.*'? The flux 
looping around the toroid; including the air gap, can be calculated as 


3.!9When inserting the air gap, pretend that there is a “ghost core” with the area A filled with air. This will be the 
component for which the reluctance of the air gap is calculated. 
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(a) 
Migaee 383 Toroid with a small air gap analyzed with a magnetic circuit. 
Ve 
+ Re 
and then the magnetic flux density within the toroid and air gap can be calculated since 
put 
A 
The magnetic field intensity depends on permeability. In the core, it is 
B 
H, =— 
u 
and in the air gap it is 
B 
lep i 
lo 
The field intensity in the air gap is thus seen to be a factor y/u, greater than the field in the core. 
ivili 3.18 In Figure 3.50, half of the 2.0-cm-diameter core consists of magnetic mate- 
rial with 4, = 3000, and the other half of material with Hr, = 6000. The toroid has a 
mean radius p, = 50 cm. For 10.0 A of current driven through 20 loops of wire, find the 
magnetic field intensity in each material of the toroid. (Answer: H, = 85 A/m, H,= 42 
A/m) 
Electromagnets 


Consider the electromagnet of Figure 3.51a. We want to determine the magnetic force that 
is holding an iron bar in place. Our approach will be to displace the bar from the magnet by 
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Figure 350 Toroid consisting of 
two different magnetic materials for 
Drill 3.18. 





a differential length d£ (as shown in Figure 3.51b), and see how the system energy changes. 
This approach is known as the principle of virtual work. 
Before we begin, let’s recall how energy is related to force. The differential work dW is 


dW=F-.dé ; (3.112) 


or 
dW = Fat (3.113) 


if the force and dé are in the same direction. The work done by the force in moving the 
object a distance d£ is stored as energy. For instance, it takes a force against gravity to raise 
a bowling ball from the ground to shoulder height. The work done in raising the ball is 
stored as potential energy. 

Now consider that the bar from Figure 3.51a is displaced a distance d£ from the mag- 
net, as shown in Figure 3.51b. There is magnetic energy in the field between the bar and the 
magnet, which we know is 


Cross- 
sectional 


Figure 3.51 (a) An 
iron bar attached to an 
electromagnet. (b) The 
bar displaced by a dif- 
ferential length d£. 
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1 1 2 
= RO eed 
Wa = E tol (3.114) 


The differential volume dv is simply Ad€ for each end of the bar, or 2Ad€ total. Then we have 


1 2 ) 2 
dW,, =2| —u H^ Adel |= u H" Ad? 
j = Fo (3.115) 
This work is also equal to Fd£, where F is the force of attraction between the magnet and 
the bar. Equating (3.113) and (3.115) leads to the force 


F=,17A 7 (3.116) 


EXAMPLE 3.18 
Let’s use the principle of virtual work along with what, we know about magnetic circuits to determine 
how many turns of wire carrying current / for the electromagnet shown in Figure 3.52 are needed to 
hoid up the iron bar of mass m. l 

We can first calculate the field B by neglecting the presence of the gap. The complete circuit has 
a reluctance 


_ Awth) 
uA 


The magnetomotive force V,, is simply MZ, so the flux in the loop will be 


p= Ym —_NInA 
R  Aw+h) 


R 





The magnetic flux density anywhere in the circuit is then calculated as 


ọ ___Niu 
B=} — E 
A 2(w+h) 


Now we must consider the force of attraction assuming a differential air gap d€ between the 
magnet and the bar. The magnetic field H is simply BA, and so from (3.116) we find a total force of 
attraction of 


2 
Niu 
F=yu,H?A=yu,|——1-| A 
Ho me 


Now we know that this force must counter the force of gravity pulling on the bar, which is given by 
F = mg. Setting these two force equations equal and solving for N, we find 


N= 2(w+h) | mg 
iu, Ņ\HA 





Dell 3.189 Referring to Figure 3.52, find the number of loops required to lift a 1-kg bar 
if h = w = 8 cm, the cross-sectional area is 1 cm”, the current is 1 A, and the magnetic 
material of both the bar and the electromagnet can be assumed to have u, = 3000. 
(Answer: N = 30 turns ) 
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Figure 352 Electromagnet supporting a bar of 
mass m. 





pe) 32° Suppose N = 25 turns in Drill 3.19. Determine the current required to hold 
up the bar. (Answer: [= 1.2A) 


Practical Application: Maglev 


Magnetically levitated trains, called Maglevs, are touted as a relatively cheap, fast trans- 
portation alternative to conventional rail. They are levitated and propulsed by interaction 
between electromagnets in the train and current in the guidance-rail cable windings. Both 
acceleration and braking are handled with electromagnets. There are no moving parts to 
wear out, and the frictionless support of magnetic levitation offers an extremely smooth, 
quiet, and fast ride with speeds in excess of 500 km/hr (300 mph). Despite these features, 
detractors point to the high initial cost of the system and its incompatibility with existing rail. 

Research teams in Germany and in Japan have led the development of Maglev trains, 
China has broken ground on the first Maglev to be put into practical commercial use. Based 
on the German Transrapid design (Figure 3.53), it is slated for operation in Shanghai in 


E 


Figure 3.53 Maglev 
prototype. Courtesy of 
Transrapid 
International. 
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Levitation 
and 
propulsion 


Guidance 


Figure 3.54 


The Maglev concept. 


2004. Other systems are planned for operation in Pittsburgh, Pennsylvania, in Southern 
California, and between Baltimore and Washington, D.C. 

General operation of a simple Maglev follows the conceptual diagram of Figure 3.54. 
Interaction between the electromagnets in the train and the current-carrying coils in the 
guide rail provide levitation. By sending waves along the guide-rail coils, the train magnets 
are simultaneously pushed and pulled in the direction of travel. The train is guided by mag- 
nets on the side of the guide rail. Computer feedback algorithms maintain the separation 


distance between magnets. 


Of special interest are future Maglevs that would utilize superconductors with high 
transition temperatures. Such superconductors are ceramic composites that can supercon- 
duct (conduct without resistive losses) above the temperature of liquid nitrogen. Once cur- 
rent gets established in a superconducting loop, it will continue to flow so long as it is kept 
cold enough. A superconducting Maglev would operate by sending alternating current 
through superconducting coils on the train. On the guide rails beneath the coils would be a 
conductive aluminum sheet. As the train moves, the superconducting magnets would induce 
currents in the conductive sheet. The electromagnetic interaction between these currents 
and the superconducting electromagnets yields the repulsive force that provides levitation. 
The only significant power required would be for the cryogenic refrigeration system needed 


to maintain low temperature. 


Even if Maglev is not used for mass transportation, the technology may still find use as 
an aid in launching rockets. A magnetic rail-gun would levitate and accelerate rockets on a 
sloping track. The rocket could reach speeds of close to 1000 km/hr, before igniting its 
engines. Rail-gun technology could also be used to launch raw materials from the moon 


into lunar orbit. 


Analysis of magnetic fields is similar in many respects 
to analysis of electric fields. Analogous values are listed 
in Table 3.5. 


The cross product of a pair of vectors A and B is 


AxB= |A||B|sin@,,a, 


which is the product of the magnitude of the vectors 
multiplied by the sine of the angle between the vectors, 
and ay is a unit vector in the normal direction of A x B 
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RBRY 






behweee Hentee and e The magnetic field intensity resulting from an infinite 
ge} length line of current is 








Electric fields Magnetic fields lag 
E(V/m) H(A/m) ae 2np 
D(C/m?) B(Wb/m7) 
WC) (Wb) From a solenoid with N turns and height A it is 
e(F/m) u(H/m) : : i NI 
D=cE B=uH Maa 
V-D=p, V-B=0 
VxE=0 VxHeJ and from a current sheet of infinite extent it is 
= /D-dS =B: 
ua FER H=+Kxay 
F(N) = OE F(N) = QuxB Á 
w(I)= 1 [D-Edv Wy (J) = il [B-Hadv where ay is a unit vector normal from the current sheet 
2 - M 2 to the test point. 


taken by the right-hand rule. In Cartesian coordinates, 
this can also be written 


a, ay a, 
AXB=|A, A, A 
B 


x 


For a differential current element /,dL, at point 1, the 
magnetic field intensity H, at point 2 is given by the law 
of Biot—Savart, 


Sidika. 

ARR}, 
where R,, = Ra; is a vector from the source element 
at point 1 to the location where the field is desired at 


point 2. By summing the field for all current elements, 
the total magnetic field intensity can be found as 


2 


The Biot-Savart law can also be written in terms of 
surface and volume current densities by replacing /dL 
with KdS and Jdv: 


An easy way to solve for the magnetic field intensity in 
problems with sufficient current distribution symmetry 
is to use Ampére’s circuital law, which says that the 
circulation of H is equal to the net current enclosed by 
the circulation path, 


§H- dL = henc’ 


The point, or differential, form of Ampére’s circuital 
law is 
VxH=J 


where the curl operation in Cartesian coordinates is 
given by 
a, ay a, 


VxH=%, %, Hl 


Hy fe 


A closed line integral is related to a surface integral by - 
Stokes’s theorem: 


§H-dL =|(VxH)-ds 


Magnetic flux density B, in Wb/m? or T, is related to the , 
magnetic field intensity by 


B = yH 
KdS xag ; : 
H = e where the material permeability Lt can also be written as 
Ti 
and u= uH, 
E j IJdvxap and the free space permeability is 
> 4nR? u, =4r x 10-7 H/m 
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The amount of magnetic flux , in webers, through a 
surface is 


0=[B-ds 


Since magnetic flux forms closed loops, we have 


- Gauss’s law for static magnetic fields, 


$B-dS=0 
Maxwell’s equations for static fields are 
integral form differential form 
fD-dS=Q;, VD=p, 
{B-dS=0 V-B=0 
fE-dL=0 Ven o 
{Hdb = hes VxH=J 


The total force vector F acting on a charge q moving 
through magnetic and electric fields with velocity u is 
given by the Lorentz force equation, 


F=q(E+uxB) 


From this equation we can also find that the force F,, 
from a magnetic field B, on a current-carrying line J, is 


F =Jl,dL, xB, 


The magnetic dipole moment m for N loops of current is 
m = N/Say 


where ay is a unit vector normal to the planar loops 
each of area S with direction found using the right-hand 
rule. The torque + on these loops of current in a 
magnetic field B is given by i 


tT=mxB 


The three basic types of magnetic materials are 
diamagnetic, paramagnetic, and ferromagnetic. Whereas 
the first two of these have relative permeabilities close to 
unity, ferromagnetics can have very large, nonlinear 
permeabilities. Ferromagnetics, like iron, are routinely 
used as the core material in electromagnets. 


The magnetic fields at the boundary between different 
materials are given by 


and 


where a,, is a unit vector normal going from medium 2 
to medium 1. 


Inductance L is a measure of an inductor’s ability to 
store magnetic energy and is the ratio of the flux linkage 
A to the current 7 generating the flux. For N loops of 
current, 


pa = NO tot 
Ht I 


This has the units of henrys (H), equal to a weber per 
ampere. For N turns or loops of current wrapped around 
a core of radius a, permeability 1, and height h, 


-Uima 
h 


For a coaxial cable with inner conductor of radius a 

separated by an outer conductor of radius b by material 

with permeability u, the inductance L per length h is 
Eee 


h 2x a 


The mutual inductance M, between a driving coil with 
current /, driven through N, loops and a receiving coil 
with N, loops is given by 


À N. 
Mame E “dS, 
l l 


where flux linkage A,, is the number of times the flux 
generated by the driving coil links with the receiving 
coil. 


The energy stored in an inductor’s magnetic field is 
related to its inductance and field values by 


Wee l 
Wy =— LI“ =—{B-Hd 
M 7 Al Lav 


The energy approach makes use of this equation to 
solve for inductance when it is easy to integrate the 
fields over a volume. 


Transformer and electromagnet design or analysis is 
often simplified by using a magnetic circuit approach. 
Here, the magnetomotive force V,,, the reluctance R, 
and the magnetic flux 9 are analogous to voltage, 
resistance, and current, respectively. 
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3.1 Magnetic Fields and Cross Products field for an infinite length line of current on the z-axis. In 
3.4 Find A x B for the following: both cases consider current / in the +a, direction. Plot H,/H, 
versus h/a. 


(a) A= 2a, — 3a, + 4a., B = 5a,- la, 


omn 5 3 ? 
G A= a, + 2a, + 4a, B= 2a, Tem For the ring of current described in MATLAB 3.2, 


find H at the following points: (a) (0, 0, 1 m), (b) (0, 2 m, 





(c) A=2a , + Say + lay, B=a, + 3a, 0), and (c) (1 m, 1 m, 0). 
a °° 2 Ifa parallelogram has a short side a, a long side b, 3.1; A solenoid has 200 turns, is 10.0 cm long, andhas a 
and an interior angle 6 (the smaller of the two interior radius of 1.0 cm. Assuming 1.0 A of current, determine the 
angles), the area of the parallelogram is given by magnetic field intensity at the very center of the solenoid. 
area = ab sin® How does this compare with your solution if you make the 


Determine how you would use the cross product of a pair 28Sumption that 10 cm >> 1 cm? 


of vectors to find the area of a parallelogram defined by the +14 For the solenoid of the previous problem, plot the 
points O(0, 0, 0), P(6, 0, 0), Q(8, 12, 0), and R(2, 12,0). | magnitude of the field versus position along the axis of the 








(Assume dimensions are in meters.) solenoid. Include the axis 2 cm beyond each end of the 
a 3.3 Given the vertices of a triangle P(1, 2, 0), Q(2, 5,0), Solenoid. 
~ and R(0, 4, 7), find (a) the interior angles, (b) a unit vector 3.!2 A 4.0-cm-wide ribbon of current is centered about 
normal to the surface containing the triangle, and (c) the the y-axis on the x-y plane and has a surface current density 
area of the triangle. K = 27 a, A/cm. Determine the magnetic field intensity at 


the points (a) P(O, 0, 2 cm) and (b) Q(2 cm, 2 cm, 2 cm). 
3.2 Biot-Savart’s Law 


3.4 A segment of conductor on the z-axis extends from 3-3 Ampere’s Circuital Law 


z=0toz=A. If this segment conducts current / in the +a, >.'4 Two infinite extent current sheets exist atz=-2.0m (ss... 
direction, find H(0, y, 0). Compare your answer to that of and at z = +2.0 m. The top sheet has a uniform current den- °0®™S 
Example 3.2. sity K = 3.0 a, A/m and the bottom one has K =—3.0 a, A/m. 

GA An infinite length line with 2.0-A current in the +a, Find H at (a) (0, 0, 4 m), (b) (0, 0, 0), and (c) (0, 0, —4 m). 
direction exists at y = -3.0 m, z = 4.0 m. A second infinite 3.15 An infinite extent current sheet with K = 6.0 a, A/m 


length line with 3.0-A current in the +a, direction exists at exists at z = 0. A conductive loop of radius 1.0 m, in the y-z 
x= 0, y = 3.0 m. Find H(0, 0, 0). plane centered at z = 2.0 m, has zero magnetic field inten- 


3.6 A conductive loop in the shape of an equilateral tri- sity measured at its center. Determine the magnitude of the 


angle of side 8.0 cm is centered in the x-y plane. It carries CUent in the loop and show its direction with a sketch. 
a 20.0-mA current clockwise when viewed from the +a, Co Given the field H = 3y? a, find the current passing “***%..... 
direction. Find H(0, 0, 16 cm). fough a square in the x-y plane that has one comer atthe =“ 
; origin and the opposite corner at (2, 2, 0). 






A square conductive loop of side 10.0 cm is centered 
the x-y plane. It carries a 10.0-mA current clockwise 3.17 Given a 3.0-mm-radius solid wire centered onthe z- {M48 
when viewed from the +a, direction. Find H(0, 0, 10 cm). axis with an evenly distributed 2.0 A of current in the +a, — 
3.8 A conductive loop in the x-y plane is bounded by p = direction, plot the magnetic field intensity H versus radial 

2.0 cm, p = 6.0 cm, = 0°, and b = 90°. A 1.0-A current distance from the z-axis over the range 0 < p <9 mm. 


flows in the loop, going in the ay direction on the p = 2.0 Fiven a 2.0-cm-radius solid wire centered on the z- 
cm arm. Determine H at the origin. axis with a current density J = 3p A/cm? a, (for p in cen- 
timeters) plot the magnetic field intensity H versus radial 
distance from the z-axis over the range 0 <p <8 cm. 





3.9 How close do you have to be to the middle of a finite 


length of a current-carrying line before it appears infinite in 
length? Consider H,(0, a, 0) to be the field for the finite line 3.1% An infinitesimally thin metallic cylindrical shell of 
of length 24 centered on the z-axis and H,(0, a, 0) to be the radius 4.0 cm is centered on the z-axis and carries an evenly 


164 Chapter3. Magnetostatics 

distributed current of 10.0 mA in the +a, direction. (a) 
Determine the value of the surface current density on the 
conductive shell and (b) plot H as a function of radial dis- 
tance from the z-axis over the range 0 < p < 12 cm. 


* 28 A cylindrical pipe with a 1.0-cm wall thickness and 


“ an inner radius of 4.0 cm is centered on the z-axis and has 


an evenly distributed 3.0 A of current in the +a, direction. 
Plot the magnetic field intensity H versus radial distance 
from the z-axis over the range 0 < p < 10 cm. 

3! An infinite length line carries current / in the +a, 
. direction on the z-axis, and this is surrounded by an infinite 
length cylindrical shell (centered about the z-axis) of radius 
a carrying the return current / in the —a, direction as a sur- 
face current. Find expressions for the magnetic field inten- 
sity everywhere. If the current is 1.0 A and the radius a is 
2.0 cm, plot the magnitude of H versus radial distance from 
the z-axis from 0.1 to 4 cm. 

“22 Consider a pair of collinear cylindrical shells cen- 
tered on the z-axis. The inner shell has radius a and carries 
a sheet current totaling / amps in the +a, direction whereas 
the outer shell of radius b carries the return current / in the 
-a, direction. Find expressions for the magnetic field inten- 
sity everywhere. If a= 2 cm, b = 4 cm and 1 = 4 A, plot the 
magnitude of H versus radial distance from the z-axis from 
0 to 8 cm. 


>} 
MET an 


Consider the toroid in Figure 3.55 that is tightly 
wrapped with N turns of conductive wire. For an Amperian 
path with radius less than a, no current is enclosed and 
therefore the field is zero. Likewise, for radius greater than 
c, the net current enclosed is zero and again the field is 





Toroid for Problem 3.23. 


Fiaure 3.56 


zero. Use Ampère’s circuital law to find an expression for 
the magnetic field at radius b, the center of the toroid. 


3.4 Curl and the Point Form of Ampere’s Circuital 
Law 


Find V x A for the following fields: 
(a) A= 3xy/za, 
(b) A = psin?ġ a, — p? z cos a, 
(c) A=P’sin@ a, + r/cos 0 ag 
Find J at (3 m, 60°, 4 m) for H = (z/sinġ) an 
) a, A/m. 
uppose H = ya, + xa, A/m. 
Calculate ¢H-dL around the path A >B —> C > D 


— A, where A(2 m, 0, 0), B(2 m, 4 m, 0), C(O, 4 m, 0), and 
D(0, 0, 0). 


(b) Divide this $H -dL by the area S (2 m x 4 m = 8m?). 
(c) Evaluate V x H at the center point. 







(d) Comment on your results for (b) and (c). 


aed 


For the coaxial cable in Example 3.8, we found the 
following: 








Ip 
for p <a, H= a 
P ona? 
I 
fora<p<b, H = — 
a<p Qnp ? 
2 n? 
forbcpee, Ba e 
2n{c -b ) p 
and 
forc <p, H=0 


(a) Evaluate the curl in all four regions. 


(b) Calculate the current density in the conductive regions 
by dividing the current by the area. Are these results the 
as what you found in (a)? 






Suppose you have the field H = r cos 0 a, A/m. Now 
onsider the cone specified by 8 = 1/4, with a height a as 
shown in Figure 3.56. The circular top of the cone has a 
radius a. 


(a) Evaluate the right side of Stoke’s theorem through the 
dS = dSa, surface. 


(b) Evaluate the left side of Stoke’s theorem by integrating 
around the loop. 









Contour for 


Area for AN 


surface integral 


Figure 256 Cone for Problem 3.28. 


3.5 Magnetic Flux Density 
3.29 An infinite length line of 3.0-A current in the +a, 
direction lies on the y-axis. Find the magnetic flux density 


at P(7.0 m, 0, 0) in (a) teslas, (b) Wb/m2, and (c) gauss. 


.. 228 Suppose an infinite extent sheet of current with K = 

“ 12a, A/m lies on the x-y plane at z = 0. Find B for any point 
above the sheet. Find the magnetic flux passing through a 
2m? area in the x-z plane for z > 0. 


An infinite length coaxial cable omit along the 
z-axis, with an inner shell of radius a carrying current / in 
the +a. direction and an outer shell of radius b carrying the 
return current. Find the magnetic flux passing through an 
area of length A along the z-axis bounded by radius 
between a and b. 


I 


3.6 Magnetic Forces 

3.32 A 1.0-nC charge with velocity 100. m/s in the y 
direction enters a region where the electric field intensity is 
100. V/m a, and the magnetic flux density is 5.0 Wb/m? a, 
Determine the force vector acting on the charge. 


32.4% A 10.-nC charge with velocity 100. m/s in the z 
direction enters a region where the electric field intensity is 
800. V/m a, and the magnetic flux density is 12.0 Wb/m? 
a,. Determine the force vector acting on the charge. 


3.34 A 10.-nC charged particle has a velocity v = 3.0a, + 
4.0a, + 5.0a, m/s as it enters a magnetic field B = 1000. T 
a, ea that T = Wb/mô. Calculate the force vector on the 


charge. 


Problems ~ 165 


3.35 What electric field is required so that the velocity 
of the charged particle in the previous problem remains 
constant? 


3.46 An electron (with rest mass M.= 9.11 x 10-3! kg and 
charge q = —1.6 x 10-!9 C) has a velocity of 1.0 km/s as it 
enters a 1.0-nT magnetic field. The field is oriented normal 
to the velocity of the electron. Determine the magnitude of 
the acceleration on the electron caused by its encounter 
with the magnetic field. 


2.37 Suppose you have a surface current K = 20. a, A/m 
along the z = 0 plane. About a meter or so above this plane, 
a 5.0-nC charged particle is moving along with velocity v = 
—10.a, m/s. Determine the force vector on this particle. 


tS 


28 A meter or so above the surface current of the previ- 
ous problem there is an infinite length line conducting 1.0 
A of current in the —a, direction. Determine the force per 
unit length acting on this line of current. 


3,3% Recall that the gravitational force on a mass m is 
F=mg 


where, at the earth’s surface, g = 9.8 m/s2 (-a,). A line of 
2.0-A current with 100. g mass per meter length is horizon- 
tal with the earth’s surface and is directed from west to east. 
What magnitude and direction of uniform magnetic flux 
density would be required to levitate this line? 


3.40 Suppose you have a pair of parallel lines each with a 
mass per unit length of 0.10 kg/m. One line sits on the 
ground and conducts 200. A in the +a, direction, and the 
other one, 1.0 cm above the first, has sufficient current to 
levitate. Determine the current and its direction for line 2. 


3.41 In Figure 3.57, a 2.0-A line of current is shown on 
the z-axis with the current in the +a, direction. A current 
loop exists on the x-y plane (z = 0) that has four wires 
(labeled 1 through 4) and carries 1.0 mA as shown. Find 
the force on each arm and the total force acting on the loop 
from the field of the 2.0-A line. 


34° Modify MATLAB 3.4 to find the differential force 
acting from each individual differential segment on the 
logp. Plot this force against the phi location of the segment. 
lap Consider a circular conducting loop of radius 4.0 cm 
in the y-z plane centered at (0, 6 cm, 0). The loop conducts 
a 1.0-mA current clockwise as viewed from the +x-axis. An 


infinite length line on the z-axis conducts a 10.-A current in 
the +a, direction. Find the net force on the loop. 


3.41 A square loop of 1.0-A current of side 4.0 cm is cen- 
tered on the x-y plane. Assume 1 mm diameter wire, and 
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@, with a normal to the interface. (a) Find an equation for 
O, the angle the field in medium 2 (with u,, ) makes with 
a normal to the interface, in terms of ot, and the relative per- 
meabilities in the two media. (b) Suppose medium | is 
20A. nickel and medium 2 is air and that the magnetic field in 
the nickel makes an 80° angle with a normal to the surface; 

5 find a,. 

a —r- ¥ 4.50 Suppose the z = 0 plane separates two magnetic 
ot media and that no surface current exists at the interface. 
oa Construct a program that prompts the user for H, (for 

Fon SRS rya A z<0), H, (forz > 0), and one of the fields, either H, or 

x H,. The program is to calculate the unknown H. Verify the 

program using Example 3.11. 

3.5) The plane y = O separates two magnetic media. 

edium 1 (y < 0) has Hy = 3.0 and medium 2 (y > 

0) has u,, = 9.0. A sheet current K = (1/u,) a, A/m exists 

at the interface, and B, = 4.0a, + 6.0a, Wb/m?. 


ANPASSEN itga 








EA 


s 
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Figure 3.5? A current loop in the x-y plane under the 
influence of the field from the current on the z-axis used in 
Problem 3.41. Dimensions are in meters. 


estimate the force vector on one arm resulting from the 


field of the other three arms. (a) Engh, , 
3.45 A current sheet K = 100a, A/m exists at z = 2.0 cm. ile angles do B, and:B, make wibjainonma? toshi 


A 2.0-cm-diameter loop centered in the x-y plane at z = 0 ee 
conducts a 1.0-mA current in the +a, direction. Find the >52 Above the x-y plane (z > 0), there exists a magnetic 
torque on this loop. material with H, = 4.0 and a field H, = 3.0a, + 4.0a, A/m. 


Below the plane (z < 0) is free space. (a) Find H,, assuming 
the boundary is free of surface current. What angle does H, 
make with a normal to the surface? (b) Find H,, assuming 
Shoundary has a surface current K = 5.0 a, A/m. 


“ai. 3.46 Ten turns of insulated wire in a 4.0-cm-diameter coil 

“are centered in the x-y plane. Each strand of the coil con- 
ducts 2.0 A of current in the a, direction. (a) What is the 
magnetic dipole moment of this coil? Now suppose this 
coil is in a uniform magnetic field B = 6.0a, + 3.0a, + 6.0a, 
Wb/m?; (b) what is the torque on the coil? l 


3.47 A square conducting loop of side 2.0 cm is free to 









The x-z plane separates magnetic material with Hr 

Z.0 (for y < 0) from magnetic material with Hr, =4.0 

(for y > 0). In medium 1, there is a field H, = 2.0a, + 4.0a, 

rotate about one side that is fixed on the z-axis. There is + 6-0a, A/m. Find H, assuming the boundary has a surface 

1.0-A current in the loop, flowing in the -a, direction on  Curtent K = 2.0a, — 2.0a, A/m. 

the fixed side. A uniform magnetic flux density exists such 3.54 An infinite length line of 27-A current in the +a, 

that, when the loop is positioned at @ = 90°, no torque acts direction exists on the z-axis. This is surrounded by air for 

on the loop, and when the loop is positioned at @ = 180°,a p < 50 cm, at which point the magnetic medium has Hr = 

maximum torque of 8.0 a, pN-m occurs. Determine the 9.0 for p > 50 cm. If the field in medium 2 at p=1.0misH 

magnetic flux density. = 5.0a, A/m, find the sheet current density vector at p = 50. 
cm, if any. 

3.7 Magnetic Materials 

3.48 A solid nickel wire of diameter 2.0 mm evenly con- 39 Inductance and Magnetic Energy 

ducts 1.0 A of current. Determine the magnitude of the 3.58 Consider a long pair of straight parallel wires, each 

magnetic flux density B as a function of radial distance of radius a, with their centers separated by a distance d. 

from the center of the wire. Plot to a radius of 2 mm. Assuming d >> a, find the inductance per unit length for 
this pair of wires. i 

3.8 Boundary Conditions 3.56 In Problem 3.23 the task was to find the field at the 


-= 349 A planar interface separates two magnetic media. center (radius b) of an N-turn toroid. If the radius of the 
_ The magnetic field in medium 1 (with H, ) makes an angle toroid is large compared to the diameter of the coil (that is, 





if b >> c-a), then the field is approximately constant from 
radius a to radius c. (a) Obtain an expression for the 
toroid’s inductance. (b) Find L if there are 600 turns around 
a 99.8% iron core with a = 8.0 cm and c = 9.0 cm. 


3.57 Consider a solid wire of radius a = 1.0 mm bent into 
a circular loop of radius 10. cm. Neglecting internal induc- 
tance of the wire, write a program to find the inductance for 
this loop. 





-z 3.58 Find the mutual inductance between an infinitely 
“long wire and a rectangular wire with dimensions shown in 
Figure 3.58. 


3.5 Consider a pair of concentric conductive loops, cen- 
tered in the same plane, with radii a and b. Determine the 


mutual inductance between these loops if b >> a. 


3.69 A 4.0-cm-diameter solid nickel wire, centered on 
m the z-axis, conducts current with a density J = 4p a, A/cm? 
(where p is in centimeters). Find the internal inductance 
per unit length for the wire with this current distribution. 





3.10 Magnetic Circuits 
BAG 3.61 


Manman — 


B ng 


Suppose 2.0 A flows through 80 turns of the toroid 


` in Figure 3.48a that has a core cross-sectional area of 2.0 
cm? and a mean radius of 80. cm. The core is 99.8% pure 
iron. (a) How much magnetic flux exists in the toroid? (b) 
How much energy is stored in the magnetic field contained 
by the toroid? 
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Figure 252 Mutual inductance schematic for 


Problem 3.58. 
3.62 Jn Figure 3.59, a 2.0-cm-diameter toroidal core with 
Hr = 10,000 is wrapped with a 1.0-cm-thick layer of 
material with Mr, = 3000. The toroid has a 1.0 m mean 
radius. For 20. A of current driven through 50 loops of 
wire, find the magnetic field intensity in each material of 
the toroid. 

2.63 Suppose the 2.0-cm-diameter core of the toroid in 
Figure 3.49a is characterized by the magnetization curve of 





Figues 259  Toroid consisting of two types of magnetic material for Problem 3.62. 
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0.6 


0.5} 


Figure 3.66 Magnetization curve for Problem 3.63. 


Figure 3.60. The toroid has a mean radius of 60. cm. For 
10. A of current driven through 100 loops of wire, find the 
magnetic field intensity in the 1.0-mm gap. 


3.64 In Figure 3.52, suppose the cross-sectional area of 
the bar is 3.0 cm? and that of the electromagnet core is 2.0 
cm. Also, the bar has a relative permittivity of 3000, 
whereas that of the magnetic core is 10,000. The dimen- 
sions for h and w are 12. cm and 16. cm, respectively. If the 





O 100 200 300 400 500 600 700 800 900 1000 
H(A/m) 


mass of the bar is 20. kg, how much current must be driven 
through 24 loops to hold up the bar against gravity? 


3.68 Consider a 1.0-mm air gap in Figure 3.49a. The 
toroid mean radius and cross-sectional area are 50. cm and 
2.0 cm?, respectively. If the magnetic core has p, = 6000 
and 4.0 A is being driven through 30 loops, determine the 
magnitude of the force pulling the gap closed. 
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Dynamic Fields 





Learning Objectives 


Describe charge dissipation using the current continuity equation 
Examine the wave equation used to describe wave propagation 
Define electromotive force and examine the operation of transformers and generators 


Define Faraday’s law, showing how a time-varying magnetic field produces an electric 
field 


Define displacement current, showing how a time-varying electric field produces a 
magnetic field 


Use Maxwell’s equations to demonstrate transverse electromagnetic wave propagation 


Introduce phasor notation to concisely describe Maxwell’s equations for time- 
harmonic fields 


We have thus far assumed no time variation in our electric and magnetic fields. This was 
done to build a sense of comfort in working with vectors and coordinate systems and to get 
a first inkling of Maxwell’s equations. 

Now we turn to the dynamic case, where electric and magnetic fields do change with 
time. First we’ll consider how current is related to charge density and how rapidly charges can 
disperse in a material. Then, we’ll review the properties of traveling waves before turning to 
the heart of the chapter on Faraday’s law and displacement current. Finally, with the dynamic 
Maxwell’s equations we will see the intimate linkage between electric and magnetic fields. 


CURRENT CONTINUITY AND RELAXATION TIME 


Consider a volume of charge Q contained within a closed surface. The only way to decrease 
Q within the enclosed volume is to let it flow through the surface.*! This flow of charge is 
current, and the current must be equal to the rate of decrease in the contained charge. This 
can be written 


1=$J-dS=-— (4.1) 


4.1The principle of conservation of charge maintains that net charge cannot be created or destroyed. 
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A partial derivative is used since Q can be a function of both time and position. Because a 
positive current out of the closed surface corresponds to a decrease in enclosed charge with 
time, a negative sign is appended to the derivative. 

The divergence theorem (see Chapter 2, Section 2.8) can be used to rewrite the left side 
of (4.1) as 


$J-dS= Í (V -J)dv ` (4.2) 
The right side of (4.1) can be rewritten as 
-22 2-2 fp,dv (4.3) 


Now, if we fix the closed surface so that the volume containing the charge doesn’t change 
with time, we can pull the derivative inside the integral: 


ðQ op 
ee 4.4 
x ee a 


By comparing (4.1), (4.2), and (4.4), we see that 


v.j=—2Pv (4.5) 
ot 
This is the point form of the current continuity equation. 
In steady currents where there is no change in charge density, the continuity equation 
leads to Kirchhoff’s current law, which says the currents into a junction must sum to zero. 
In Chapter 2, Section 2.10 it was pointed out that free or excess charges introduced in 
a conductor will repel each other and race to the outside. We can use the continuity equa- 
tion to determine how long it will take the charges to dissipate. 
The continuity equation can be rewritten as 





V J-V- op (4.6) 
ot 
In a homogeneous material where © doesn’t vary with position, 
V-E=-—— . (4.7) 


We also know by the point form of Gauss’s law that 


V-E=f (4.8) 


Combining (4.7) and (4.8) leaves us with the differential equation 


Py , Pv o 


ai r (4.9) 


Upon separation of variables, this has the solution 
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where p, is the initial charge density at time t = 0. The charge density decreases with time, 
and the value reaches 1/e of the starting value at the relaxation time t, where 


UE (4.11) 


In a good conductor, the charges are able to move rapidly and the relaxation time is very 
short. In contrast, in a good dielectric, it can take considerable time for a charge to dissipate. 


$ 


Det $1 Calculate the relaxation time for (a) copper and (b) polystyrene. (Answer: (a) 
t=1.5x 10-!9s, (b) t = 2.6 days) 


E CUNOAMENTAILS 
PLZ EMTS SET T pot > 


PY TFAL 


Toss a stone in a quiet pool and observe the ripples traveling radially away from the point 
of impact. These water waves travel, or propagate, at a particular velocity, and they carry 
energy with them. The medium itself (water) only bobs up and down. Other types of waves 
include sound waves, mechanical waves traveling as ripples in a rope, waves in a stretched 


. Slinky, and, of course, light traveling as electromagnetic waves. 


In this section, we’ll briefly review some of the fundamental features of waves before 
employing them in our study of electromagnetics. Here we will only consider continuous 
time-harmonic waves, represented by sine waves, rather than transient waves*? (such as 
pulses and step functions). 

Let’s consider an electric field propagating in the z direction. The general solution to 
the wave equation, derived in the next chapter, is 


E(z, f) = E,e © cos(wr — Bz + o)a, (4.12) 


The electric field in this wave expression is a function of position (z) and time (f). It is 
always pointing in either the plus or minus x direction, so we call this an x-polarized 
wave.*3 The amplitude, E,e-™, is made up of the initial amplitude at z = 0, E, and an expo- 
nential term to account for attenuation of the wave as it propagates. The phase inside the 
cosine argument consists of three parts: wt, where œ is the angular frequency ( = 2nf), Bz 
where B is the phase constant (sometimes referred to as wave number), and a phase shift 9. 

For illustration purposes let’s initially assume the phase shift is zero and look at the 
field versus time when z = 0. We then have 


E(0, ) = E a, = E,,cos(@p)a, (4.13) 


which is plotted in Figure 4.1. A characteristic of a sine or cosine wave is that it repeats 
every 21 radians (or 360°). Put another way, we have cos(?) = 1 for œt = n27, where n= 0, 


42Transient waves are very important in the study of digital circuits, and as such they will be picked up when we 
study transmission lines in Chapter 6. 
4.3Polarization will be discussed in Chapter 5. 
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i, i Figure 4.1 Plot of E, versus 
0 Oy 1 1.5 2 2.5 3 time at z = 0 for the function 
Time (periods) E(0,) = E a, = E,cos(@i)a,. 


1, 2.... The period T is the time elapsed for one cycle, or œT = (/)2n. Solving, we have the 
following relationship: 


=— = — : (4.14) 
o f - 
We can reinsert the phase shift þ and in Figure 4.2 plot 
E(0,t) = E,cos(wt + )a, (4.15) 


where we have chosen $ = —45°. This trace lags the original function by 45°. 

Now let’s rezero ọ and look at the field versus position z when time t = 0. First let’s 
assume the wave is in a lossless medium (such as vacuum) so that there is no attenuation. In 
this case, the attenuation constant © equals zero and e ®™ = 1. We have 


E(z,0) = E,cos(—fiz)a, (4.16) 


Figure 42 Plot of E, versus 

E \ 3 Sh time at z = 0 with -45° phase 

0 0.5 1 1.5 2 25 3 shift for the function E(0,1) = 
Time (periods) E a, = E,cos(ot + )a,. 
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Figure 4.3 Plot of E, versus 





Zee f WY W zina lossless medium at t = 
o 05 1 1.5 2 2.5 3 0 for the function E(z,0) = 
z (wavelengths) E,cos(—-Bz)a,. 


which is plotted in Figure 4.3. We again have the 27-radian repeat cycle, or cos(—Bz) = 
cos(Bz) = 1 when Bz = n2m. One cycle is a wavelength long, or BA = (1)2n. This is 
rearranged to give the relation between wavelength and phase constant, 


ee (4.17) 


Now let’s insert attenuation: 


E(z,0) = E,e-™ cos(—Bz)a, (4.18) 


As plotted in Figure 4.4, the amplitude is shown decreasing with increasing z with an atten- 
uation constant o.. The units for attenuation are nepers per meter (Np/m). 

We are now ready to consider traveling waves. Let’s again consider a lossless medium 
and we’ll let @ = 0 for this illustration. In Figure 4.5 we plot E, versus position at progres- 
sive values of time using 


E(z,t) = E,cos(wt — Bz)a, é (4.19) 


Figure 4.4 Plot of E, versus 
zat f= 0, with attenuation 
0 05- 1 15 ° 2 25 3 3.5 4 included, for the function 

z (wavelengths) E(z,0) = E,e ™ cos(—Bz)a,. 
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Figure 4.5 Plot of E, versus 
0 0.5 1 15 2 a25 3 zat progressive times show- 
z (wavelengths) ing wave travel. 


For each trace a dot has been added representing a constant-phase point on the wave. We see 
that, as time increases, this phase point is moving in the +z direction, so we call this a +z 
traveling wave. How fast is the wave traveling? Consider the phase 


ot- Bz=C (4.20) 


where C is an arbitrary constant representing a constant-phase point such as indicated by 
the dots in Figure 4.5. If we take the time derivative of both sides of this expression we have 


ome- (4.21) 


which can be rearranged as 


(4.22) 





The phase velocity (also called the propagation velocity) of the wave is u,. This is a prop- 
erty of the medium. 


EXAMPLE 4.1 


Suppose we have a 1-V amplitude 100-MHz x-polarized wave in air propagating in the z direction. We 
want to write a wave equation like (4.12) for this case. 

It is reasonable to assume that air is a lossless medium (so o = 0). Since the frequency is 100 
MHz, we know the angular frequency œ is 200r x 10° radians/s. Also, since the speed of light c is 
approximately 3 x 108 m/s, we can find the wavelength as A = c/f = 3 m. Thus we can write 


E(z,f) = 1cos(200n x 106r — (2n/3)z + o)a,V/m 


To determine the phase shift 6, we need more information. If, for instance. we were given that E(0.0) 
= la, V/m, then we know 6 = 0° and our wave equation becomes 


E(z,f) = !cos(200n x 10°t — (27/3)z) a, V/m 
E ee U 


- 
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io) 3.2 Suppose a propagating electric field is given by 
E(z,f) = 34e0-©22 cos(27 x 10°t -107z + 45 °) V/m 


Find (a) the initial amplitude, (b) the attenuation constant, (c) the wave frequency, (d) the 
wavelength, and (e) the phase shift in radians. (Answer: (a) 34 V/m, (b) 0.002 Np/m, (c) 
1 GHz, (d) 0.20 m, (e) 7/4 radians) 


a 


Write a program to plot the wave versus position for a fixed time. Assume the wave is in 
vacuum. 


% M-File: MLQ401 

% 

% Program plots wave (in vacuum) versus z-position for 
% a fixed time. 

% 

% Wentworth, 7/17/02 

% 

% Variables: 

% Eo wave amplitude (V/m) 

% f frequency (Hz) 

% omega angular frequency (radians/s) 
% t time snapshot (s) 

% phi phase constant (degrees) 

% phir phase constant (radians) 

% c speed of light in vacuum (m/s) 
% lambda wavelength (m) 

% B phase constant (1/m) 

% E . electric field intensity (V/m) 
% z position 

clc %clears the command window 
clear %clears variables 

% Initialize Variables 

Eosi; 

f=1000; 

ESN; 

phi= ’ 

phir=phi *pi/180; 

c=2.998e8; 

lambda=c/Ff; 


B=2*pi/lambda; 
omega=2*pi*f; 

% Perform Calculation 
=0:4*ambda/100:4*1ambda; 
E=Eo*cos(omega*t-B*z+phir) ; 


% Generate the Plot 
plot(z,E) 
(continues) 
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axis(‘tight‘) %sets axes min & max data values 
grid 

xlabel(‘z(m) ‘) 

ylabel(‘ECV/m) ‘) 


Try running this program with different values for amplitude, time, phase constant, and 
frequency. 


a “ee 2 AG 
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Ilustrate a traveling wave by making a movie in MATLAB. 


%  M-File: ML@4Q@2 

% ; 

% This program illustrates a traveling wave 
% 

% Wentworth, 7/17/02 

% 

% Variables: 

% Eo wave amplitude (V/m) 

w f frequency (Hz) 

% omega angular frequency (radians/s) 
% t time snapshot (s) 

% phi phase constant (°s) 

% phir phase constant (radians) 

% c speed of light in vacuum (m/s) 
% lambda wavelength (m) 

% B phase constant (1/m) 

% &E electric field intensity 

% z position 

clc %clears the command window 
clear %clears variables 

% Initialize Variables 

Eo=1; 

f=1000; 

t=1; 

phi=0; 

phir=phi*pi/180; 

c=2.998e8; 

lambda=c/f; 


B=2*pi/lambda; 
omega=2*pi*f; 


% Perform Calculation 
z=0:4* lambda/100: 4* lambda; 
E=Eo*cos(omega*t-B*z+phir) ; 


% Generate a Reference Frame 
plot(z,E) 

axis([0 4*lambda -2*Eo 2*Eo]) 
grid 

xlabel(‘z(m)’) 


Oo 
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ylabel(‘E(V/m)’) 
pause 


% Make the Movie 


t=0:1/(40*f):1/f; 

for n=1:40; 
E=Eo*cos(omega*t(n)-B*z+phir); 
plot(z,E) 
axis([@ 4*lambda -2*Eo 2*Eo]) 
grid 
title(‘General Wave Equation’); 
xlabel(‘z(m)’); j 
ylabel(‘E(V/m)’); 
MC: ,1)=getframe; 

end 


Run the program. After the reference frame is drawn, the program will pause and 
wait for you to press the return key (with the cursor in the plot window). Try changing 
the direction of the wave by changing the sign in front of “B*z” in the cosine equation. 
(You should do this for both the reference frame and the movie frame.) 

This is one of several ways to perform animations in MATLAB. For more informa- 
tion on movies, in the command window type help movie, help moviein, and/or help 
getframe. 


FADADAY'S LAW AND TRANSFORMER EMF 


Following Oersted’s discovery, Michael Faraday thought that if a current in a wire can pro- 
duce a magnetic field, then perhaps a magnetic field can produce a current in a wire. Ten 
years of experiment bore out his hypothesis, which was simultaneously confirmed by 
Joseph Henry.*-* They observed that current was only induced in a circuit if the magnetic 
flux linking the circuit changed with time. 

Figure 4.6a shows a conductive loop in a plane normal to a magnetic field that 
increases with time. Since the magnetic flux through the area bounded by the loop is chang- 
ing, a current Ją is induced in the loop as indicated by the ammeter. Notice the direction of 
the induced current. The flux produced by the induced current acts to oppose the change in 
flux. This statement is called Lenz’s law.*> 

We can pull the ammeter out of the loop, leaving a pair of open terminals as shown in 
Figure 4.6b. Now the current induced in the loop establishes a potential difference across 
the terminals known as the electromotive force. This electromotive force, Vme (or just emf), 
is related to the rate of change of flux linking a circuit by Faraday’s law: 

7 dÀ 


emf — A (4.23) 


44But Faraday was more prompt getting his message to the publishers, so he generally gets credit for the discovery. 
4SRussian physicist Heinrich Lenz (1804-1865) was a contemporary of Faraday and Henry and published his 
law in 1834. 
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Figure 4.6 An increasing mag- 
netic field out of the page 
induces a current in (a) or an 
emf in (b). (c) The distributed 
resistance in a continuous con- 
ductive loop can be modeled as 
lumped resistor R,,.. in series 
with a perfectly conductive loop. 





The negative sign in the equation is a consequence of Lenz’s law. If we consider a single 
loop, Faraday’s law can be written 


Vent =-—=-=—-—-|[B-dS (4.24) 
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Generating emf requires a time-varying magnetic flux linking the circuit. This occurs 
if the magnetic field changes with time (called transformer emf), or if the surface contain- 
ing the flux changes with time (called motional emf). 

The emf is measured around the closed path enclosing the area through which the flux 
is passing, and it can also be written 


Vem = 9 E- dL (4.25) 


This starkly contrasts with the static field case, for which the circulation of E around a 
closed path is zero. Using (4.25), we can rewrite Faraday’s law as 


(4.26) 





In this equation, the direction of the circulation integral is related to the differential surface 
vector direction via the right-hand rule. For instance, in Figure 4.6b we choose dS pointing 
into the page and so the path for the circulation integral is in the same direction as that 
assumed for the induced current. If we are correct in our assumption, then a Vmr of the 
polarity shown will result. A negative V,,,, will tell us the induced current is going in the 
. Other direction. It should also be noted that the surface integral on the right side of (4.26) 
does not have to be a planar surface bounded by the loop of the circulation integral. It can 
be any surface bounded by the loop. (Recall the Stoke’s theorem discussion in Chapter 3 
along with Figure 3.25.) 
Faraday’s law also applies to continuous conductive paths. There is always at least a lit- 
tle resistance distributed along these conductive loops. They are sometimes represented as 
a lumped resistance R,;,, in series with a perfect conductor, as Figure 4.6c indicates. 


Transformer EMF 


Consider the case where the field is varying with time and the surface stays constant. We 
can pull the time derivative inside the integral in the right side of (4.26) to get 


OB 
Ving =—|—:dS 4.27 
Partial derivatives are used inside the integral since B may also be a function of position. 
The generation of emf by a changing magnetic field is fundamental to the operation of 
transformers and hence is referred to as transformer emf. 


fei) 4.3 Suppose in Figure 4.6 that the field is B = 4t a, Wb/m?, where t is in seconds 
and a. is coming out of the page. If the conductive loop has a 400 cm? area, (a) determine 
the emf established across the terminals in Figure 4.6b. (b) If the ammeter in Figure 4.6a 
is replaced by a 100-Q resistor, determine „a: (Answer: (a) 160 mV, (b) 1.6 mA) 
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EXAMPLE 2.2 


Let’s consider the circuit containing the pair of loops shown in Figure 4.7. Each loop has an area S. A 
magnetic field, normal to the plane of the loops, varies with time as 


B = B sin œt a, 


We want to calculate the voltage across the resistor, Vp. 

Using the right-hand rule with the thumb pointing in the direction of dS (the +a, direction), the 
fingers curl in the direction of the circulation, which in this case indicates that Vp = V,m- Our equa- 
tion for V,,,, with N loops is 


V, 


e 


oB 


where dS is integrated over the area of one of the loops. The result of our calculation is then 
Vp =—20B,S cos wt 


Let’s see if this answer is logical. When the magnetic field is increasing (say from t = 0 to t = 
7/2), Lenz’s law implies the induced current will be directed from — to + using the sign convention for 
Vg given in the figure. So having a negative value for Vp is logical. Figure 4.8 shows the relationship 
between V, and B(t) for this problem. 


EXAMPLE 4,3 


Consider the rectangular loop in Figure 4.9 moving with a velocity u = u,a, in the field from an infi- 
nite length line of current / on the z-axis. From the frame of reference of the constant-area conductive 
loop, the magnetic field is changing with time. Assume the loop has a distributed resistance R,,.,. Find 
an expression for the current in the loop (including its direction). 

First we calculate the flux through the loop at an instant in time. We have 


B= Hela, = Hol, 
2p 27y 


Figure 4.7 A pair of loops in a B- 
field increasing with time. 
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y Figure 49 A rectangular conductive 
loop moves with velocity u away from an 
infinite length line of current. 


and we will arbitrarily choose dS in the +a, direction, 
dS = dydza, 


so the flux is easily calculated to be 


_ Hol Di a= Polb tay 4a)—1 
a= 27 J a f 27 Ho a} n(y)] 


Next, we want to find how this flux changes with time, so 


eee k 
7 o Flint +4) In(y)} 


By the chain rule this yields 


2f 1 |e 


dt 27 y+a y dt 
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Considering that u, = dy/dt, and manipulating the expression inside the brackets, we arrive at 


do _ Holabu, 
dt 2ny(y+a) 


Our emf is the negative of this result: 


-H labu, 


Eii 2ny(y +a) 


By our choice of dS in the +a, direction, our emf is taken from a counterclockwise circulation (look- 
ing at the loop from the +x-axis). Since the emf is negative, our induced current is apparently going in 
the clockwise direction with a value 


u, labu, 


a = 
2ny(y +a)Raise 
Does this answer make sense? Let’s see. As the loop moves away from the line of current, the 
flux in the loop (going in the —a, direction) is decreasing. To counteract this decrease, Lenz’s law says 
the induced current must produce a flux in the —a, direction. This agrees with our calculated clock- 
wise current result. 





Dril 4.4 Referring to Example 4.2, suppose the angular frequency is 1000 radians/s, 
the field amplitude B, = 6.0 mWb/m?, and the area of one of the pair of identical loops 
is 144 cm2. Calculate Vk at t= 1 ms and t= 10 ms. (Answer: —93 mV, 145 mV) 


Drill 4.4 Referring to Example 4.3, plot the value of Ipa versus position y as y goes 
from 0.01 to 1 m if a = b = 6.0 cm, the loop velocity in the y direction is 2.0 m/s, the cur- 
rent on the z-axis is /= 1.0 A, and the distributed resistance of the rectangular loop is 10. 
HO. (Answer: See Figure 4.10.) 





i l | | i Ses Figure 4.10 Plot of induced 
0 01 02 03 04 05 06 07 08 09 1 current versus position for 
y(m) Drill 4.5. 
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Transformers 


Faraday’s law is employed in transforming AC voltages and currents between a pair of. 
windings in a magnetic circuit. Figure 4.11 illustrates a transformer consisting of primary 
and secondary coils wrapped around a magnetic core. The driving side of the transformer is 
the primary side, with number of loops N,, and AC voltage and current v, and i,, respec- 
tively. The circuit being driven is the secondary side with N, loops, and AC voltage and cur- 
rent v, and i,, respectively. 

Recalling the magnetic circuits discussion in Section 3.10, we know the magnetomo- 
tive force V is 


V_=NI=Ro (4.28) 


where R is the magnetic circuit’s reluctance, analogous to an electric circuit’s resistance, 
and is given by 


Here, € and A refer to the path length around the magnetic circuit and the cross-sectional 
area, respectively. For the AC circuit of the figure, the magnetomotive force can be written 


Va = Nii, -Ni = RO . (4.29) 


In ideal transformers, the permeability of the core is large enough that we can consider 
the reluctance—flux product to be approximately zero, which implies 


Nii, = Noi, | (4.30) 
or 
N, 
=a 4.31 
h N, h (4.31) 


From Faraday’s law, we can also relate the voltage across each coil to the rate of 
change of flux, 


E A n= (4.32) 





(a) | (b) . (c) 
Figure 4.17 (a) A transformer. (b) Cross section of the core showing eddy currents. (c) Use of multiple layers to reduce 
eddy current loss. 
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Since the do/dt term is equal for both voltages, we have 


vy = 2, oe (4.33) 


Transformers are routinely used in circuits to step up or step down voltages and cur- 
rents, or to transform the impedance (see Problem 4.12). Power efficient circuits are desir- 
able, and one loss mechanism that needs to be minimized is eddy current loss. 

We have seen that when a conductive loop is in the presence of a changing magnetic 
field, a current is induced. We can model a conductive surface or volume as consisting of a 
large number of conductive loops, each one of which can have a current induced from the 
changing magnetic field. These induced currents are known as eddy currents. In the core of 
a transformer the eddy currents, such as those shown in Figure 4.1 1b, result in power loss 
in the transformer. To reduce eddy current loss, electrically insulated ferromagnetic sheets 
are laminated together, with the sheets continuous in the direction of the magnetic flux. This 
is shown in Figure 4.1 1c. Another way to reduce eddy current loss is to replace the ferro- 
magnetic media with a higher electrical resistance ferrite. 


Drill 4.6 Suppose N, = 40 turns. Assuming an ideal transformer, how many turns N, 
are required to double the voltage at the secondary? What happens to the current? 
(Answer: N, = 80, current is halved) 


Point Form of Faraday's Law 


Before we leave the topic of transformer emf, we can apply Stoke’s theorem to the left side 
of (4.26) to get 
Vent = $E- dL = | (V x E)- dS (4.34) 


Now, since the surface isn’t changing with time, we can equate (4.34) and (4.27) to obtain 
oB 
Vemt =f (V xE): dS =-= -4S (4.35) 


This leads us to the point or differential form of Faraday’s Law, 


oB 
VxE=-— 


which is one of Maxwell’s equations for dynamic fields. We’ll apply this equation in 
Section 4.7. 


4.4 FARADAY’S LAW AND MOTIONAL EMF 


Now we’ll maintain a constant magnetic field and achieve a change in magnetic flux link- 
ing the circuit by changing the area of the circuit. We can modify (4.26) by pulling the dif- 
ferential inside the integral*® as 


4.6Notice that we do not need to use a partial derivative because the area doesn’t change with position. 
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Finure 4.12 Conductive bar mov- 
ing along a pair of parallel conduc- 
x tive rails. 





emf ~ -Í Bo (4.37) 


Let’s consider a conductive bar moving with velocity u along a pair of conductive rails 
as shown in Figure 4.12. Magnetic flux density B is given normal to the plane of the circuit, 
heading into the page. As the bar moves to the right, the magnetic flux enclosed by the loop 
is increasing in the —a, direction. So by Lenz’s law, a current will be induced in the coun- 
terclockwise direction of the loop to establish a counter flux. Let’s perform the circulation 
in that direction and therefore choose dS = dxdy a,. We have 


dxd 
Vea z -Í (-B,a.) i Tie 


which can be rearranged by considering u, = dy/dt as 


P 
mf = Boty | dx = B uyw 
0 


V, 


e 


Let’s examine this problem from a different point of view. In Figure 4.13, the conduc- 
tive rails have been removed and we only have the bar cutting through the magnetic flux. 
Since the conductive bar has mobile electrons and holes available for conduction, we see 
that these charges are in motion in a magnetic field. We would expect, then, that acting on 
these charges is a Lorentz force 


F„=quxB (4.38) 


Since u = u,a, and B = —B,a., positive charges are forced in the a, x (-a,) = —a, direction, 
and negative charges in the +a, direction, as indicated in the figure. The charges will con- 
tinue to accumulate at the ends of the bar until the coulombic attraction between the posi- 
tive and negative charges is equal to the magnetic force separating them. In a good 
conductor with short relaxation time we quickly have no net force on a charge; that is, 


F=qgE+quxB=0 
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Figure 4.13 Conductive bar mov- 
ing in the magnetic field in the 
absence of the conductive rails. 





The Coulombic field is balanced by an electric field induced by movement of charge in the 
magnetic field. Indicating this induced field with an m subscript, we have 


E,=uxB (4.39) 


and at equilibrium, for the moving bar we have E = -E,,. The induced electric field produces 
a voltage between the ends of the bar found by 


+ y 0 
V = | E.-dL = f (u x B) -dL = f (u x B)- dxa, i (4.40) 


Solving for this voltage, we have 
0 
=—B,u, | dx = B,uyw : (4.41) 
w 


Now suppose we reinsert the conductive rails and the resistor as in Figure 4.12. The 
voltage across the bar now appears across the resistor, and we see that 


Notice that only the portions of the close path that are moving contribute to this emf. 

It should also be pointed out that the sign convention for V,,,, is arbitrary in that it 
depends on the assumed direction for dS. We arrived at (4.42) by having the direction of the 
circulation integral be in the same direction that we integrated to find V in (4.40). 


EXAMPLE 4.4 


Consider the conductive bar moving in the +a, direction at a fixed distance from an infinite length line 
of current on the z-axis, as shown in Figure 4. 14a. Let’s find the potential difference between the ends 
of the bar as well as the bar’s polarity. 
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| figure 4.14 (a) Conductive bar 
moving in the field from a line of 
current. (b) A virtual loop is added 

(a) (b) for calculating a Vome 


As a Starting point, we create a virtual loop with a small gap in it as illustrated in Figure 4.14b. 
This loop will allow us to choose a direction for the integration. Here, we’ll arbitrarily let dS go in 
the +a, direction (the same direction as B from the line of current), and therefore we perform our 
circulation integral in the clockwise direction. The clockwise circulation also means we are assuming 
a clockwise induced current and a V „mr with polarity as shown in the figure. If our calculated Vmr is 
positive, then the right side of the bar will be positive. 

Equation (4.42), with dL = dpa,, becomes 


HI plu, èd 
Vemf =m ela, | dom, a 


Here we only need to integrate from a to b (in the clockwise direction for our contour) since it is the 
only part that is moving. So we have 


lu, , b 
Vice = — een 
ons 2n a 


Since b > a, the natural logarithm term is positive, and all of the other terms are positive, which means 
that, for our chosen loop, the Vmr is negative and the left end of the bar will be positive. Put another 
way, if we replaced the virtual portion of the loop with a stationary conductor, the induced current 
would go in the counterclockwise direction. 

Perhaps a simpler way to look at the bar’s polarity is to consider a positive charge +g initially 
held at the middle of the bar. If this charge is released, the Lorentz force would push it to the left of 
the bar; negative charges would be pushed to the right. 


Pei £4.7 Find the direction and magnitude of the current induced in the circuit shown 
in Figure 4.15 if B, = 100 a. mT, u = -2.0 a, m/s, w = 4.0 cm, and R = 50 Q. (Answer: = 
160 A, counterclockwise) 
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Generators 


a 


Figure 415 Sliding bar on con- 
ductive rails for Drill 4.7. 





The electromagnetic generator converts mechanical motion to an AC electrical supply by 
employing Faraday’s law. As illustrated in Figure 4.16, a conductive loop is turned in the 
presence of the magnetic field from a permanent magnet. It rotates with an angular velocity 
@ radians per second. 

We choose to perform the circulation in the direction 1 > 2 > 3 > 4 > 1, giving us 
the Vmr polarity as shown across the resistor. Notice that the loop sections from 2 to 3 and 
from 4 to 1 do not cut any magnetic flux, so we can ignore these sections in our calcula- 


. tions. This can be confirmed mathematically by considering that the Cartesian components 


of the velocity vector u only have a, and a, components, so when crossed with B, a, there is 
only an a, component. However, foi these arms of the loop, dL only has a, and a, compo- 
nents, which when dotted with a, yields zero. 

Considering the arms 1 — 2 and 3 — 4, we see that the distance traveled for a differ- 
ential change in angle dọ is simply ado, and u = add/dt a,. Since dọ/dt is the definition of 
angular frequency, we have 


uU=aQa, 
Figure 4.16b shows how a, can be decomposed into Cartesian vectors, which for the 3 > 4 
arm is 
(ay)3_,4 = -sinb a, + Cos, a, . 
For the 1 — 2 arm, the Cartesian direction for a, is 
(ay),_,2 = sind a, — cos a, 


Now we can calculate Vme- The portion of V mt from 1 to 2 is 
2 

Uae ee = ffao(sin ga, —cos gay) x B,a, | -dza, 
l 


This is easily integrated, going from z = 0 to z = A, to give 
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z Brush 
contact 








cos¢(a,) 


(b) x 


Fieve 416 (a) An AC generator consisting of a loop rotating in the presence of a magnetic field. (b) Cross section for 
determination of vector elements. 


(a) x 


(Vemt)1s2 = AWhB,sind 


When integrating the portion of V,,,, from 3 to 4, the direction of u is opposite that of the 1 
— 2 arm and the integration of dz goes from h to 0. This pair of sign changes ends up giv- 


ing the same value for V mf, and so the total Vmr is 
V, 


emf = 2aWhB sind 
The configuration shown in Figure 4.16 can also be used as an AC motor, if the load 


resistor is replaced with an AC source. 


iili The generator of Figure 4.16 has dimensions a = 8.0 cm and h = 10. cm, rotates 
at the rate of 120 revolutions per minute, and is in the presence of a 60.-mT field. Plot V.,.¢ 
versus time tf over several cycles. Assume 6 = 0° at t = 0. (Answer: See Figure 4.17.) 





0 0.5 1 1.5 2 2.5 3 Figure 4.17 AC signal gen- 
t (seconds) erated in Drill 4.8. 
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Recall Ampére’s circuital law for static fields from Chapter 3, rewritten as 
VHS (4.43) 


Here, a “c” subscript has been added to the current density term to identify it as a conduc- 
tion current density, which is related to the electric field by Ohm’s law: 


J, =0E - (4.44) 


The current is a result of the drift of charge carriers in response to the electric field. In a 
vacuum where © = 0, J, = 0. 
A postulate of vector algebra is that the divergence of the curl of any vector field equals 
zero; that is, 
VV xA)=0 (4.45) 


Let’s apply this postulate to the point form of Ampére’s circuital law for static magnetic 
fields: 


V(V x H)=V-JJ,) =0 (4.46) 
Recalling the current continuity equation, 
op 
sel peed ach © 
J or 


we see that the static form of Ampére’s circuital law is clearly invalid for time-varying fields 
since it violates the law of current continuity. 
The problem was resolved by Maxwell’s introduction of an additional term to 
Ampére’s circuital law: 
VxH=J,+J, (4.47) 


The additional term, called the displacement current density,“ is the rate of change of the 
electric flux density, 


j, -2 a 
and thus 
oD 
y XH ie : (4.49) 


Although the displacement current density term doesn’t represent current in the conven- 
tional sense of charge flow, it does allow a time-varying electric field to be an additional 
source of magnetic field. 

If we apply the divergence of a curl postulate to this new version of Ampére’s circuital 
law, we have 


V(VxH)=V-5.+¥(2)=0 (4.50) 


4.7Maxwell introduced this term in 1873 and it was verified experimentally by Heinrich Hertz in 1888. 
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Rearranging, we have 
v5.--¥(2)--2y. p= (4.51) 


So we see that the additional term reconciles the vector postulate with the current continu- 
ity equation. 

The addition of displacement current makes Ampére’s law analogous to the point form 
of Faraday’s law, 


and clearly shows the interdependency of time-varying electric and magnetic fields. 
Maxwell’s original motivation for the additional term was to show that light is an electro- 
magnetic wave, consisting of both electric and magnetic fields. He needed some way for 
magnetic field to be produced in vacuum, where conductivity (and therefore conduction 
current) is zero. The displacement current term fulfills this requirement. 
We can integrate both sides of Ampére’s circuital law over area to get 
dD 


fvxu)-as= j(3.+2)-as (4.52) 


then apply Stoke’s theorem to get the integral form of Ampére’s circuital law: 


fH-dL = [J,-dS+2|D-as =i, tig (4.53) 


where i, and i, represent conduction and displacement current, respectively. 

To gain an understanding of displacement current, consider the simple capacitor circuit 
of Figure 4.18a. A sinusoidal voltage source v(t) = V, sinaf is applied to the capacitor, and 
from circuit theory we know the voltage is related to the current i(t) by the capacitance as 


i(t)= c20 = CV w cos wt 


Now consider the loop in Figure 4.18b surrounding the plane surface S,. By the static 
form of Ampére’s circuital law, the circulation of H will be equal to the current that cuts 
through the surface. However, the surface doesn’t have to be planar, and the same current 
must therefore flow through the surface S, that passes between the plates of the capacitor. 
Because no conduction current passes through an ideal capacitor (6 = 0 for an ideal dielec- 
tric), the current passing through S, must be entirely a displacement current. 

We can calculate this current by considering the field across the capacitor is 


OA 
ime 


where we let a, be the direction from the positive to the negative plate. Then we have 


TEUA =E% sinora, 
d d 


and the time derivative is 
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v(t) = Vosin wt 


(a) 
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(b) | 


Figure 4.18 Capacitor used to demonstrate displacement current. 





The current through the capacitor is 





ig =[Jqg-dS= a cos Wt 


For a parallel-plate capacitor, C =.€S/d, so 
ig = CV © cos œt 


which agrees with the circuit theory result. 

The conduction current in the dielectric can be ignored if the dielectric is a low-loss 
(small ©) dielectric. But if that is not the case, the conduction current density is found by 
Ohm’s law and the expression for electric field intensity between the plates as 


ie ov(t) 





qd 


For the parallel plate-capacitor example of Figure 4.18, the conduction current term is then 
found to be 


eS). 
T sin Ot 





The ratio of the conduction current magnitude to the displacement current magnitude is 
called the loss tangent and is seén to be 


i 
tan ò = |£ 
lg 


Loss tangent is a measure of the quality of the dielectric. A good dielectric will have a very 
low-loss tangent, typically less than 0.001. Loss tangent will be discussed further in Chapter 
5, Section 5.3. 


= 4.54 
T (4.54) 
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DaM £9 A pair of 100. cm? area plates are separated by a 1.0-mm-thick layer of lossy 
dielectric characterized by £, = 50. and © = 1.0 x 10 S/m. (a) Calculate the capacitance. 
If a voltage v(t) = 1.0 cos (27 x 1031) V is placed across the plates, determine (b) the con- 
duction current, (c) the displacement current, and (d) the loss tangent. (Answer: (a) C = 
4.4 nF, (b) i, = 1.0cos(2n x 1077)mA, (c) iy = —28 sin (2m x 1071) WA, (d) tan & = 36) 


MAXWELLS FQUATIONS 


With his insightful inclusion of displacement current in Ampére’s circuital law, Maxwell 
was able to unify all of the theories of electricity and magnetism into one concise set of for- 
mulas known as Maxwell’s equations. With the addition of the Lorentz force equation, the 
constitutive relations for material media, and the current continuity equation, all of the fun- 
damental electromagnetic equations are contained within Table 4.1. 

The table contains both point and integral versions of Maxwell’s equations. Both are 
useful in different situations. As a review, the reader is encouraged to apply the divergence 
theorem and Stoke’s theorem to convert from the integral form to the point form, and vice 
versa. 

Although we’ve covered many other equations so far in this text (and will cover many 
more), the equations listed in Table 4.1 are the fundamental ones from which all else fol- 
lows. For example, the static form of Maxwell’s equations used in Chapters 2 and 3 are 
found by zeroing the time derivative in the equations in Table 4.1. As another example, the 
relationships between field quantities at the boundary between different media are found 
from straightforward application of Maxwell’s equations. Finally, it may be pointed out that 
the concept of electric potential, so useful in solving electromagnetics problems (and use- 
ful as a bridge between electromagnetics and circuits), is merely a stepping stone from the 
fundamental equations to the final solutions. 


Table 41 The Fundamental Electramaynetics Equations 


Maxwell’s equations Point (differential) form Integral form 
Gauss’s law V-D=p, $D -dS = Qanc 
Gauss’s law for magnetic fields V-B =0 $B -dS=0 
OB a] 
Faraday’s law VxE=-— fE-dL =-—[B-dS 
ot ot 
oD 0] 
Ampére’s circuital law Vl ae fH-dL=|J-dS+— |D-ds 
Lorentz force equation F =q(E+vxB) 
D=cE 
Constitutive relations B = pH 


J = oE (Ohm’s law) 


y. jJ=-P 


Current continuity equation Ji 
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A key aspect of these equations is the interdependency of the electric and magnetic 
fields. Because a time-varying electric field is a source of magnetic field, and vice versa, it 
will be shown in the next chapter how these equations led Maxwell to postulate the exis- 
tence of electromagnetic waves. 





Let’s use Maxwell’s equations to study the relationship between the electric and magnetic 

field components of an electromagnetic wave. Consider an x-polarized wave propagating in 

the +z direction in some ideal medium characterized by u and £, with o = 0. To say an elec- 

tromagnetic wave is x-polarized simply means that the electric field vector is always point- 

ing in the x (or —x) direction. We choose 6 = 0 to make the medium lossless, for simplicity. 
The propagating electric field is given by 


E(z,t) = E, cos(wt -Bz)a, (4.55) 


where E, is the wave amplitude (in volts per meter), propagating at an angular frequency of 
@ radians per second and having a phase constant of B radians per meter. The field is a func- 
tion of its z position and time and is plotted versus z at time t = 0 in Figure 4.19.43 Upon 
application of Maxwell’s equations, we will find that the magnetic field also propagates in 
the +z direction, but its field vector is always normal (perpendicular) to the electric field 
vector. Such a wave is said to propagate in a transverse electromagnetic wave mode, or 
TEM mode for short. 
We can apply Faraday’s law, 


oB oH 
VxE=-— =-u— 
ot - H 





i ~~ Figure 4.18 A plot of the 
Ex(V/m) equation E(z,0) = 
E,cos(Bz)a, at 10 MHz in 
100 7! free space with E, = 1 V/m. 





z(m) 80 


48This is a MATLAB-generated figure (see MATLAB 4.3). Careful study reveals that it is indeed a right-handed 
coordinate system. 
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to (4.55) to solve for the magnetic field. Taking the curl of E, we have 





a, Ee 
VxE= 2 ce) 
ox dy az 
E,cos(@t-Bz) 0 0 (4.56) 
5 
= {-2 E, cos(wt — Be) a y = BE, sin(wt —Bz)a, 
This must equal the right side of Faraday’s law, so 
OH : 
u BE, sin(@t — Bz)a, (4.57) 
After dividing both sides by —u, we form the integral 
Es fs 
fqH=- pE, J sin(@ot — pz)a dt (4.58) 


u 


The right side of the equation is easily integrated using fsin udu =-—cosu , where u = wt — 
Bz and du is œdt. So we have 





H= = cos(at — Bz)a, +C; (4.59) 


where C, is a constant of integration. Examining this problem we see that the time-varying 
E is the only source of H; that is, there is no conduction current given that can also gener- 
ate H. So if we were to “turn off’ E, H would also disappear. From this argument, we see 
that C, must be zero. 

To the plot of E we can add a plot of H versus z at time t = 0 (see Figure 4.20). The 
amplitude of the magnetic field is given as BE /œp. In other words, the amplitudes of E and 


Figure 420 Plot of the 
equation H(z, 0) = 
(BE,/@py) cos(—Bz)a, at 10 
Miz in free space with E, 
= | V/m along with the 
dashed plot of E(z,0). 
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H are not independent; they are related by Maxwell’s equations. Also, note that both waves 
are traveling in the z direction, and, moreover, they are related by yet still another version 
of the right-hand rule! Mathematically, we can say that the electromagnetic wave propa- 
gates in a direction given by the cross product of E and H: Starting with fingers pointing in 
the E-field direction (a,), then curling them to the H-field direction (a,) means the thumb 
will point in the propagation direction (a,). 

Even though we now have both fields, let’s continue using Maxwell’s equations on this 
problem. We can apply Ampére’s circuital law, 

VxH=J,+ D 
ot 

to the changing magnetic field to recalculate E. Since there is no conduction current (6 = 
0), the J, term is not present in our problem and we have 











dE 
VxH=e— 4.60 
> (4.60) 
Taking the curl of H, we have 
a, a, a. 
VxH= KA 2 a 
o BE. cos(m@t—Bz) 0 
ou 
BE, d B?E, . 
or zeo —Bz)a, =- ae sin(@t —Bz)a, 
Equating this to the right side of (4.60), we have 
o0E_ BE, . 
a. as sin(œż —fz)a, (4.62) 
which we can integrate as we did for (4.58) resulting in 
B°E. 
E= roe cos(œt — Bz)a, ; (4.63) 
For (4.63) and (4.55) to be equal, we must have 
B? = wpe 
or 
B=o,/pe - (4.64) 


Earlier in the chapter, we discovered that the propagation velocity is related to the 
phase constant and angular frequency by 


_ 0 
p 
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or, since ® = 2nf and B = 27A, u, = Af. But now we see from (4.64) that the propagation 
velocity is also given by 


(4.65) 





This very significant result, which we found by applying Maxwell’s equations to the prop- 
agating fields, relates u, to the properties of the medium. In the absence of any media 
(termed free space), the constitutive parameters are 4 = Ho € = £, and o = 0. Plugging the 
by-now well-known values of u, and g, into (4.65), we are pleased to see that electromag- 
netic waves in free space propagate at the speed of light! 


Prill 4.10 A y-polarized plane wave in air (u = [1,, € = €,, and © = 0) propagates in the 
x direction at 10 MHz. Write the expression for E(x,t) if the wave has a 10 V/m ampli- 
tude. (Answer: E(x, t)=10cos(27 x 107t-.27x/3)a, V/m) 


EXAMPLE 45 
Suppose in a nonmagnetic medium we have an electric field 


E(x,t)= 20.00s{ mx 1071+ Ext a, V/m 


Among other things, we want to find H(x,^). 
By inspection, we see that the wave amplitude is E, = 20 V/m. The frequency is 


=O 5 MHz 
21 


With a phase constant B = 1/10 radians/m, we have 


ore,=9. . 
To find H(x,t) we employ Faraday’s law and follow the procedure from earlier in this section, 
arriving at 





A(x,t)= = cosx x1071+ x +E, 


or 


H(x,t)= locos mx 1071+ Ex +2 a mA/m 
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Drill? 71 Suppose 
2 
E(z,t)= 6.0cos 2x x 10°¢- = nz], V/m 
(a) What is the wave amplitude, frequency, phase constant, wavelength, and propagation 


velocity? (b) Find H(z,t). (Answer: (a) 6.0 V/m, 100 MHz, 27/3 radians/m, 3m, 3 x 
10°m/s; (b) H(z,t) = —16 cos(2n x 108t — 27z/3)a, mA/m) 


Let’s use MATLAB to create the plots in Figures 4.19 and 4.20. 
First, for the E, versus z plot we have the following: 


% M-File: MLQ403a 

% 

% This program generates a 3D plot of Ex versus z. 
% 

% Wentworth, 7/17/02 

% 

% Variables: 

% Eo field amplitude (V/m) 

te Ca: frequency (Hz) 

% c speed of light in vacuum (m/s) 
% lambda wavelength (m) 

% B _ phase constant (1/m) 

% Ex electric field intensity (V/m) 
% z position 

% null null array 

cic %clears the command window 
clear %clears variables 

% Initialize Variables 

Eo=1; 

f=10e6; 

c=2.998e8; 

lambda=c/f; 


B=2*pi/lambda; 


% Perform Calculation 
z=0:1:100; 

Ex=Eo*cos(-B*z); 

null=0.*z; %build a null array 


% Generate the Plot 
plot3(z,Ex,null) 
grid on 

view([3@ 30]) 
xlabel(‘z(m)’) 
ylabel(‘Ex(V/m)’) 
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This is plotted in Figure 4.19. Notice the formation of a “null” array. We do this so 
we'll have something of the same dimension as z and E, to plot on the three-dimensional 
coordinate system. (In short, it forces y to be zero for all these points.) Also, for 
increased clarity, the trace thickness was increased after the program was run by using 


the editor in the figure window. 
For the E, and H, plots versus z, we have the following: 


% M-File: ML0403b 

% 

% This program generates a 3D plot of Ex and Hy versus z. 
% 

% Wentworth, 7/17/02 

% 

% Variables: 

% Eo field amplitude (V/m) 

% f frequency (Hz) e 

% w angular frequency (rad/s) 

% c speed of light in vacuum (m/s) 
% uo free space permeability (F/m) 
% lambda wavelength (m) 

% B . phase constant (1/m) 

% Ex electric field intensity (V/m) 
% Hy magnetic field intensity (A/m) 
% z position 

% null null array 

clc %clears the command window 
clear %clears variables 

% Initialize Variables 

Eoi; 

f=10e6; 

c=2.998e8; 


uo=pi*4e-7; 
lambda=c/f; 
B=2*pi/lambda; 
w=2*pi*f; 


% Perform Calculation 
z=0:1:100; 

Ex=Eo*cos (-B*z) ; 

Hy=((B*Eo) /(w*uo)) *cos(-B*z); 
null=@.*z; %build a null array 


% Generate the Plot 
plot3(z,Ex,null, ’—’,z,nul1,Hy) 
grid on 

view([30 30]) 

xlabel(‘z(m)’) 
ylabel(‘Ex(V/m)’) 

zlabel (‘Hy(A/m) ’) 


In this case, we’ve chosen to plot E, versus z using a dashed line. 
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Many, if not most, electromagnetic applications involve fields that vary sinusoidally with 
position and time. Such time-harmonic fields are encountered in a host of communications 
applications, and of course all AC circuitry is sinusoidal. In addition, repeated pulses of 
information may be treated as a Fourier series of sinusoidal waves. 

A time-harmonic signal can be transformed into the frequency domain by the use of 
phasors. The utility of working in the frequency domain (also called the phasor domain) is 
that the time factor is removed from the analysis, and time derivatives and integrals become 
simple algebraic exercises. 

Phasors are based on the use of complex numbers.*? At a fixed point in time, value of a si- 
nusoidal wave can be represented versus position by a polar plot of its amplitude r and phase 0. 
This polar plot can be superimposed onto a set of real (Re) and imaginary (Im) axes, as shown 
in Figure 4.21. The complex value can be written re*, or, as is evident from the figure, 


re® = r cos O + jr sin O (4.66) 


The relation between the polar form of the complex value (re®) and the rectangular form 
(rcos® + jrsin®) is given by Euler’s*"° identity: 


e? = cos 0 +j sin 0 l (4.67) 
It is also customary to employ a shorthand polar form: 
re =r jo . (4.68) 


In Figure 4.21, corresponding points are indicated for both the cosine function and the 
polar plot. The real part of the complex value is found as Re(re®) = r cos0: the imaginary 
part is Im(re®) = r sin 0. 


Figure 4.21 Cosine function plot 
synchronized with polar plot. 





4°See Appendix C for a summary of complex numbers, 
410The name Euler is pronounced “oiler” 
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Show how a point on a polar plot corresponds to the location on the cosine plot with an 
animation. 


% M-File: ML0404 

% 

% This program generates a cosine plot animation 
% synchronized with a polar plot. 

% 

% Wentworth, 7/17/02 

% revised 5/14/05 


% 

% Variables: 

% Ao wave amplitude 

% A wave value at theta 

% Al wave value for movie 

% theta angle Cin degrees) 

% thetal angle for movie 

% N data points for plot 

clc _ %clears the command window 
clear %clears variables 


% Generate the reference frame 
% Initialize variables 
Ao=1;N=180; 


% Perform Calculation 
theta=0:4:4*N; 
A=Ao* cosd (theta) ; 


% Generate the Plot 

subplot (211) , plot (theta,A,0,Ao, ’ro’) 

axis ({0 720 -1 1]) 

set (gca, ’XTick’,[0:90:720]) ; %spaces the tick marks appropriately 
xlabel (’ theta (deg)’); ylabel(’cos(theta)’) 

subplot (212) ,polar (0,Ao,’ro’) 

pause 


%Make the Movie 

for n=1:N 
thetal(n) =n*4; 
thetaldeg=thetal* pi/180; 
A1(n) =Ao*cosd (thetal (n) ); 
subplot (211) ,plot(theta,A, thetal(n) ,Al(n),'ro’) 
axis([0 720 -1. 1.]) 
set(gca, 'XTick’, [0:90:720]) 
xlabel(’theta (deg)’);ylabel(’cos(theta) ’) 
subplot (212) ,polar(thetaldeg(n) ,Ao, ’ro’) 
MC: ,1) =getframe; 

end 
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A general time-harmonic electric field is a function of position (x, y, z) and time (f) and 
can be written in instantaneous form as 


E(x, y,z,t) = E(x, y,z)cos(at + 6) (4.69) 
Now, using Euler’s identity we can also write this as 
E(x,y,z,t) = Re[E (x,y,z) + 9] (4.70) 
This can be reorganized and written as 
E(x,y,z,0) = Re [E(x,y,ze!# ei = Re|E,ei™| (4.71) 
where the phasor form of the field is 
E, = E(x,y,z)el* (4.72) 


The phasor, written with an s subscript,*!' is the time-harmonic field with the time depend- 
ency stripped away. 

Let’s see how we would write the point form of Faraday’s law in terms of phasors. We 
have 


OB(x, y, z,t) 


VxE(x,y,z,t)=— 


Using phasors, we see that this is equivalent to 
Vx (Re[E,e%™ = -2 (Re[B, ei } (4.73) 


On the left side of (4.73), the curl operator is a position derivative, and so we can pull out 
the Re and the e terms, so 

` V x (Re[E,e/']) = Rel (V x E, ei] (4.74) 
On the right side, it can be shown (see Problem 4.37) that 


-2 (rep en } = -rd 2 Be | (4.75) 


and since B, is time independent, 


= Re 2 Be” l =— Rel B, < ei | =- Re|( JOB, Je! al (4.76) 


Comparing (4.74) and (4.76), we find that 


V x E,=-joB, (4.77) 


This is the differential phasor form of Faraday’s law. 


*1!The student may recall the s-domain in circuit analysis, where s = joo. 
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TABLF 42 Oiferential Pisem Form of Maxwell's Equations 





V-D. =P, 
V-B, =0 
V xE, =-joB, 


V xH, =J,+joD, 


The rest of Maxwell’s equations can also be written in differential phasor form as 
given in Table 4.2. Derivations of Gauss’s law and Ampère’s circuital law are included as 
Problem 4.38. 

The procedure for using phasors in problems is to first transform the instantaneous 
form of the field quantities to phasors. The problem is then solved in the phasor domain, 
and at the end (or at any intermediate point) the phasor form can be transformed back to an 
instantaneous form. 


EXAMPLE 46 


Let’s consider the problem in the previous section where we were given 
E(z,t) = E,cos(wt — Bz)a, 


and now want to use phasors to find H(z,t). 
As a first step, we convert to a phasor, 


E, = Ee Ia, 


Next, we employ Faraday’s law to find B,. We have 


V xE, =—joB, 
or 
a, a, a, 
d ð d = 
£ S.- (pee a, =-job, 
ay ay 5) ip o y J 
Ee® 0 0 
Solving for B,, we find 
B. = BE, eza 
o 


Then, we can find H, by dividing B, by p. 
To find the instantaneous form, we have to reinsert e/®’, employ Euler’s identity, and take the real 
part of the result. So we have 


H(z,1)= Re Bea tee, | = = cos(wt ~ Bz)a, 








EXAMPLE 4,7 


Now suppose we have a magnetic field intensity given as 4 


H(z,t)=H, sinf or firar =n, 
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and we want to find E(z,t) using phasors. 


Using the relation sin(a) = cos(a — 1/2), we have 
sin(wr — Bz + 1/4) = cos(wr— Bz — 1/4) 


Converting H(z,t) to a phasor, we have 


H, = HiP +da, 


The phasor vector E, is found using Ampére’s circuital law, where we can assume 6 = 0 in the absence 


of any other information, and we have 


Evaluating the curl, we find 


V x H, = jek, 


JPH e+ Da, = jock, 


so 


E, = BH, e i(Be+n/4), 


Converting to instantaneous form gives 


DF. 





E(z,t)= pel PH es y ue ae ke cos(œt —Bz—1/4)a, 





Drill 4.17 Convert the following instantaneous quantities to phasors: (a) A = 16 cos(t 
x 10°t + 7/3), (b) A(x, t) =A, sin(4m x 108¢ + 2x) a,. (Answer: (a) A,= 16e/"3, (b) A,= 


A,ei2™2a.) 


Drill 413 Convert the following phasors to instantaneous quantities: (a) A, = 10e/™4, 
(b) A, = j5e?™4 (c) A, = 4 + j3. (Answer: (a) A = 10cos(wt + 1/4), (b) A = —Ssin(wt + 


37/4), (c) A = Scos(wt+36.9°)) 


SUMMARY 


The rate of change of charge density is related to the 
divergence of the current density vector by the current 
continuity equation 


op 
Vela 
: ot 


Using this equation and Gauss’s law, we can relate 
charge density to time as 
Py= pe" 


where p, is the initial charge density and t is the 
relaxation time 


o 


The general wave equation is 
E(z,t) = Ee ™ cos(wt — Bz + 6)a, 


where E, is the amplitude and o is the attenuation. The 
cosine argument is the phase, with angular frequency œ 
(radians/s), phase constant B (radians/m), and phase 
shift ® (radians). . 


Faraday’s law relates an electromotive force V, to the 
rate of change of flux linking a circuit by 


where A is the flux linkage. For a single-loop circuit, the 
emf can be written 


Vere =FE-dL = -2[B-d8 


e Transformer emf is for the case of a time-varying 
magnetic field through a fixed surface. For this case we 
can find the point form of Faraday’s law, 


oB 


VxE=—— 
or 


e Motional emf has a changing surface in a constant 
magnetic field. A form of Faraday’s law for this case is 


Vemt =4(ux B)-dL 


e Displacement current density J, is equal to the rate of 
change of the electric flux density, 


ƏD 


u= 


This term is added to Ampére’s circuital law, showing 
that a changing electric field produces a magnetic field. 


e Maxwell’s equations, summarized here in point 
(differential) form, ate 


PROBLEMS 


4.1 Current Continuity and Relaxation Time 


4.4 How long does it take for charge density to drop to 
1% of its initial value in polystyrene? 

4.2 Ata particular point in a slab of silver, a charge den- 
sity of 10° C/m? is introduced. Plot p, versus time for a 
duration of 10 relaxation times. 

4.3 A current density is given by J = pe~°"'a, A/m?. Find 
the charge density after 10 s if it has an initial value of zero. 
4.4 Att=0s, 60.0 UC is evenly distributed throughout a 
2.00-cm-diameter pure silicon sphere. (a) Find the initial 
charge density. (b) How long does it take for the charge 
density to drop to 10% of its initial value? (c) What will be 
the final surface charge density? — 
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V-D=p, 
V-B=0 
OB 


VxE=-— 
ot 


yao 
ot 


In integral form, Maxwell’s equations are 


$D-dS=Q,,. 
$B-dS=0 


ə 
E-dL=-—{B-dS 
$ a! 


{H-dL = [J dS+ŽJD-aS 


e The direction of propagation of a transverse electro- 
magnetic mode wave is given by the cross product E x 
H, where the field vectors of both E and H are normal 
to the propagation direction. 


e A time-harmonic field in the time domain can be 
represented by a phasor in the frequency domain. The 
transformation employs Euler’s identity. For an electric 
field given by 

E(x,y,z,t) = E(x,y,z)cos(wr + p) 
the phasor is written 


E, = E(x,y,z) e® 


4.2 Wave Fundamentals 
4.5 A propagating electric field is given by 


E(z,t)=100.e~°" cosx x10 t+nz -F )V/m 


(a) Determine the attenuation constant, the wave fre- 
quency, the wavelength, the propagation velocity, and the 
phase shift. 

(b) How far must the wave travel before its amplitude is 
reduced to 1.0 V/m? a 


4.6 A 10.0-MHz magnetic field travels in a fluid for 
which the propagation velocity is 1.0 x 10° m/s. Initially, 
we have H(0, 0) = 2.0 a, A/m. The amplitude drops to 1.0 





EMAL 
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A/im after the wave travels 5.0 m in the y direction. Find the 
general expression for this wave. 


+? Modify the simple wave program in MATLAB 4.1 to 
include attenuation. Generate a plot for the case where the 
amplitude is 4 V/m, the attenuation constant is 0.001 Np/m, 
and the frequency is 1 MHz. Take your snapshot in time at 
0 s, and let your phase shift be 0°. 


4.8 Modify the traveling wave program in MATLAB 4.2 
to include attenuation. Use the parameters from Problem 
4.7, except for the fixed time of course. 


4.3 Faraday’s Law and Transformer EMF 


4.9 The magnetic flux density increases at the rate of 10 
Wb/m?/s in the z direction. A 10 x 10 cm square conduct- 
ing loop, centered at the origin in the x-y plane, has 10 Q of 
distributed resistance. Determine the direction (with a 
sketch) and magnitude of the induced current in the con- 
ducting loop. 


4.19 A bar magnet is dropped through a conductive ring. 
Indicate in a sketch the direction of the induced current 
when the falling magnet is just above the plane of the ring 
and when it is just below the plane of the ring, as shown in 
Figure 4.22. 


4.11 Considering Figure 4.7, suppose the area of a single 


“Toop of the pair is 100 cm2, and the magnetic flux density is 


constant over the area of the loops but changes with time as 
B = B.e“' a., where B, = 4.0 mWb/m? and y = 0.30 Np/s. 
Determine V, at 1, 10, and 100s. 





$ 
f 
| 


Figure 4.22 A dropped bar magnet just before and just 
after it passes through the plane of a conductive wire ring 
(for Problem 4.10). 


+42 Sometimes a transformer is used as an impedance 
converter, where impedance is given by v/i. Find an expres- 
sion for the impedance Z, seen by the primary side of the 
transformer in Figure 4.11a that has a load impedance Z, 
terminating the secondary. 


4.13 A 1.0-mm-diameter copper wire is shaped into a 
square loop of side 4.0 cm. It is placed in a plane normal to 
a magnetic field increasing with time as B = 1.0 ¢ a, 
Wb/m2, where t is in seconds. (a) Find the magnitude of the 
induced current and indicate its direction in a sketch. (b) 
Calculate the magnetic flux density at the center of the loop 
resulting from the induced current, and compare this with 
the original magnetic flux density that generated the 
induced current at r= 1.0 s. 


4.14 The mean length around a nickel core of a trans- 
former like the one shown in Figure 4.1 la is 16 cm, and its 
cross sectional area is 1 cm. There are 30 turns on the pri- 
mary side and 45 on the secondary side. If the current on 
the primary side is 1.0 sin(20n x 10®t) mA, (a) calculate the 
amplitude of the magnetic flux in the core in the absence of 
the output windings. (b) With the output windings in place, 
calculate i,. 


4.15 A triangular wire loop has its vertices at the points 
(2, 0, 0), (0, 3, 0), and (0, 0, 4), with dimensions in meters. 
A time-varying magnetic field is given by B = 4t a, Wb/m2 
(with ¢ in seconds). If the wire has a total distributed resist- 
ance of 2 Q, calculate the induced current and indicate its 
direction in a carefully drawn sketch. 


4.4 Faraday’s Law and Motional EMF 


4.16 Referring to Figure 4.23, suppose a conductive bar 
of length h = 2.0 cm moves with velocity u = —1.0 a, m/s 
toward an infinite length line of current / = 4.0 A. Find an 
expression for the voltage from one end of the bar to the 
other when p reaches 10 cm and indicate which end is pos- 
itive. 

4.17 Suppose we have a conductive bar moving along a 
pair of conductive rails as in Figure 4.12, only now the 
magnetic flux density is B = 4.0a, + 3.0a, Wb/m2. If R = 
10. Q, w = 20. cm, and u, = 3.0 m/s, calculate the current 
induced and indicate its direction. 


4.18 The radius r of a perfectly conducting metal loop in 
free space, situated in the x-y plane, increases at the rate of 
(nr)! m/s. A break in the loop has a small 2.0-Q resistor 
across it. Meanwhile, there exists a magnetic field B = 1.0 
a, T. Determine the current induced in the loop, and show 
in a sketch the direction of flow. 

4.19 Rederive V.m for the rectangular loop of Figure 4.16 
if the magnetic field is now B = B_a,, 


EMAG 


LELEN 






. 4.20 
circular one of radius a and rederive V,,,.. 
- 4,21 


“ fixed on a grounded origin and is free to rotate in the x—y 


| 
| 


Figure 4.22 Conductive bar moving toward an infinite 
length line of current for Problem 4.16. 


In Figure 4.16, replace the rectangular loop with a 


A conductive rod, of length 6.0 cm, has one end 


plane. It rotates at 60 revolutions/s in a magnetic field B = 
100. a, mT. Find the voltage at the end of the bar. 


4.22 Consider the rotating conductor shown in Figure 
4.24. The center of the 2a-diameter bar is fixed at the origin 
and can rotate in the x-y plane with B = B,a,. The outer 
ends of the bar make conductive contact with a ring to 
make one end of the electrical contact to R; the other con- 
tact is made to the center of the bar. Given B, = 100. 
mWb/m2, a = 6.0 cm, and R = 50. Q, determine / if the bar 
rotates at 1.0 revolution/s. 


Brush contact ~. 





Figure 4.24 Schematic of rotating conductor for 
Problem 4.22. 
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‘2% A Faraday disk generator is similar to the rotating 
conductor of 4.22, only now the rotating element is a disk 
instead of a bar. Derive an expression of the V.,,, produced 
by a Faraday disk generator, and using the parameters 
given in Problem 4.22, find Z. 

4.24 Consider a sliding rail problem where the conduc- 
tive rails expand as they progress in the y direction as 
shown in Figure 4.25. If w = 10. cm and the distance 
between the rails increases at the rate of 1.0 cm in the x 
direction per 1.0 cm in the y direction, and u, = 2.0 m/s, 
find the V,,,, across a 100.-Q resistor at the instant when 
y = 10. cm if the field is B, = 100. mT. 


4.5 Displacement Current 


4 >2 
E 7 


Suppose a vector field is given as 

A = 3x?yz a, 
Verify that the divergence of the curl of this vector field is 
equal to zero. 


4.26 Suppose a vector field is given by 


A = p%cosġ a, 
Verify that the divergence of the curl of this vector field is 
equal to zero. 


4.27 A pair of 60 cm? area plates are separated by a 2.0- 
mm-thick layer of ideal dielectric characterized by £, = 9.0. 
If a voltage v(t) = 1.0 sin(2 x 1037) V is placed across the 
plates, determine the displacement current. 


4.28 Plot the loss tangent of seawater (O = 4 S/m and £, = 
81) versus log of frequency from 1 Hz to 1 GHz. At what fre- 
quency is the magnitude of the displacement current density 
equal to the magnitude of the conduction current density? 
4,29 A 1,0-m-long coaxial cable of inner conductor 
diameter 2.0 mm and outer conductor diameter 6.0 mm is 
filled with an ideal dielectric with £, = 10.2. A voltage v(t) 
= 10.cos(6m x 106 #) mV is placed on the inner conductor 
and the outer conductor is grounded. Neglecting fringing 
fields at the ends of the coaxial cable, find the displacement 
current between the inner and outer conductors. 


4.7 Lossless TEM Waves 


4.30 Suppose in free space that E(z, )=5.0e-2# a, V/m. Is 


the wave lossless? Find H(z,¢). 


4.31 An electric field propagating in a lossless nonmag- 
netic medium is characterized by 


E(y,t) = 100.cos(4x x 106 — 0.1257y)a, V/m 


(a) Find the wave amplitude, frequency, propagation veloc- 
ity, wavelength, and the relative permittivity of the medium. 


(b) Find HG, £). 
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4.32 A magnetic field propagating in free space is given by 
H(z,) = 20.sin( x 108¢ + Bz)a, A/m 
Find f, P, A, and E(z, £). 


4.33 Find the instantaneous expression for E for the mag- 
netic field of Problem 4.6. 


Given, at some point distant from a source at the ori- 


E(r,t) = 8.0cos(9n x 10° — Br)ag V/m 
find the frequency, phase constant, and H(r, £). 


kd 


4.35 Ina lossless, nonmagnetic media, the magnetic field 
at some point distant from a source at the origin is given by 
H(p,t) = 6.0sin(3 x 10° + 10p)a, A/m 


Find the relative permittivity of the medium, the frequency 
and phase constant of the wave, and E(p, #). 


4.46 Suppose, in a nonmagnetic medium of relative per- 
mittivity 3, that 


E(y,f) = 4.0sin(x x 107t— By)a, + 9.0cos(m x 1071- By)a, V/m 
Determine B and Hy, ^). 





Bar sliding along a pair of widening rails for Problem 4.24. 


4.8 Time-Harmonic Fields and Phasors 
4,37 Show that 


-2 (re{,e"}] =—Ref(joB, Je] 


4.28 Derive the differential phasor form of (a) Gauss’s 
law and (b) Ampére’s circuital law. 


4.39 Find HỌ, 2) in Problem 4.31b using phasors. 

4.40 Find E(z, 1) in Problem 4.32 using phasors. 

4.41 In free space, 

E(z,t) = 10.cos( x 106r — Bz)a, + 20.cos( x 106r — Bz)a, V/m 
Find H(z, f). 

4.42 Find H(y, 4) in Problem 4.36 using phasors. 


4.43 Repeat MATLAB4.4, now accounting for attenua- 


tion. Run the program assuming an attenuation of 2 x 10-6 
i 


Np/m. 


pata 
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Plane Waves 





Learning Objectives 


Derive the general equations for electromagnetic wave propagation 

Study electromagnetic wave propagation in dielectrics and define loss tangent 
Study electromagnetic wave propagation in conductors and define skin depth 
Describe electromagnetic wave power transmission using the Poynting theorem 
Define the polarization of an electromagnetic wave 


Study reflection and transmission of waves incident from one material to another 


Let’s recall Maxwell’s equations in point form: 


va J 
ot 
oB 
VxE=-— 
i ot 
V-D=p, 
V-B=0 


In free space, the constitutive parameters are © = 0, u, = 1, and £, = 1, so the Ampére’s cir- 
cuital law and Faraday’s law equations become 


VxH=e, = 

a. (5.1) 
E 
x Ho ot 


If we consider that at some point in this space there is a source of time-varying electric field, 
then by Ampére’s circuital law we know that a magnetic field is induced in the surrounding 
region. As this magnetic field is also changing with time, by Faraday’s law it in turn induces 
an electric field. Energy is passed back and forth between E and H fields as they radiate 
away from the source point at the speed of light. These fields constitute waves of electro- 
magnetic energy radiating away from the source point. 
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7 Fi PA / Figure 5.1 Ata remote distance away from a 


Radiating point source point source, the waves appear to be planar. 


The waves radiate spherically, but at a remote distance away from the source they 
resemble uniform plane waves, as depicted in Figure 5.1. In a uniform plane wave (UPW), 
the E and H fields are orthogonal, or transverse, to the direction of propagation. They there- 
fore propagate in the TEM mode. The magnitude and phase of the field vectors in a UPW 
are equal at every point on the wavefront, a plane transverse to the direction of propagation. 
Since UPWs are handled with Cartesian coordinates, they are simpler to work with than 
spherical waves. This chapter therefore deals with UPWs, and spherical waves will be 
deferred until the study of antennas in Chapter 8. 

In this chapter, we first want to show how the equations governing wave motion follow 
from Maxwell’s equations. In particular, we’ll focus on the case of sinusoidal (time- 
harmonic) waves. The propagation characteristics depend on the material media. We’ll look 
at propagating media that are both ideal (lossless) and lossy. We’ll also look at propagation 
in conductors and how current at high frequency tends to flow near the surface of the con- 
ductor. Finally, we’ll examine what happens when waves pass from one medium to another. 


51 GENERAL WAVE EQUATIONS 
In this section we want to use Maxwell’s equations to derive formulas governing electro- 
magnetic wave propagation. We’ ll consider that the medium is free of any charge, so 
V-D=0 (5.2) 
We’ll also restrict our discussion to material media that are linear, isotropic, homogeneous, 


and time invariant—in short, simple media. Then Maxwell’s equations may be written 


VxH= apse 
or 


VxE=- on 


ot (5.3) 
V-E=0 


V-H=0 
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To begin, let’s take the curl of both sides of Faraday’s law, 
Vx(VxE)=Vx{-u SH) (5.4) 


The curl on the right side of this expression is a position derivative acting on a time deriva- 
tive in a homogeneous material. Equation (5.4) can therefore be written 


Vx(VxE)=—1 2 (VxH) (5.5) 


Exchanging the Faraday’s law equivalence for the curl of H gives us 
ð dE Æ E 

VaV © ==) == oh +e — |= -u0 —— ve —— 

Wane ea z) a ar 


(5.6) 


We can now manipulate the left side of the equation by invoking a vector identity, relat- 
ing the curl of a curl of any vector field A to a divergence and a Laplacian of the field as 


VxVxA=V-A-V2A (5.7) 

So applying this vector identity to (5.6), we now have 
Æ FE 
VE VE- l0 ~ j j 
> ot a dt? OA 
Because our medium is charge-free, the divergence of E is zero and (5.8) reduces to 

Æ E 

VE=uo — + pe— 5.9 

T Or S 


This is the Helmholtz wave equation for E. A similar expression can be found for H (see 
Problem 5.1). Equation(5.9) can be broken up into three vector equations (in terms of E,, 
E,, and E, for instance), as can the similar equation for H. Each of the resulting six equa- 
tions is a second-order differential equation that can be solved in terms of position and time. 
The solution is an equation defining the wave. 


120i) ©? Write the Helmholtz wave equation for an electric field given by E = E (z, t) 
as 


x 


PE (ct) _ Ezt) | PE, (zt) 
[Answer 3z? =U 3r + LE a2 


Time-Harmonic Wave Equations 


Of particular interest are the Helmholtz equations for time-harmonic fields. Because the 
time derivative JE Jot is jwE,, (5.9) becomes 


VE, = jou(o + jwe)E, (5.10) 
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This version of the Helmholtz wave equation is generally written in the form 


VE,- PE, =0 Z - (5.11) 


where y (gamma) is the propagation constant, defined as 
Yy = jo@u(o + jae) (5.12) 


Since the square root of a complex number is itself complex, y is equal to a real part (the 
attenuation, Q, in nepers per meter) and an imaginary part (the phase constant, or B, in radi- 
ans per meter). So we have 


y= jon(o+ joe) = 0+ jB (5.13) 


Equation (5.11) is the Helmholtz equation for time-harmonic electric fields. For time- 
harmonic magnetic fields we have 


(5.14) 





To make use of these Helmholtz equations for time-harmonic fields, let’s consider an 
x-polarized plane wave traveling in the z direction. Our electric field is therefore 


E,(z) = E,,(z)a, (5.15) 


where we indicate that E, is only a function of z. Recall for a UPW that the fields do not 
vary in the transverse direction, in this case the x-y plane, so E, can only be a function of z. 
The Laplacian of E, becomes a straightforward second derivative, and (5.11) becomes 
dE. 3 
ea -y Ez =0 (5.16) 
where the “function of z” in parentheses has been suppressed for brevity. This is a second- 
order, linear, homogeneous differential equation. A possible solution®! for this equation is 


E,,= Ae (5.17) 
where A and À are arbitrary constants. It is easy to show that 
2 
d xs EZA eX 
dz 


and (5.16) becomes 
A? AeX —y? Ae =0 
or 
2 -y =0 (5.18) 


5-lYou may wish to peruse your by-now dusty and almost forgotten differential equations textbook to refresh 
your memory on how to solve these types of problems. 
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This is easily factored as 
(A+ y(A-¥) =0 (5.19) 
The first solution of this equation is A =—y, which gives 
Pea Aen (5.20) 


Let’s examine this solution in its instantaneous form. We substitute o + jB for y, multiply by 
el®%, apply Euler’s identity, and take the real part to find 


E, = Ae™ cos(t — Bz) (5.21) 


We can substitute for A the more informative constant E+, which represents the electric 
field amplitude of the +z traveling wave at z = 0. Reinserting the vector and the position and 
time dependencies, we can write (5.21) as 


E(z, t) = E*e™ cos(at — Bz)a, (5.22) 


Hence for this first solution of (5.19) we have a wave propagating and attenuating in the +z 
direction with an amplitude E* at z = 0. 

Had we chosen the second solution of (5.19), A = +y, we would have come to the 
solution 


E „= Eze? (5.23) 
or 
E(z,t) = Eze% cos(wt + Bz)a, (5.24) 


This represents a wave propagating and attenuating in the —z direction with an amplitude E> 
at z = 0. The general solution for E,, is the linear superposition of the two solutions, 


E = Ete + Eze (5.25) 


or 
E = (Eje + E;e*'>)a, 


and then the general instantaneous solution is 
E(z,t) = Eje ™ cos(œt — Bz)a, + Eze% cos(œt + Bz)a, . (5.26) 
The magnetic field can be found by applying Faraday’s law, 
V x E, = -jouH, 
to (5.25). Evaluating the curl of E, we find 
V x E, = (-yEje Y + yEzeY)a, (5.27) 
Dividing (5.27) by -jæœp we can solve for H,: 
Je (5; eY- W. r } 5 mo (5.28) 
JO JOL 
Had we started wih (5.14) and assumed a magnetic field of the form 
H,(z) = H,,(z)a, 
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we would have been led to the expression 
Hii ee ie a, a (5.29) 


Comparing (5.28) and (5.29), we can find a relationship between E,* and H} (and between 
E, and H;). Let’s define the intrinsic impedance n (eta) of the medium as being the ratio of 
E tod, that is, 


_ (5.30) 


Since the units for Et and H} are volts per meter and amperes per meter, respectively, we 
see that the units for ņ are ohms. Inserting the expression for y from (5.13), we find 





(5.31) 

= 
= 5.32 
I (5.32) 


The intrinsic impedance is a useful parameter for relating the electric and magnetic 
field amplitudes. Like the propagation constant, it is calculated from the operating fre- 
quency and the medium’s constitutive parameters. 


EXAMPLE 51 


Given a material with © = 0.100 S/m, £, = 9.00, and u, = 1.00 and a wave with f= 1.00 GHz. we want 
to find y, &, B, and n. 
We can first calculate @ = 27f = 27 x 10° radians/s. Then we find 





jop = {2m «10° BESS aan x107 x) Ta 
s m (ms) 


and 


: j tes) 10? F = S 
we=  Inxl0) EE 0.500 > 
ee ( s Ben oa AQ) / 


Here we made sure the units of jwe were the same as for o. 
To find y, we employ (5.13) and find 


y= {7896 \o.100 + oso E iz 220), =6.25+ j63.1— 


So we see that & = 6.2 Np/m and B = 63 radians/m. 
Now to find n we use (5.31), 
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j7896 
m-s 


0.100 + j0.500)— 
( j ae 





=124e/!23' Q 





sii S.2 Repeat Example 5.1 at a frequency of 10 GHz. (Answer: y= 6.3 + j628 /m, o 
= 6.3 Np/m, B = 628 radians/m, n = 126¢/°57°Q) 


ii) S.3 Find the attenuation constant, phase constant, and intrinsic impedance of dis- 
tilled water at 1.0 GHz (u, = 1). (Answer: a = 0.0021 Np/m, B = 190 radians/m, 
n = 42Q) 


MATLAB 5.1 


Let’s write a short program that prompts the user for the constitutive parameters and the 
frequency and then solves for y, œ, B, and n. We can use the results of Example 5.1 to test 
the program. 


% M-File: MLQ501 

% 

% This program prompts the user for the constitutive 
% parameters and frequency and calculates 

% attenuation, phase constant, and intrinsic impedance. 
% 

% Wentworth, 7/19/02 

% 

% Variables: 

% eo free space permittivity (F/m) 

% uo free space permeability (H/m) 

% f,w freq (Hz) and angular freq (rad/s) 
% A,B - temporary variables 

% gamma propagation constant (1/m) 

% alpha attenuation (Np/m) 

% beta phase constant (rad/m) 

% eta _ Intrinsic impedance (ohms) 

% meta magnitude of eta 

% aeta angle of eta 

cic %clears the command window 

clear | %clears variables 


disp(‘Propagation Parameter Solver’) 

disp(‘ s: 

disp(‘Input constitutive parameters and frequency.’ ) 
disp(‘Program will calculate attenuation constant, ‘) 
disp(‘phase constant, and intrinsic impedance. ‘) 
disp(‘ ‘) ‘ 


(continues) 
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% Initialize Variables 
uo=pi *4e-7; 
eo=8 .854e-12; 


% Prompt for Input Values 
Sig=input(‘enter sigma, in S/m,: ‘); 
er=input(‘enter rel permittivity: ‘); 
ur=input(‘enter rel permeability: ‘); 
f=input(‘enter frequency, Hz: ‘); 


% Perform Calculation 

w=2*pi*f; % w=angular frequency 

A=i* (w*ur*uo) ;%one way to enter complex # 
B=complex(sig,w*er*eo); %another way 
gamma=sqrt (A*B) ; 

alpha=real (gamma); 

beta=imag(gamma) ; 

eta=sqrt(A/B); 

meta=abs(eta); %magnitude of eta, ohms 
aeta=180*angle(eta)/pi; 

%angle of eta in degrees 


% Display results 

disp(‘ ‘) 

dispC{‘gamma = ‘ num2str(gamma) ‘ /m‘]) 

disp({‘alpha = ‘ num2str(alpha) ‘ Np/m‘]) 

disp({‘beta = ‘ num2str(beta) ‘ rad/m‘]) 

disp([{‘eta = ‘num2str(meta) ‘@‘ num2str(aeta) ‘deg ohms‘]) 
disp(‘ ‘) 


Note that MATLAB accepts complex numbers using either “i” or “j,” but reports 
complex numbers with an “i.” 


Propagating Fields Relation 


By knowing that an electromagnetic wave’s direction of propagation, given as a unit vector 
a,, is the same as the cross product of E, and H,, and by knowing the relation between the 
amplitudes of E, and H,, a pair of simple formulas can be derived relating E,, H, and ar 


(5.33) 





These formulas can greatly simplify problem solving. 


EXAMPLE §.2 


Consider the case where 
E, = Eve Va, 
and we want to find H,. 
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x 
Es E: Figure 5.2 Representation of 
i | waves. In (a), the wave travels in 
| the a, = +a, direction and has E, = 
Lae a, aya / ane E,*e” a, and H, = (E,*m)e% a,. 
H, H, In (b), the wave travels in the a, = 
6 ld = -a, direction and has E, = Epe a, 
y (a) (b) along with H, = -(E, /n)eY” ay. 


We know a, = a, and we have from (5.33) 
l e E +- 
H, =—a, X E,e “a,=—-e “a,=H,e “a, 
n n i : 
This case is shown in Figure 5.2, where a standard method of representing waves is given. This 
approach is somewhat simpler than rigorously performing the curl of E, and dividing by —jap. 





Dril S.4 Suppose in a medium with n = 2407 Q, E(x, t) = 4807 cos(wt + 10x) a, V/m. 
Find E,, a,, H, and HG, 1). (Answer: E, = 480n e/!™ a V/m, a, = -a,, H, = -2.0e/!% a. 
A/m, H(x, t)= —2.0cos(t + 10x) a, A/m) 


52 PROPAGATION IN LOSSLESS. CHARGE-FREFE MEDIA 


Ho ess $ 


We will first consider the simplest case of a time-harmonic field propagating in a charge- 
free (p, = 0) medium that has zero conductivity (6 = 0). This is the case for waves traveling 
in vacuum, also termed free space since it is space free of any charges or matter. A perfect 
dielectric is also lossless since it has neither charge nor conductivity. 

Evaluating our propagation constant for this case we find 


y =+/jou(0+ joe) =y j wpe = jo./pe = 0+ JB (5.34) 


Since ©), u, and € are nonnegative real quantities, we see that in (5.34) œ = 0 and 


B= ope (5.35) 


Since & = 0, the signal does not attenuate as it travels, so it is referred to as a lossless 
medium. Earlier we found that propagation velocity u, was related to B and œ by 


(5.36) 





For free space, we calculate a propagation velocity equal to the speed of light c. In a non- 
magnetic lossless dielectric, we then have 
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= (5.37) 


"Dee 


We can also evaluate our intrinsic impedance for this lossless medium: 


4 jao H 
-4 (0+ jae) f oa 


We see that 1 is a real value. We will see in the next section that, for lossy materials, ņ is 
complex with the consequence that the E and H fields are out of phase with each other. For 
lossless materials, E and H are always in phase. We can rewrite (5.38) as 


ps furto w [Hr 
n o Ai (5.39) 


where n, is the intrinsic impedance of free space. Evaluating n, we find 









4nx107’ H/m 


ee 
(19 en) F/m 


Considering once again the case of the x-polarized z traveling wave, for the lossless 
case, with a = 0 and y= jf, we have 


or 


E, = (Eje 2+ E-etiB2)g (5.41) 
or, in instantaneous form, 
E(z,t) = (Ežcos(@t — Bz) + E7cos(œt + Bz))a, (5.42) 


On each wave in (5.41) we can apply our simple formulas (5.33) to find 


n =( = e Pe Bernh a, (5.43) 


Priit 5.5 A lossless, nonmagnetic’? material with £, = 36 has E(z, t) = 40r cos(n x 107t 
— Bz) a, V/m. Find the propagation velocity, the phase constant, and the instantaneous 
expression for the magnetic field intensity. (Answer: u, = 5.0 x 10’ m/s, B = n/5 radi- 
ans/m, H(z, t) = 2.0 cos(m x 10’t— 12/5) a y A/m) 


>-2“Nonmagnetic” translates to “p, = 1.” 
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Treating a dielectric as lossless is often a good approximation, but all dielectrics are to some 
degree lossy. The lossy nature can be attributed to finite conductivity, polarization loss, or a 
combination of the two. With finite conductivity, the electric field gives rise to a conduction 
current density J = OE. The presence of E and J results in power dissipation (as heat) via 
Joule’s law 


PAJE J% 


as recalled from Section 2.10. This power dissipation attenuates the wave. Polarization loss 
comes about from the energy required of the field to flip reluctant dipoles. This loss mech- 
anism is proportional to frequency. 
A complex permittivity €, is written 
& =€- je” (5.44) 

where £’ is the real part of the permittivity (£,€,), and £” is the complex part that accounts 
for the polarization losses. Recalling Ampére’s circuital law, we now have 

V x H, = oE, + joe’ —je”)E, (5.45) 
which can be rearranged as 

V x H, = [(0 + we”) + jwe’JE, (5.46) 
From (5.46) it is apparent that we can account for both conductivity and the polarization 
losses by an effective conductivity given by 


Ou = O + WE” (5.47) 


The general equations (5.13) and (5.31) continue to hold for time-harmonic fields in 
lossy materials. Now the propagation constant is complex, with an attenuation constant 
greater than zero. The intrinsic impedance is also complex, resulting in a phase difference 
between E and H fields. 


EXAMPLE 5.3 


Recall the constitutive parameters from Example 5.1. With o = 0.100 S/m (assuming O. = O here), £, 
= 9.00, u, = 1.00, and f= 1.00 GHz, we found y = 6.25 + j63.1 /m and n = 124e/°© Q. Suppose we 
have an electric field in this medium given as 


E(z, f) = 10.0e%:25 cos(27 x 10°t — 63.1z)a, V/m 


and now we want to determine H(z, ż¢). 
First we convert E(z, £) to a phasor: 


E, = 10.0¢6-25<¢I63. lza, 
Using (5.33) with a, =a,, we have 
1 
H, = ne xE, 


2o 102 eg = 81.00156 ene a mA/m 
124e Q * ; 


Converting H, to instantaneous form, we get 


H(z, t) = 81.0e~2% cos(2m x10°t 63.12 — 0.098)a, mA/m 
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where 5.6° has been converted to 0.098 radians. Now we see that the E and H fields are out of phase 
by the angle of the intrinsic impedance. 


Let us now find expressions for & and B in a general dielectric. From (5.12) we have 
Y? =jOW(G + joe) (5.48) 
which can be rearranged to 


y? =-w? uf e z z) (5.49) 
w : 


Separating the real and imaginary parts, we have 
y? =-wpLe + jopo (5.50) 
Now if we consider y = o + jB, we can write y? as 
Y? = (a? — B?) + j208 (5.51) 


The real parts of (5.50) and (5.51) must be equal, as must be the imaginary parts. After a 
page or two of algebra (see Problem 5.13), we can solve for a and B in terms of the mater- 
ial’s constitutive parameters as 


(5.52) 





These equations can be used to find & and B for any material, given the constitutive param- 
eters (see Problem 5.14). 

For lossy materials with complex permittivity, © may be replaced with O,, in these 
equations. Fortunately, many materials can be considered either low-loss dielectrics or good 
conductors over some frequency range, and (5.52) reduces to something more manageable 
in these cases. We’ll next consider low-loss dielectrics and loss tangent; we’ ll save the topic 
of good conductors for the next section. 


Low-Loss Dielectrics 


A low-loss dielectric is one with a small loss tangent, that is, (6/we) << 1. We can reduce 
(5.52) for this special case by applying a binomial series expansion to the value within the 
interior square root portion of the equations. The expansion is 


(143)" = 1m ED.. 


and for x << 1 this can be approximated as 


Cie x)y a1 x 


Loss Tangent 


5.3 Propagation in Dielectrics < 221 


So we have 
2\% 2 
(S) ) =1+3(} (5.53) 
WE 2 \ WE 
Inserting this approximation into (5.52) we find 
o 
TAn B = w,/pe (5.54) 


As before, © can be replaced with O, to account for complex permittivity in these equations. 
Low-loss materials have a small but definite attenuation. Otherwise, they have the same 
phase constant and same intrinsic impedance as lossless materials. 

Deili = Use (5.54) to determine & and B for glass at (a) 100. Hz and (b) 1.00 MHz. 
Assume p, = 1.0 and use the parameters for glass listed in Table 5.1. Compare your 
results with œ and B calculated from (5.52). (Answer: (a) = 3.4 x 10°? Np/m, B = 6.6 x 
10 radians/m; (b) œ = 3.3 x 10-5 Np/m, B = 0.066 radians/m) 


A standard measure of lossiness in a dielectric is given by the loss tangent, represented by 
Figure 5.3. Here the imaginary part of (5.46), we’E,, is the displacement current density. On 
the real axis is the real part of (5.46), (6 + we”)E,. The total current density, or V x H,, is 
the vector sum of the real and imaginary parts. We define ô as the angle by which the dis- 
placement current density leads the total current density. The tangent of this angle is 


c+” Oo 
tan ò = ——— = E 


, 


WE 


(5:55) 


called the loss tangent. 

The loss tangent is typically applied when discussing dielectric materials, for which a 
small value is desirable. It is useful for classifying a material as either a good dielectric (tan 
5 << 1) or a good conductor (tan 6 >> 1). In a good dielectric, © is negligible and tan 6 = 
€”/e’. In a good conductor, except at very high frequency, 6 >> we” and tan = o/we’. 

As is evident from the denominator in (5.55), tand is a function of frequency. In Figure 
5.4, the loss tangent is plotted against frequency for three materials: copper, seawater, and 
glass. Copper is considered a good conductor over the complete range, even though tand 
drops steadily with frequency. Glass is a good dielectric, maintaining a steady value over 


TABLE51 Parameters Used for MATLAB 5.2 and Figure 5.4 
o(S/m) E ei 
Copper 5.8 x 107 1 0 
Seawater 4 72 12 
Glass 10 10 0.010 
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Figure 5.3 Loss tangent tan6 is the ratio of the 
Re conduction to displacement current densities, or 
tand = (o+me”)/me’. 





+ Copper 
© Seawater 
| * Glass 


Loss tangent 


Figure 5.4 MATLAB 
plot of tand versus fre- 
quency for three selected 
materials. 





102 104 106 108 1019 10'2 
Frequency (H2) 


this frequency range. But seawater appears as a good conductor at low frequencies, turning 
into more of a dielectric at higher frequencies. 


As a practical matter, the loss tangent of a dielectric is most often a measured value, 
and the individual contributions of © and we” are not readily apparent. 


MATLAB 5.2 


The following is the routine used to generate Figure 5.4. Equation (5.44) can also be written 
E, = £E,- JE, E, (5.56) 


separating the relative permittivities from free space permittivity. Material properties are 
listed in Table 5.1. 


% M-File: ML@502 
% 
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% This program plots the loss tangent versus frequency 
% for three materials: copper, seawater, and glass. 
% 

% Wentworth 7/22/02 

% 

% Variables: 

% eo free space permittivity (F/m) 
% erCul real part of er for copper 

% erCu2 imag. part of er for copper 
% sigCu conductivity of copper (S/m) 
% erSel = real part of er for seawater 
% erSe2 imag. part of er for seawater 
% sigSe conductivity of seawater(S/m) 
% erGIl real part of er for glass 

% erGl2 imag. part of er for glass 

% sigGl conductivity of glass (S/m) 

*% Ff frequency (Hz) 

% n exponential factor for freq. 
% w angular frequency (rad/s) 

% tndCu loss tangent for copper 

% tndSe loss tangent for seawater 

% tndGl loss tangent for glass 

CIG : *clears the command window 
clear i %clears variables 

% Initialize Variables 

eo=8.854E-12; 

%copper 

sigCu=5.8e7;erCul=1;erCu2=0; 

%seawater 

sigSe=4;erSel=81;erSe2=12; 

%Glass 


sigGl=10e-12;erGl1=10;erG12=0.010; 


% Calculations 

n=2:1:;:12; 

f=10.^n; 

w=2*pi*f; 
tndCu=(sigCu+w*erCu2*eo)./(w*erCul*eo); 
tndSe=(sigSe+w*erSe2*eo) ./(w*erSel*eo) ; 
tndGl=(sigGl+w*erG1l2*eo)./(w*erGl1*eo) ; 


loglog(f, tndCu, ’-+’,f, tndSe, ’-0’, f, tndGl, ’-*’) 
legend( ‘copper’, ’seawater’,’glass’) 

xlabel(‘ frequency (Hz)’) 

ylabel(‘loss tangent’) 

grid on 
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In any decent conductor at reasonable frequencies the loss tangent, 6/we, is much greater 
than one." For instance, consider stainless steel with a conductivity of 10° S/m. This is a 


53For a good conductor, o/we’ >> €”/e’, so the latter term is safely ignored. 
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relatively poor conductor compared to copper, which has © = 5.8 x 107 S/m. At 100 GHz, 
and assuming €, =1, stainless steel has 


(ios = ) 
OS eee 80-00 


l -9 
2a(100x10° PZE) 
sA 36r m 
a value considerably larger than |. Since 6/we >> 1 for a good conductor, the interior brack- 
eted term of (5.52) can be written 


2 
| i (=) + | =o (5.57) 
WE WE 
and the expressions for © and f are then easily shown to be equal: 


a=ß= mrs =./nfuc (5.58) 


The intrinsic impedance is approximated by 


jop [jon 
= | =,/— 5.59 
n= o+ joe o 6) 


since 6 >> we. We can rearrange this equation by considering>-4 


- l+j 
lie (5.60) 


leading to 


(5.61) 





Note that, with a little manipulation, (5.61) can also be written 
Q » o 
n=vV2 = (5.62) 


So we see that, in any decent conductor, the magnetic field lags the electric field by 45°. 
A consequence of the large © is the drastic decrease in the propagation velocity and 
wavelength. We have 


(5.63) 





5-4Square both sides of this equation to see that j = j. 
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=D =. (5.64) 


Figure 5.5 represents a wave from air (essentially free space) that penetrates a good con- 


ductor.*> The wave is seen to attenuate rapidly in the conductor, with a wavelength clearly 
much shorter than its value in air. 


and since A = 2n/B, 


EXAMPLE 5.4 
Let us calculate a, B, n, and u, for copper at 1.0 GHz and compare our results with the free space 
values. 


With u, = 1, we have o = B = 480 x 10? /m, n = 12 e/4° mQ, and u, = 13 km/s. In air, œ = 0, B= 
6.77 /m, n = 1200 Q, and Uy =C. 


By way of further comparison, for a perfect conductor we have 6 = & = B = œ and n = 0 Q. The 
perfect conductor appears as a “short circuit” to the wave. 





A large attenuation means the fields cannot penetrate far into the conductor. The dis- 
tance into a material where the field amplitude has dropped to e~! (= 0.368) of its surface 
value is called the penetration depth. In a good conductor, the large attenuation means the 
penetration depth can be quite small, confining the fields near the surface, or skin, of the 


conductor. For good conductors it is customary to refer to the penetration depth as a skin 
depth. Solving 


e = eò (5.65) 


\ Air A . Good 
$ $ conductor 


Figure 5.5 The portion of an 
electromagnetic wave inci- 
dent from air that passes into 
a conductor experiences high 
attenuation and a decrease in 
wavelength. 





5.5In such a case, most of the wave energy will be reflected. In sections 5.7 and 5.8, we'll discuss reflection and 
transmission of waves. 
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where 6 is the skin depth,>-© we have 


Sia = ARTN E - (5.66) 


In the previous example of copper at 1 GHz, the skin depth is calculated as 2.1 um. 


Heit 5.7 For nickel (6 = 1.45 x 107, u, = 600) at 100 MHz, calculate æ, B, n, u,, and 5. 
(Answer: a = B = 1.85 x 106 /m, n = 180 e4#5° mQ, u, = 340 m/s, Š = 0.54 um) 


Current in Conductors 


At high frequency, current is confined to the outer surface or skin of a conductor. We will 
develop a relationship for the resistance encountered by the current in such a conductor. 
First, it is helpful to understand the concept of sheet resistance. 

Consider the slab of conductive material in Figure 5.6. A current is driven in the +x 
direction through this slab by the application of a voltage difference. The resistance for such 
a slab is 


-IL 
o wt (5.67) 
which can be rearranged as 
1 L_ 
R= E 5.68 
ot iw Rna E 2)z z ) ( ) 


where the ratio 1/ot is represented as R neey Called the sheet resistance in ohms per square. 
Sheet resistance is useful in integrated circuit devices where a known thickness of resistive 
(or conductive) material is deposited on a silicon substrate, and a desired resistance is 


Figure 5.6 Slab of material with length L, width 
w, and thickness ft has conductivity 6. The top and 
bottom faces are covered in equipotential surfaces 
tied to a voltage supply. 





5.68 is the standard symbol used to denote skin depth; it should not be confused with the angle 6 used for tand. 


5.4 Propagation in Conductors ~ 227 





Figure 5.7 An x-polarized electric field 
is incident on a semiinfinite slab of © 
material that occupies z > 0. 


obtained by proper choice of the path’s length to width ratio (i.e., the number of squares). 
We will find that sheet resistance can be adapted for high frequency to represent a skin- 
effect resistance. 

Consider in Figure 5.7 the electric field incident on a semiinfinite slab of material with 
conductivity © that occupies z > 0. Just at or below the surface of the conductor, the ampli- 
tude of the field is given as E,,. As the field propagates into the slab, the amplitude 
decreases as 


E, =E e : (5.69) 
The corresponding current density by Ohm’s taw is 
J, = 6E pe l = (5.70) 


To calculate the current through a surface extending from 0 to infinity in the z direction 
and of width w in the y direction (out of this page toward the reader), we integrate 
[= f J,dS , where dS = dy dz. Then we have 


co 


8 


= WOE x (5.71) 
0 a 


w — 
I= [ [oE,,e ™dydz [1s = 


z=0 y=0 


I —— 


or, since 6 = 1/0, 
I= woE,,6 (5.72) 


This current is an exponentially decaying function in the conductive slab. However, we 
can assume the current at the surface is constant down to a skin depth since by (5.72) this 
yields an equivalent total current. This is supported by Figure 5.8, where the area of a rec- 
tangle of sides E, and 6 is equivalent to the area under the exponential curve. 

For a distance L in the x direction, the field is related to the voltage drop by 


VIEL pe (5.73) 


We can use this expression and the one for current to find the resistance R for a length L of 
slab, of width w, that extends from z = 0 to infinity. We have 


TA -1L 5.74 
I woE,,6 ow One) 


xO 
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67 Figure 58 The total area 
msl — under the e~% curve (from 
ete wz Z=0 to infinity) is equal to the 
product of E, and 5. 
or, 
L 
R= R kinl — 675) 
w 
where 
l 
aes 5.76 
on od ` ( ) 


is the skin-effect resistance calculated for the field incident on a semiinfinite slab. 

Skin depth plays a key role in the design of a number of high-frequency components. 
For instance, rectangular waveguides used for microwave power transmission are typically 
made of brass with a thin electroplated layer of silver. The brass is cheap but not a particu- 
larly good conductor. The silver is an excellent conductor, but it is expensive. However, 
since the skin depth of silver is so small, an electroplated layer is sufficient. Also, in coax- 
ial cable designed for high frequency, the outer conductor can be very thin without a sig- 
nificant increase in resistance. 

The skin-effect resistance assumes a semiinfinite slab of conductor. Very rarely is such 
a slab encountered in reality! How thick must the slab be to ensure the accuracy of our cal- 
culations? Let’s find the skin-effect resistance for a conductive slab of finite thickness t. We 
can proceed as before, only changing the limits on our integration for the current: 


t w Pr t 
Í =f Job ye dye =| PO eee = woE 8{1-e™) (5.77) 


XO 
z=0 y=0 0 


It is then easy to show that the skin-effect resistance can be written 


l 


Rin * oii) 


(5.78) 


Now we can plot the ratio of the skin-effect resistance assuming a semiinfinite slab of 
material to the actual skin-effect resistance ((5.76)/(5.78)) against the ratio of thickness t to 


Calculated/actual resistance 
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Figure 5.9 Plot showing the accuracy of the 
2 3 4 5 6 7 8 9 10 calculated skin-effect resistance as a function 
Slab thickness/skin depth of slab thickness. 


skin depth (Figure 5.9). At 3 skin depths, the calculated resistance is 95% that of the actual 
resistance. At 5 skin depths, our agreement is up to 99.3%. For most applications, 5 skin 
depths is sufficient to assure accuracy in our calculations. 

Skin-effect resistance can also be employed for cylindrical conductors such as wire or 
pipe. The resistance per unit length is related to the conductor radius a by 


R = Rekin 
L 2na (5.79) 
as long as a >> 6. 


Bal SE Calculate the sheet resistance for a 1.0-mm-thick sheet of nickel at 100 MHz. 
(Answer: 0.15 Q per square) 


EXAMPLESS 


The concept of skin-effect resistance can be used to derive an expression for the distributed resistance 
of coaxial cable. As indicated in Figure 5.10, we first make the assumption that the skin depth is con- 
siderably smaller than the conductor thickness. Then, the resistance for a length L of coaxial cable is 
the series combination of the inner conductor resistance, R, and the outer conductor resistance, R, or 
Rœ = R, + R,. On the inner conductor 


where ©, is the metal conductivity, and 


- VTS .O. 


where p, is the metal permeability. On the outer conductor, 


So we have 





230 


r 


} 


g 


Chapter 5. Plane Waves 


THEI 


py 
$ 


Figure 5.10 Coaxial cable indicating current is confined 
to within a skin-depth of the conductor surfaces. 





or after rearranging the distributed resistance is 





R’= Rotal = 1 (+++) Tf, (5.80) 
L 2m\a b Ge 
OYNTING THEOREM AND POWER TRANSMISSION 


If a wave is incident on a conductive surface, electrons are forced back and forth and power 
is dissipated as heat. The power comes from the incident electromagnetic wave. 

It is relatively straightforward to derive,>-’ from Maxwell’s equations, the Poynting the- 
orem>* relation 


(Ex H)-dS=-|J-Edv-Ž [Lega 2 (Turan (5.81) 


The first term on the right side of this equation is the Joule’s law equation for instantaneous 
power dissipated in the volume (see Section 2.10). The next two terms on the right side are 
recognized as energy densities for the static fields from Chapters 2 and 3. In fact, derivation 
of (5.81) verifies the static field energy density relations that were not rigorously derived 
earlier. Here, with the time derivative, they are the rate of change of the energy stored in the 
fields. 

The left side of (5.81) is a power density expression, giving the total power leaving a 
closed surface. The Poynting theorem is an energy conservation statement; it says the rate 
of decrease in energy stored in a volume’s electric and magnetic fields, less the energy dis- 
sipated by heat, must be equal to the power leaving the closed surface bounding the volume. 


57 This form of the Poynting theorem assumes a linear, isotropic, time-invariant medium. 
58The theorem was postulated by English Physicist John H. Poynting (1852—1914) in 1884. 
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The cross product in the left-hand side integral can be written 
P=E<H (5.82) 


where P is known as the instantaneous Poynting vector. This vector represents the density 
and the direction of the power flow, with units of watts per meters squared. It is rather a con- 
venient name, since E x H is pointing in the direction of power flow. 

For a good illustration of the Poynting theorem consider a direct current / in a length L 
of wire of radius a, as indicated in Figure 5.1 la. First, we recognize that DC is a static sit- 
uation, so the rate of change of energy stored in the fields (the time derivative terms in 
(5.81)) is zero. 

The current is assumed evenly distributed, so the current density is 





if 
J= —_7 a, 
By Ohm’s law, the electric field is 
E= J = J a, 
Oo nao 


On the right-hand side of the Poynting theorem, we have 


I I 
-| J-Edv =-|| —+a,-—~—a, pdpdbodz 
[J-Edv (= JEE -p pdh 


P a 27 L 3 le 5 
= ————_ | pdp | do| dz =-I° —— =- R 
aa l l o na? 


On the left side of (5.81), we need H. Using Ampère’s circuital law, we can easily find 
that H at the surface (p = a) of the wire is 





Figure 5.71 (a) A direct current I flows in 
the +z direction in a wire of radius a. (b) 
Wire cross section showing the orientation 
of the fields and the instantaneous Poynting 
(a) vector at the wire surface. 
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The instantaneous Poynting vector is 





I I 
PSBEXH = 5a, X— ay 
Ta 


or 


As shown in Figure 5.11b, the vector is directed radially inward on the wire. Integrating 
over the surface we have 


JP-dS= at -adbdza, 


a 21l L 
= do| dz = -1 ——; = 
2n 0a? srs fafa O na 


-I'R 


This side of the Poynting theorem tells us that the power flowing out of the closed surface 
is -’R, or, in other words, ZR of power is flowing into the wire. To balance this influx of 
power, the Joule’s law portion of the theorem says I?R of power is being dissipated. 


UPW Power Transmission 


An expression from circuits analogous to (5.82) can be written P = VI for the instantaneous 
power. Also from circuits, it may be recalled that for sinusoidally varying voltages and cur- 
rents, an average power density can be expressed as 


Pave = `: Rel V, 7° (5.83) 


where the * superscript on the phasor /, indicates a complex conjugate quantity.>-? Likewise, 
for time-harmonic electromagnetic waves the time-averaged power density in the wave can 
be shown?:!° to be 


(5.84) 





Finding the amount of power P, in watts, passing through a surface is then 


P= | Pave dS , (5.85) 


591f a complex number A = Re + jIm, then the complex conjugate is A* = Re — jim. 


5.10This is also known as the ‘ ‘time-average Poynting vector.” Its derivation can be found in W.H. Hayt and J.A. 
Buck, Engineering Electromagnetics, 6th Ed., McGraw-Hill, 2001, pp. 365-369. 
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Let’s consider the general case of a lossless medium containing the phasor quantity 
E, = E „ea, 
We know from (5.33) that 


H, = E10 Big 


and the complex conjugate is 





H, = Exo ea, 
: n : 
The average power density of the wave is then 


1 2 2 
Pave = $e Ee ine xt ete, | = 2 ea, (5.86) 


EXAMPLE SS 


Suppose we have E(z, t) = 1.0cos(2n x 108r — Bz)a, V/m, propagating in air. We want to find the power 
normally incident on a 20.-cm-diameter receiving dish. 
By inspection we see that E,, = 1 V/m, and in air ņ = 1207Q, so 


(1V/m)° mW 


ae = (aa 


ave "2 120" m2 


The power incident on the dish is 


2 
p= Pees- (eed C) aw 
m 





Let us now consider 
E(z,t) = E,,e ™ cos(wt -Bz + o)a, V/m 
the instantaneous electric field in a generally lossy media. The phasor is 
E, = E,,e°% eT eita, 


The intrinsic impedance from (5.31) may be complex, and we can write this in polar form as 





n= Ine 
Then, 
loss) Ser E 
H, = a XE, =e Me Bre ite By ay 
n In| 
This corresponds to an instantaneous magnetic field intensity 
: ERDE 
H(z, t) = e cos( or —Bz+o- 0, Jay 


In| 


234 


Chapter 5. Plane Waves 


which is seen to be out of phase with E(z, t) by the angle 6, 
We can find the average power density from (5.84), being careful to provide the correct 
signs for the complex conjugate of H,: 


ar ce ny Se 
Pave = + Re Boe ce Bee ity . X =22 Mize ign 
In| 3 
After evaluating the cross product and taking the real part of Euler’s identity, we have 


(5.87) 





This expression reduces to (5.86) for a lossless medium. 
EXAMPLE 5 7 


Consider an electric field incident on a copper slab such that the field in the slab is given by 
E(z,f) = 1.0e cos(2n x 10’t — Bz)a, V/m 


We want to find the average power density. 
Since copper is a good conductor we can use (5.58) to find 


o=B=4/nfus =,|(n)(10’Hz\4nx1077 H/m|(5.8x107 S/m) =47.8x10° 1/m 


Then from (5.61) the intrinsic impedance is 


n= es =1.17e/4 mo 


_i(i V/m}? 2247. 8%10° Jz 
ae 2(1.17 mQ) 


Employing (5.87) we have 
cos45°a, = 300e %%!0" “a, W/m? 


At the surface (z = 0) the power density is 300 W/m?. But after only one skin depth, in this case 
21 um, the wave’s power density drops to e~? (13.5%) of its surface value, or 41 W/m? in this case. 





Drill 5.9 At the surface of a thick slab of polystyrene (o = 107!® S/m, €, = 2.6) occu- 
pying z > 0, we have 


E(0, t) = 10cos(3 x 1079 a, V/m 
Determine (a) E(z, £), (b) H(z, £), and (c) Pave- 


(Answer: E(z, t) = 10ecos(3m x 107t — Bz)a, V/m, 
H(z, t) = -43e™cos(3n x 107t- Bz)a, mA/m, 
Pe = 210 e? a, mW/m?, where 0 = 12 x 10-!5 Np/m and B = 0.51 radians/m) 
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BR POLARIZATION 
A uniform plane wave is characterized by its propagation direction and frequency. The 
medium’s constitutive parameters determine the wave’s attenuation and phase constant. To 
complete a UPW’s description, we need to know the orientation described by its polariza- 
tion. Formally, polarization describes the path taken by the tip of the electric field intensity 
vector in a fixed spatial plane orthogonal to the direction of propagation. 
To better understand this definition consider a UPW characterized by the equation 


E(z,t) = E a, = E,cos(wt — Bz)a, (5.88) 


Since the wave propagates in the z direction, a spatial plane orthogonal to this direction is 
the z = 0 plane. In Figure 5.12a, E, (at z = 0) is plotted against time. Figure 5.12b shows the 
electric field intensity vector at corresponding points in time (a through e). The tip of the 
electric field intensity vector traces out a line segment, so (5.88) represents a linearly polar- 
ized wave, and in this case we say the wave is x-polarized. 

In general, any UPW can consist of a pair of linearly polarized waves. Suppose the 
superposition of two such waves, an x-polarized wave and a y-polarized one, is 


E(z,t) = E,,cos(wt — Bz + o,)a, + E,,cos(wt — Bz + o,)a, (5.89) 
For simplicity, let’s begin by ignoring the phase components. With Q, = , = 0° we have 
E(z,t) = E,,cos(wt— Bz)a, + E,, cos(wt — Bz)a, (5.90) 
At z= 0, where we wish to trace the path of the total electric field intensity vector, we have 
E(0,t) = E,,cos(@t)a, + E cos(@t)a, (5.91) 
At t= 0, both linearly polarized waves have their maximum values; that is, 
E(0,0) = E „a, + E,,a, (5.92) 





(a) Time (periods) 


Figure 5.17 (a) Plot of E, versus f at z = 0. (b) Polarization plot showing a trace of the electric field vector on the plane 
z = 0 at various times. 


236 


Chapter 5. Plane Waves 


Figure 5.13 The vector from Eq. (5.91) traces out a lin- 
early polarized wave. 





which is shown as point a in Figure 5.13. At t = 7/4 (one fourth of a period, where wt = 1/2), 
both waves are minimum and 


E(0,7/4) =0 (5.93) 


which is shown as point b in the figure. If we plot the tip of the total vector over a complete 
cycle, we get the line segment shown. As before, the tip still traces out a line, so again the 
wave is linearly polarized. The tilt angle t (tau) is the angle this line makes with the x-axis. 

Linear polarization occurs when the two linearly polarized waves are in phase (@, — 9, 
= 0°), or when they are 180° out of phase (p, — 6, = + 180°). In general, polarization 
depends on the relative phase difference (Q, — ¢,) between the two waves. If we choose the 
x-polarized wave as our reference (, = 0°), then the entire phase difference is accounted for 
by @,. If 6, = 0° and , = 45° (1/4 radians) we have 


E(0,t) = E,,cos(@t)a, + E,,cos(wt + T/4)a, ; (5.94) 


In this case, the tip traces out an ellipse on a polarization plot, as shown in Figure 5.14, and 
we say the wave is elliptically polarized. The tilt angle in this case is the angle the long axis 
of the ellipse makes with the x-axis. Another commonly used term is axial ratio: the ratio 
of the long axis of an ellipse to the short axis. 

The most general type of polarization is elliptical. Linear polarization is a special case 
of elliptical polarization that has an infinite axial ratio. Another special case often of inter- 
est is when the amplitudes £, and E „ are equal and the waves are out of phase by 1/2 radi- 
ans ($, — b, = + 90°). This case, shown in Figure 5.15, is known as circular polarization. It 
has a unity axial ratio. 

A final descriptor for a polarized wave is its handedness. For instance, a wave is right- 
hand circular polarized (RHCP) if the thumb of the right hand points in the direction of 
propagation and the fingers curl in the direction that the vector traces with time on the 
polarization plot. An RHCP wave has Q, — b, = —90°. If the trace goes in the other direction, 
or , — È, = +90°, the wave is left-hand circular polarized (LHCP). Handedness also applies 
to elliptical polarization where you may have left-hand elliptical polarization (LHEP) or 
right-hand elliptical polarization (RHEP). 

It can be useful to use phasors in representing polarized waves. Equation (5.89) can be 
written in phasor form as 


E(z = 0) = Eye i a, + E yof ity a, (5 .95) 
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Figure 5.14 Polarization plot for Figes 5.15 Polarization plot for circular polar- 
elliptical polarization. The axial ratio ization. The arrow indicates the direction of the 
is the major axis length divided by trace as a function of time in this right-handed. 
the minor axis length. circular polarized wave. 


For an LHCP wave, where we let ọ, = 0° and Q, = +90°, we then have 


E, (Z=0)=E,,(a, + e™2 a) i (5.96) 
By applying Euler’s identity this becomes 
E, (z = 0) = E,,(a, + jay) (5.97) 
Likewise, the RHCP wave would be 
E (¢=0)=E,, (a, Feim a,) = E,, (a, —jay) (5.98) 


This way of representing polarization will come in handy when discussing polarization effi- 
ciency in Chapter 8. 

Wave polarization is of practical importance for radio and television broadcasts. 
Amplitude modulation (AM) radio is broadcast with polarization vertical to the earth’s sur- 
face. As such, dipole-type antennas (see Chapter 8) are oriented vertically. Frequency mod- 
ulation (FM) broadcasts are generally circularly polarized and reception is quite forgiving 
of antenna orientation. 

It is important enough to mention again that any elliptically polarized wave may be 
represented as the superposition of two linearly polarized waves. In problems involving 
elliptical waves, it is customary to decompose the wave into its linear parts since they are 
easier to manipulate. 


MATLAB 5.3 


This program traces the polarization ellipse and determines handedness. Representing 
the phases , and 6, by fx and fy, respectively, we have 


E(0, t) = Exocos(wt + fx)a, + Eyocos(t +fy)a, 


(continues) 
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The program prompts for Exo, fx, Eyo, and fy. The trace direction (and hence the 
handedness) is indicated by moving from the “o” mark (at œt = 0) to the “+” mark (at œt 
= 7/4) on the resulting plot (see, for example, Figure 5.16). 


% M-File: MLQ5Q3 

% 

% This program traces polarization ellipses, given the 
% amplitude and phase of a pair of linearly polarized 
% waves. 

% 

% Wentworth 7/22/02 

% 

% Variables: 

% Exo,Eyo amplitudes for pair of waves 

% fxd,fyd phase angle for each wave 

% *fx,fy phase (radians) for each wave 

% wtd ang freq * time, in degrees 

% wtr ang freq * time, in radians 

% x,y superposed position 

% x0,y® position at wtd=0 degrees 

% x45,y45 position at wtd=45 degrees 

% 

clc %clears the command window 

clear *clears variables 


% Prompt for input values 

dispC(’ Polarization Plot’) 

disp(’ °) 

Exo=input(’enter x-amplitude: ’); 
fxd=input(’enter x-phase angle (deg): °’); 
fx=fxd*pi/180; 

Eyo=input(’enter y-amplitude: °’); 
fyd=input(’enter y-phase angle (deg): °); 
fy=fyd*pi/180; 

disp(’ °) 

disp(’To determine direction of polarization, move’) 
disp(’ from o to + along the plot.’) 
disp(’ °’) 


% Perform calculations 
wtd=0:360; %wt in degrees 
wtr=wtd*pi/180; 
x=Exo*cos(wtr+fx) ; 
y=Eyo*cos(wtr+fy) ; 
x@=Exo*cos(fx); 
y@=Eyo*cos(fy); 
x45=Exo*cos (fx+pi/4); 
y45=Eyo*cos (fy+pi/4); 


% Make the plot 

plot(x,y,x@,yQ, ’ok’,x45,y45, ’+k’) 
xlabel(’x’) 

ylabel(’y’) 

titleC’ Polarization Plot’) 

axis(’ equal’) 
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Polarization Plot 











i Figure 5.18 Polarization plot of the 
-10 -5 0 5 10 LHEP wave from Drill 5.11 using 
x ML0503. 


Drill 5.10 Suppose E(z,t) = 3.0cos(œt — Bz)a, + 4.0cos(wrt — Bz)a, V/m. What is the 
wave polarization and tilt angle? (Answer: linear, 53°) 


eill]  E(z,t) = 3.0cos(ot — Bz — 30°)a, + 8.0cos(wr — Bz + 90° )a, V/m. Determine 
the polarization of this wave. (Answer: LHEP; see Figure 5.16 plotted using ML0503) 


Practical Application: Liquid Crystal Displays 


Laptop computers, calculators, and microwave ovens are but a few of the devices that may 
contain liquid crystal displays (LCDs). Such displays are much more energy efficient than 
cathode ray tubes (CRTs) and also are much lighter and more compact. These features are 
of obvious use to laptop computers, which have limited battery life. 

The liquid crystals used in LCDs are transparent rod-shaped organic molecules. Like a 
liquid, the molecules are free to move around. But like a crystal, they tend to align them- 
selves with one another (think of a school of fish). Two features make liquid crystals useful 
for displays. First, the molecular alignment can be set by placement on a surface containing 
appropriate sized grooves, but the alignment can be changed by application of an electric 
field. Second, the molecules can guide the orientation of polarized light. 

Basic operation of an LCD can be understood by considering Figure 5.17a. Here, the 
liquid crystal is squeezed between a pair of polarized, grooved plates. The grooves and 
polarization of the top plate are at a right angle to those of the bottom plate. The liquid crys- 
tal molecules are aligned with the grooves of the top plate and gradually twist around to be 
aligned with the bottom plate. Light passing through the top plate will be polarized. This 
polarized light will be guided along the twist of the liquid crystal until exiting through the 
other polarized plate. However, when an electric field is applied, as shown in Figure 5.17b, 
the liquid crystals align with the field and the polarized light doesn’t twist around to match 
the bottom plate polarization. Transmission of light is therefore blocked. 
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Figure 17 (a) Liquid crystal between polarized plates in the absence of a field. (b) Applied field changes the align- 
ment of the liquid crystal molecules. 


General Case 


LECTION AND TRANSMISSI 


-is 2 ES 


An electric field can be applied by coating the top and bottom plates with a thin-film 
transparent electrode material such as indium-tin-oxide. A typical color LCD display will 
be backlit by fluorescent light and will consist of an array of red, green, and blue pixels 
formed by adding an appropriate color filter to each LCD sandwich. 





PHAR DIVE OO 


PAL AT ALORRAAIL PRIPTINEARICE 
ON AT NORMAL INCIDENCE 


In practice, plane waves are always encountering obstacles in their path. This section and 
the next discuss what happens when a wave is incident on a different medium. A good 
example is what happens when a light wave is incident on a mirror; most of the light gets 
reflected and a portion gets transmitted (with the transmitted part rapidly attenuating in the 
silver backing of the mirror). How much of a plane wave is transmitted or reflected depends 
on the constitutive parameters of the two involved media. 

First we'll look at plane waves that are normally incident from one medium to another. 
By “normally incident” we mean the planar boundary separating the two media is perpen- 
dicular to the wave’s propagation direction. We’ ll start with the general lossy case, and then 
see what happens in lossless and good conductor situations. Section 5.8 will deal with 
waves that are obliquely incident, where the propagation direction is no longer perpendicu- 
lar to the plane separating the media. 


To begin, let’s consider a time-harmonic x-polarized electric field incident from medium 1 
(with constitutive parameters L, £, and G,) to medium 2 (with constitutive parameters Ha» 
€,,, and 03). We’ll indicate the incident fields with an i superscript, and we have 


E'(z,t) = Eje? cos(wt — B,z)a, (5.99) 
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where E/ is the amplitude of the incident electric field intensity at z = 0, the location of the 
planar boundary separating the two media. It is far easier to carry out the upcoming calcu- 
lations using phasors, and we will assume the reflected and transmitted waves maintain x- 
polarization. The magnetic fields are found using (5.33), and reflected and transmitted field 
values are indicated with r and t superscripts, respectively. We have the following set of 
equations: 


Incident Fields 
Ei = Fie e iza 
Hi = Fo a2 Bitg (5.100) 
Th ; 
Reflected Fields 
BaS Ee e Ria, 
Hi -Eo oi piBizg (5.101) 
Nh 4 
Transmitted Fields 
Et = Ete te Pa, 
(5.102) 


Et 
H! =—2 62%, Bag 
n2 


where E, and E; represent reflected and transmitted electric fields, respectively, at z = 0. In 
Figure 5.18, the general propagation directions are given by a;, a,, and a,. 
Now let’s find a relationship among E}, EF and E t. We note that, for a UPW normally 


incident on a planar surface, only tangential fields are present. The boundary conditions 
relating to tangential fields are from (2.102) 


E =E (5.103) 


fi h 
and from (3.76) 
In the absence of a surface current at the interface, (5.104) becomes 
H, =H, (5.105) 
Applying (5.103), we know that at the z = 0 boundary the total field in medium 1, Ei + 
E7, must be equal to the field in medium 2, E!. So we have 


Eie% (0) eB; Og + Ere eBiOg = E te ¢ B10) a, (5. 1 06) 
or 
Ej +EXS=E! (5.107) 
The tangential H fields, by (5.105), are also equal, so 
f i r t 
Es _ Eo _ Eo (5.108) 
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Figure %18 Plane wave incident 
from medium 1 to medium 2 

z=0 ` results in a reflected wave and a 
transmitted wave. 





Medium 1 Medium 2 


or 


Ei _ gt = Tl gt (5.109) 
n2 


Using (5.107) and (5.109), we can arrive at equations relating the reflected and trans- 
mitted amplitudes to the incident amplitude. We find 





m +N (5.110) 
and 
paak piek 
h oO oO 


Here we define a reflection coefficient T (gamma), and a transmission coefficient T (tau), 
where 


po -E 
1 
Not Eo (5.112) 
and 
eel a -Eo 
1 
mtm £, (5.113) 


by comparing (5.112) and (5.113), it is easy to show 


(5.114) 


By knowing the constitutive parameters, we can solve for T and t. Then, if we know 
any of the field quantities (incident, reflected, or transmitted), we can solve for all the other 
fields. 
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EXAMPLE 5.8 


Let’s consider that the plane z = 0 separates two lossless, nonmagnetic media. Medium 1 (z < 0) has 
€, = 4.0 and medium 2 (z > 0) is air. We are given the incident field 


EÍ = 1.0cos(wrt — B,z)a, V/m 


and we want to find all the incident, reflected, and transmitted field quantities involved, as well as 
their average power densities. 

We can calculate the intrinsic impedances as n, = 60r Q and N= 120r Q. Then, we see that the 
phasors for the incident field are 


Ei = leza, 


and 


where again we used (5.33). We can calculate the time-averaged power density from (5.84) as 


Pise z zPelE; xH; |- gih =27 a, mW/m 
To find the reflected wave, we need to first find T. From (5.112), 


_ 120n-60n pels 
1207+60n 3 


Then, using (5.110) and (5.101) we have 


E! =La, V/m 





l F 
Hi saa ea A/m 


Just as with the incident field case, we find the average power density is 


Př ve = 0.3(—a,) mW/m? 


ave — 
This is 0.3 mW/m? propagating in the —a, direction. The transmission coefficient from (5.113) or 
(5.114) is 4/3, so from (5.111) and (5.102) we have 


E! =e Pia, V/m 


4 
3607 





H! =—_e Pza, A/m 
and 
P! ve = 2.4a, mW/m? 
Unlike the electric or magnetic fields, the power must be conserved across the boundary. In other 


words, the power incident at the boundary must be accounted for by reflection and transmission. The 
incident 2.7 mW/m? is divided into a 0.30 mW/m? reflected part and a 2.4 mW/m? transmitted part. 
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132411 3.12 A wave is normally incident from air onto a lossless material with u, = 36 and 
€,=4. Calculate (a) the reflection coefficient and (b) the transmission coefficient. (Answer: 
(a) 1/2, (b) 3/2) 


bri S.i5 Suppose for the situation in Drill 5.12 that the transmitted electric field is 
found to be Et = 15 cos (œt — B,z)a, mV/m. Determine the incident and reflected electric 
fields. (Answer: Ei = 10 cos (wt — B,z)a, mV/m, E' = 5cos (wt + B,z)a, mV/m) 


Pa ee ee 
EXAMPLES ¢ 


Suppose the field 
E' = 1.0cos(wt— B,z)a, V/m 
iS now incident from air (medium 1, z < 0) onto a good conductor (medium 2, z > 0). We recall from 


Section 5.4 that good conductors (6 >> we) have small impedances. With n, >> 1,, it is easy to see 
from (5.112) and (5.113) that T =-1 and t = 0. Therefore, the reflected electric field intensity is 


E' = —1.0cos(wr + B,z)a, V/m 


Since T is not exactly zero, there will be some small amount of transmitted field that rapidly 
attenuates in the good conductor. However, if the conductor is perfect, I =— 1 and t = 0 and there will 
be no power transmitted. 





Drill © 414 What is the expression for H" in the good conductor example? (Answer: H" 
=r oe wt + B,z)a, A/m). 


EXAMPLE 5.18 


Let’s apply our general equations for finding the reflected and transmitted fields to the case of our 
wave 


Ei = 1.0cos(wrt — B,z)a, V/m 


incident from air (z < 0) onto a lossy media (z > 0). The constitutive parameters for this lossy media 
are 6 = 0.010 S/m, u, = 1.0, and £, = 2.0. In the lossless and good conductor cases, we could get by 
without knowing the frequency. Here, though, the frequency is an important part of the problem. Let’s 
work this problem at 100 MHz. At this frequency in air, B, = 27/3 radians/m. 

We calculate 6/we = 0.90. This is a quasi-conductor; it really cannot be considered a good con- 
ductor or a low-loss material. We can employ (5.52) and (5.31) to find our propagation parameters ,, 
B,, and n,, or we can just use our program MLOSO1. In either case, we find a, = 1.2 Np/m, B, = 3.2 
radians/m, and 1, = 230 e?" Q. 

Next we calculate the reflection and transmission coefficients from (5.112) and (5.113): 


pa 12an _ 230e" -1207 


= = 0.30e/!45 
N2+TM 230e/2" +1207 


and 
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t=1+F=0.77eil* 
Now, since E = TE, we have 


El =0.30e/145° eB a, 


or 
E'= 030cos[ 2x «10°; + + 145° a, V/m 
Likewise, since E,' = tE,', we have 
E= 077e e122 eB 
or 


Et = 0.77e"!- cos(2n x 108t— 3.2z + 13°)a, V/m 


The associated magnetic fields and average power densities are found in the usual way. For instance, 
using (5.33) we find 


Ht = 3.4e"!-22 cos(2n x 108t — 3.22 — 8°)a, mA/m 
And applying (5.83). we find 
Pty = 1.2025 a, mW/m? 





Drill 3.15 Find the expression for H" and P" ve in the lossy media example 5.10. 


(Answer: H"=—0.81 cos(2m x 108t + (27/3)z + 145°)a, mA/m, P" ve = 120 pW/m? (-a,)) 


Standing Waves 


Because of reflection at the boundary, the medium containing the incident wave also con- 
tains a reflected wave. The superposition of the two waves can set up a standing wave pat- 
tern as exhibited in Figure 5.19. 

Let’s suppose wave E! = Icos(œt — Bz) a, V/m is incident on a boundary at z = 0 that 
presents a I = 0.5 reflection coefficient. By combining incident and reflected waves, our 
total instantaneous wave in medium | is 


E = cos(at — Bz) + 0.5cos(at + Bz) 


Minima 


iR 
j 5 
k H . 
y 
i H 
K 
A 





Figure 5.19 Standing wave 

pattern for an incident wave 

i i in a lossless medium reflect- 

co S 5 —1.25° i 0175-05 -025 “0 ing off a second medium at z 
z (in wavelengths) ' = 0 where T = 0.5. 
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A series of plots is shown in Figure 5.19. Each is a plot of E versus z over two wavelengths. 
They are plotted at 20° increments for œf ranging from 0° to 360°. 

We can make a couple of observations. First, we note that a standing wave pattern is set 
up with adjacent maxima separated by a half wavelength and adjacent minima also sepa- 
rated by a half wavelength. Second, the maxima are seen to be related to the reflection coef- 
ficient by 

E~=1+ |T] (5.115) 


in this case reaching a value of 1 + 0.5 = 1.5. Similarly, the minima are 
Emin = le Ir| (5.116) 


in this case dropping to 0.5. The ratio of the maximum amplitude of the standing wave to 
5.11 


the minimum is known as the standing wave ratio, 


(5.117) 





One special case for the SWR is a wave normally incident on a good conductor. In such 
a case, I’ = -1 and the SWR is infinite. This happens because Emin = 0 for (NA/2), where N = 
0 eae es 

As a practical matter, it is reasonably straightforward to measure SWR by probing the 
electric field strength at particular points away from the second medium. In this way we can 
determine the degree to which an incident wave is being reflected. This can be especially 
important in radome applications where a minimal reflection is required; such circum- 
stances may necessitate design of an impedance-matching section. 

We will see more of T, SWR, and impedance matching in the next chapter on transmis- 
sion lines. 


LECTION AND TRANSMISSION AT OBLIQUF INCIDENCE 


Normal incidence of waves from one medium to another constitutes a special circumstance 
of the more general case where the waves are obliquely incident. For normal incidence, the 
fields are tangential to the boundary. This is not always the case for oblique incidence, and 
hence the treatment becomes a bit more complicated. 

Let’s first look at Figure 5.20 and define some of our terminology. The propagation 
directions are a;, a,, and a, for the incident, reflected, and transmitted waves, respectively. 
We define the plane of incidence as the plane containing both a normal to the boundary and 
the incident wave’s propagation direction. In the figure, the propagation direction is a; and 
the normal is a,, so the plane of incidence is the x-z plane. The angle of incidence 8, is the 
angle the incident field makes with a normal to the boundary. Likewise, 9, is the angle of 
reflection and 0, is the angle of transmission. 


5. 'The standing wave ratio is quite often referred to as voltage standing wave ratio, or VSWR. It is also often 
abbreviated by s. We'll use SWR in this text when referring to unguided waves (this chapter), and VSWR when 
referring to guided waves (Chapters 6 and 7). 


TE Polarization 
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Figure $20 A UPW traveling 
in the a, direction is obliquely 
incident from medium 1 onto 
medium 2. 





Any UPW obliquely incident on the boundary can be decomposed into a pair of polar- 
izations. In one of these, the electric field is perpendicular, or transverse, to the plane of inci- 
dence. This is therefore called perpendicular polarization, or more commonly, transverse 
electric (TE) polarization. The other polarization has the electric field parallel to the plane of 
incidence and is termed parallel polarization. In this second case, the magnetic field is trans- 
verse to the plane of incidence, so this is called transverse magnetic (TM) polarization. 

In oblique incidence problems, the approach is to decompose the UPW into its TE and 
TM components and solve each one separately. After all the reflected and transmitted fields 
for each polarization are determined, they can be recombined for a final answer. 

As we did for the normal incidence case, we want to find the relationship among the 
amplitudes of the incident, reflected, and transmitted waves. These will be related in terms 
of reflection and transmission coefficients, specific for each polarization. In the oblique 
case, we also want to find a relationship among the angles 8,, 8,, and 6,. 

To slightly simplify our treatment, we’ll consider lossless media characterized by 
intrinsic impedances n, (for z < 0) and n, (for z > 0). The phasor equations developed will 
hold for general media by replacing jf with y. 


We first consider TE polarization, as depicted in Figure 5.21 where the electric field inten- 
sity vector is directed out of the page, or transverse to the plane of incidence. 

Ignoring the second medium for a moment, consider the incident wave propagating as 
shown in Figure 5.22a. We superimpose an artificial pair of axes, x’ and z’, such that the 
incident wave’s electric field is 


Ei = Eiet a, : (5.118) 
We can find the wave’s magnetic field using (5.33), 


. i * + 
Hİ = i (~a,-) (5.119) 
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z 


figure §.21 TE polarization. 





Now, by trigonometry arguments, Figure 5.22a shows we can relate z’ to our original coor- 
dinate system, and we obtain for the electric field 


E i ah i e FB, (xsinG; + a (5.120) 


For the magnetic field, we find —a, in terms of our original coordinate system using 
Figure 5.22b, resulting in 


5 i : 
je Eo ¢WBi(xsin8; dal cos 6a, +sin0;a,) 
Th $ (5.121) 


The reflected and transmitted fields are found in a similar manner. 


Figure 522 A pair of axes (’ 
and z’) superimposed on our 
coordinate system to find an 
equivalence for (a) z’. 
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Piwe $22 A pair of axes (x 
and z’) superimposed on our 
coordinate system to find an 


equivalence for (b) —ay. 





For TE polarization, the fields are summarized as follows: 


Incident Fields 









i _ pi —JjPBi(xsin0; +zc0s0, 
Ei = Eig JB, (xsin ®; +zcos Da, 











i _ Eo ,-iBi(xsin®; +20080, (5.122) 
He ree iB, (xsin6; #200581)(_ cog Ga sii TE 
1 
Reflected Fields 
E; A T a 
> JB (xsi (5.123) 
H? m T a a (an5g a, +sin 0,a.) 
Ni 
Transmitted Fields 
E! = Ete Ba(xsing +zcos®, la, 
(5.124) 


Ht = Es = iB (xsin ern 
S 
n2 


—cos6,a, +sin 0,a.) 





Now we need to relate the amplitudes for the three waves, and to do so we use the tan- 
gential boundary conditions (as we did for the normal incidence case). With TE polariza- 
tion, all of the electric field is tangential to the surface. At z = 0 we have 


E} e JByxsin®; a, + Efe JBirsin0, ne E fe sBorsin®, a, (5.125) 
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For this equality to hold, the phases must match: 
B,xsin8; = B,xsin®, = B,xsinO, l - (5.126) 


From this we have Snell’s law of reflection, 





6, = 8, (5.127) 
In addition, we see that 
(5.128) 
which is a version of Snell’s law of refraction. 
Equation (5.128) can be solved for the angle of transmission to give us 
0, ~sin-[ Bring (5.129) 
B2 


Something interesting happens when B, > B,. As 0; increases from normal incidence 
(0°), 8, increases more rapidly until at some critical angle for 0,, 8, has reached 90°. This 
occurs at 


(1) sciieat = snf) (5.130) 


Il 


For 9; greater than the critical angle, there is total reflection of the wave and no transmis- 
sion of power into medium 2. This total reflection is key to operation of fiber optic trans- 
mission lines, to be studied in Chapter 7. 

It should be noted that, for the case of total reflection, fields do extend into the second 
medium, where they decay exponentially with z. However, the transmitted electric and mag- 
netic fields are 90° out of phase, so no power is transmitted. These fields are termed evanes- 
cent waves when referring to their presence in waveguides. 

Returning to (5.125), with the phases matched we have 


E TEISE (5.131) 


our first equation relating the amplitudes. 

We need a second equation, found from considering the equivalence of the tangential 
magnetic field across the boundary (assuming that it carries no surface current). Here, only 
the x component of H is tangential, and we have 


i a] . F + . 
Eo 6 iByxsin®, (—cos@;a,)+ Eo ¢-iBrxsin®, (cos6,a,) 
a i (5.132) 
om E e` JBaxsin 0, ( 


—cos0,a 
n2 : x) 


Since the phases are equal, and since 0; = 6,, we can express this as 
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Ei = FE" Et : 
—— cos 8; = —2 cos 8, (5.133) 
l Ne 
or 
eg ee ee : (5.134) 
Np cos8; 


This is our second equation relating the amplitudes, and we can solve (5.131) and (5.134) 
simultaneously to find 







p = 2 cosĝ; — nı cos 0, 
Nz cos 8; +N; cos, 








E =T E (5.135) 


and 


2n cos 8; 


E! = E! = typEt (5.136) 


nı cos8, +12 cos 8; 





A TE subscript is added to the reflection and transmission coefficients, as these values are 
quite different from ones we’ll find for the parallel polarization (TM) case. For TE polar- 
ization, it can be seen that 


ta oh. (5.137) 


It should be noted that in terms of power conservation, we only consider power 
directed normal to the boundary. For the TE polarization case of Figure 5.22, we have 





Pe igen ess (5.138) 
leading to 
2 2. 
E’ r t 
CCO Boe p ) cos®, (5.139) 
2ni 2M 2m2 
EXAMPLE 5.11 


Consider a 100.-MHz wave with amplitude 6.00 V/m obliquely incident from air onto a slab of loss- 
less, nonmagnetic material with €, = 9.00. The angle of incidence is 60.0° and the wave is TE polar- 
ized. We want to find the incident, reflected, and transmitted fields. 

In air (N, = 1207 Q) at 100 MHz the wavelength is 3 m, so B, = (27/3) radians/m. Then, since sin 
60° = 0.866 and cos 60° = 0.500, we can write the incident fields from (5.122) as 


Ei = 6eJ(1.814x + 1.047z)q V/m 
s d 


and 


i 6  —j(1.814x+1.047 
Hi =o" J(1.814x+1.0472)(_0 Sq. +0.866a,) A/m 
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To get the reflected and transmitted amplitudes, we need T,,, and Tyg, which we can evaluate 
from (5.135) and (5.136) once B,, n,, and 8, are known. For £, = 9.00 in medium 2, we have 





we 
B =—*— = 2n radians/m 
c 
and 
ae K _ 12072 _ pono 
e 9 


The angle of transmission is calculated from (5.129) to be 16.8°. 
With these values in hand, we finally arrive at 


Ty, = 0613 
and 
Trg = 0.387 ` 
Then, since 8; = 0,, we can write (5.123) as 
E; = -3.68g (l-814x-1.0472a,, V/m 
and 
H! =-9.76e 0) 814-1 0472)(_0, Sa, + 0.866a,) mA/m 
The transmitted fields are then calculated from (5.124) as follows: 


E! = 2.3207! Blas V/m 
and 
Hi = 18.SeW!-82+6.022)(_0 96a, + 0.29a.) mA/m 





Dril 5.16 A 1.0-GHz TE wave is incident at a 30° angle of incidence from air onto a 
thick slab of nonmagnetic, lossless dielectric with £, = 16. Find Ty, and Trg- 


(Answer: Trg = 0.64, Trg = 0.36) 


TM Polarization 


Oblique incidence of a TM polarized wave is indicated in Figure 5.23. Now all of the mag- 
netic fields are tangential to the boundary, but only the x component of the electric field is 
tangential. Analysis reveals that the reflection and transmission angle relations are the same 
as for the TE case. 

By similar geometric arguments as before, we arrive at the following fields: 


Incident Fields 







Ki = Big Bilssing +200861) TE a, —sin@ja_) 









Hİ — Eo p- iBi(xsin6, +20080, ye (5.140) 


Nh 





y 
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Figure 5.23 TM polarization. 








— jB,(xsin®, -zcos® 
E! = Eve pi zene trey (cos6,a, +sin®,a,) 








H! = _ Eo ,-i81(xsin®, -ze0s0,) 
nı 





M 





(5.141) 
Transmitted Fields 
Et = Ete P2l*sin0, +zc0s0,)(cos0 a, —sin®,a,) 
E E a. (eens e 
Ht eee jB2(xsin®, +zcos Ja, 
(5.142) 





Employing the boundary conditions, we find the following expressions relating the 
field amplitudes: 


r _ M2 cos8, — 1 cos8; pi 





am Tru E. 
cos6, +n; cos 8; 
n2 t l i (5.143) 
and 
Et = 2N2 cos 0; Ei a: mE 
nı cos 8; + 12 cos O, 
(5.144) 





A TM subscript has been added to the reflection and transmission coefficients to represent 
parallel (TM) polarization. The relationship between the reflection and transmission coef- 
ficients for the TM case is 
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, 
mmal aa (5.145) 


For TM polarizations, there exists an incidence angle at which all of the wave is trans- 
mitted into the second medium. This is known as the Brewster angle, 0; = Oga, and it can 
be found by first setting the numerator of the reflection coefficient in (5.143) equal to zero; 


that is, 
Nz cos®, = N,cosO,, ~ (5.146) 


If we square both sides of this equation, we have 
11 7cos76,, = N7cos76, 


or 
NU —sin? 6,,) = n7(1 — sin? 0,) (5.147) 


Using Snell’s law of refraction, we can replace the sin, term in (5.147) and do some 
manipulating to obtain 


B3(n3 -ni ) 


pean te (5.148) 
nB? -ni BS 





This rather cumbersome expression is greatly simplified when considering lossless, non- 
magnetic media characterized only by €, and €,,. In this case we have 


(5.149) 





When a randomly polarized wave (such as light) is incident on a material at the 
Brewster’s angle, the TM polarized portion is totally transmitted but a TE component is par- 
tially reflected. This principle is employed in gas lasers, where quartz windows at each end 
of the laser tube are set at the Brewster’s angle to produce linearly polarized laser output. 


Mei 5.77 A 100.-MHz TM wave is incident at the Brewster’s angle from air onto a 
thick slab of lossless, nonmagnetic material with €, = 2.0. Calculate the angle of trans- 
mission in medium 2. (Answer: 35°) 


The Helmholtz equations governing propagation of 
electromagnetic waves are derived directly from 
Maxwell’s equations. For the electric field intensity, the 
equation is 

ðE E 


V7E =po— +u =- 
m ae 


which for time-harmonic fields reduces to 

VE, = YE, =(() 
where the propagation constant y is related to the wave 
attenuation constant œ and phase constant B as 


Y= Jou(o+ joe) =u + jp 


Solution of the Helmholtz equation for the case of a 
general x-polarized field yields 


E(z, t) = Eje ™cos(wt — Bz)a, + E>e™cos(ot + Bz)a, 


The propagating wave relationship for phasors, where 
a, is the direction of propagation, is 


1 
H, = WP x Er 
E, = -Nap x H, 
Here n is the intrinsic impedance of the media given by 


JOU 
o+ jWE 
The intrinsic impedance of free space, n, is 1207 Q. 


The parameters o and B are functions of a material’s 
constitutive parameters as follows: 





and 





In low-loss dielectrics, characterized by (6/we) << 1, 


o fu fu 
=.=, ZON £, ne=./— 
2 Ve B j q € 


In good conductors, characterized by (G/we) >> 1, 


a=Bp=./n fps 


n= [ou eis aze j4s° 
o 


Fields attenuate rapidly as they propagate in a good 
conductor. The skin depth indicates where the field 
amplitude has dropped to e`! of its value at the surface 


and is given by 
5=1//nfuc 


The skin-effect resistance R in in a conductor of width t is 


1 
oa! -e%) 


and 


Ryn = 


Summary > 255 


The time-averaged power density in a wave is given by 
the phasor Poynting theorem: 


Pre = <ReE, x H; | 


For x-polarized propagation in the z direction within 
general media this can be expressed as 





The amount of power P, in watts, passing rough a 
surface is 


P= | Pye dS 


Polarization describes the path taken by the tip of the 
electric field intensity vector in a fixed spatial plane 
orthogonal to the direction of propagation. Any UPW 
can be decomposed into a pair of linearly polarized 
waves. The amplitudes and phases of the two waves 
determine the polarization type, the most general of 
which is elliptical. Elliptical polarization reduces to 
linear polarization if the two waves are in phase. It 
reduces to circular polarization if the waves are out of 
phase by 90° and have equal amplitudes. 


When a UPW is incident normally from one medium to 
another, some of it may be reflected and some 
transmitted. The amplitudes of the electric fields for 
these waves are related by the reflection coefficient T 
and the transmission coefficient t given by 


Siem -Eo 
apa E, 
and 
me mille: 
We EN cE, i 
These are related by 
=+ 


The superposition of an incident wave and a reflected 
wave can lead to a standing wave that has locations of 
maximum and minimum amplitudes. The standing 
wave ratio SWR is given by 
E 


SWR = == __max_ = 1+|T| 
Emin = Ir] 
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e Waves obliquely incident on a surface can be 
decomposed into TE polarized and TM polarized waves. 
For TE waves, the reflected and transmitted wave 


amplitudes are related to the incident wave amplitude by 
the reflection and transmission coefficients: 


_ M2 c0s8; -N cos®, pi 


E EÍ =T Ei 
nz cosð; +n, cosO, ° a 
and 
2n, cos®; ime i 
Et pel i R = o 
TN, cOSO, +T] cosO; 
For TM waves, 
nz cosO, —N, cos9,; i i 
E! = 2 t 1 LE: =TmE. 


Nz cos8, +N, cosO; 
PROBLEMS 


5.1 General Wave Equations 


wees £1 Starting with Maxwell’s equations for simple, charge- 
ee: free media, derive the Helmholtz equation for H. 
5.2 Derive (5.10) by starting with the phasor point form of 
Maxwell’s equations for simple, charge-free media. 
A, nm Sd A wave with À = 6.0 cm in air is incident on a non- 
=- magnetic, lossless liquid medium. In the liquid, the wave- 
length is measured as 1.0 cm. What is the wave’s frequency 
(a) in air and (b) in the liquid? (c) What is the liquid’s rela- 
tive permittivity? 
5.4 Suppose H,(z) = H,,(z)a,. Start with (5.14) and derive 
(5.29). 
5.5 Given o = 1.0 x 10> S/m, £, = 2.0, p, = 50., and f= 
10. MHz, find y, æ, B, and n. 
5.6 In some material, the constitutive parameters are con- 
stant over a large frequency range and are given as 6 = 0.10 
S/m , £, = 4.0, and u, = 600. Write a MATLAB routine that 
will plot œ, B, and n (magnitude and phase) versus the log 
of frequency from 1 Hz up to 100 GHz. 


.7 Suppose E(x, y, t) = 5.0cos(n x 10°F — 3.0x + 2.0y) a, 
V/m. Find the direction of propagation, a,, and H(x, y, 1). 





5.8 Suppose in free space, H(x, t) = 100.cos(2n x 10’t- 
Bx + 1/4) a, mA/m. Find E(x, 2). 


5.2 Propagation in Lossless, Charge-Free Media 


fers 9 Start with the Helmholtz equation (5.11), and using y 
"= jB, derive the traveling wave equation (5.41). 


and 


2n, cos8; 


= Ei =), E! 
nı cosð; +N cos®, ° ™e 


e Snell's laws of reflection and refraction are, respectively, 


0,=90, 
and 
Bı _ sin®, 
Bə sin@; 


¢ At the Brewster’s angle, for TM polarization, all of the 
incident wave is transmitted. This angle occurs at 


B3(n3 -n/) 


Sl 
n2Bi -nip 


8.16 A 100-MHz wave in free space propagates in the y 
direction with an amplitude of 1 V/m. If the electric field 
vector for this wave has only an a, component, find the 
instantaneous expression for the electric and magnetic fields. 
5.1 Ina lossless, nonmagnetic material with £, = 16, H = 
100 cos(wr — 10y) a, mA/m. Determine the propagation 
velocity, the angular frequency, and the instantaneous 
expression for the electric field intensity. 


5.12 Given E = 120r cos(6n x 106r — 0.080my) a, V/m and 
H = 2.00cos(6n x 10° — 0.080ry) a, A/m, find p, and £, 


5.3 Propagation in Dielectrics 


5.13 Work through the algebra to derive the œ and B 
equations (5.52) from Eqs. (5.50) and (5.51). 


Sigt 
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Write a routine to prompt the user for a material ’s 
constitutive parameters and an operating frequency, and 
calculate the œ and B from (5.52). Verify the program by 
running Drill 5.6. 


5.18 Given a material with © = 1.0 x 10-3 S/m, u, = 1.0, 
and £; = 3.0, £,” = 0.015, compare a plot of œ versus fre- 
quency from | Hz to 1 GHz using (5.52) to a similar plot 
using (5.54). At what frequency does the percentage error 
exceed 2%? 


5.16 In a medium with properties 6 = 0.00964 S/m , £, = 
1.0, and u, = 100., a 1.0 mA/m amplitude magnetic field 
travels in the +x direction at 100. MHz with its field vector 
in the z direction. Find the instantaneous form of the related 
electric field intensity. 
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5.17 Make a pair of plots similar to Figure 5.4 for the 
three materials of Table 5.1. Instead of plotting loss tan- 
gent, plot the magnitude of ņ on one plot and the phase of 


n on the other. 


5.4 Propagation in Conductors 


.. 518 Starting with (5.13), show that œ = B for a good 
~~ conductor. 


3,19 In seawater, a propagating electric field is given by 
E(z, t) = 20.e% cos(2n x 1061 — Bz + 0.5) a, V/m. Assuming 
£” = 0, find (a) œ and B and (b) the instantaneous form of H. 
5.20 Calculate the skin depth at 1.00 GHz for (a) copper, 
(b) silver, (c) gold, and (d) nickel. 

5.21 For nickel (o = 1.45 x 107, u, = 600), make a table of 
a, B, n, u, and ô for 1 Hz, 1 kHz, 1 MHz, and 1 GHz. 
5.22 A semiinfinite slab exists for z > 0 with o = 300 
S/m, £, = 10.2, and u, = 1.0. At the surface (z = 0), 


E(0, À = 1.0cos(x x 101) a, V/m 


Find the instantaneous expressions for E and H anywhere 
in the slab. 


- A 
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In a nonmagnetic material, 
E(z, i) = 10.e°?% cos(2n x 10°t — 200z) a, mV/m 


Find H(z,#). 

5.24 A 0.1-um layer of copper is deposited atop a very 
thick slab of nickel. For a field incident on the copper sur- 
face, (a) calculate R,,;, at 1.0 GHz. Compare this with R kin 
at 1.0 GHz for (b) a semiinfinite slab of copper and (c) a 
0.1-um thickness of copper by itself. 


.. 5.23 Calculate the DC resistance per meter length of a 
“=: 4.0-mm-diameter copper wire. Now find the resistance at 


1.0 GHz. 


5.5 The Poynting Theorem and Power Transmission 
&.26 In air, H(z) = 12.cos(n x 10° - Bz + 7/6) a, A/m. 
Determine the power passing through a 1.0 m? surface that 
is normal to the direction of propagation. 


5,27 A 600-MHz uniform plane wave incident in the z 
direction on a thick slab of Teflon (€, = 2.1, u, = 1.0) 
imparts a 1.0 V/m amplitude y-polarized electric field 
intensity at the surface. Assuming 6 = 0 for Teflon, find in 
the Teflon (a) E(z,t), (b) H(z,4), and (c) Pive- 

5,28 Assume distilled water (o = 10% S/m, £, = 81, 4, = 


=S 1.0) fills the region z > 0. At the surface, we have E(0, f) = 


8.0cos(2n x 10°F) a, V/m. Determine (a) E(z, £), (b) H(z, ), 
(c) Pwe» and (d) the power passing through a 10 m? surface 
located at z= 1.0 m. 
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=.2% The density of solar radiation is approximately 150 
W/m? at some locations on the earth’s surface. How much 
solar power is incident on a typical ““100-W” solar panel 
(0.6 x 1.6 m? area) if the panel is normal to the radiation 
propagation direction? How much power is incident if the 
panel is tilted 45° to the radiation propagation direction? 
5.38 A 200-MHz uniform plane wave incident on a thick 
copper slab imparts a 1.0 mV/m amplitude at the surface. 
How much power passes through a square meter at the sur- 
face? How much power passes through a square meter area 
10. um beneath the surface? 


5.6 Wave Polarization 

5.31} Suppose E(z,f) = 10.cos(wt — Bz)a, + 5.0cos(œt — 
Bz)a, V/m. What is the wave polarization and tilt angle? 
8.32 Given E(z,t) = 10.cos(at — Bz)a, — 20.cos(wr — Bz - 
45° Ja, V/m, find the polarization and handedness. 

5.33 Given H(z,f) = 2.0cos(at — Bz)a, + 6.0cos(@t — Bz — 
120° Ja, A/m, find the polarization and handedness. 

3.34 Given 


E(z, t) = E,, cos(ot — Bz)a, +E,,cos(wrt — Bz + o)a, 


we say that E, leads E, for 0° < ọ < 180° and that E, lags E, 
when —180° < 6 < 0°. Determine the handedness for each 
of these two cases. 

5.35 For a general elliptical polarization represented by 
E(z,t) = E,, cos(wt — Bz)a, + E,, cos (wt — Bz + o)a,, the 
axial ratio and tilt angle can be found from the following 
formulas (from K. R. Demarest, Engineering 
Electromagnetics, Prentice-Hall, 1998, pp. 451-453): 


a=|E.ol, p= Ev, 
MAJ = length of majority-axis 








MIN = length of minority-axis 


MAJ =2 a +b? 4 Ja’ +b* +2a?b? cos 26 | 
MIN = 2: SG +b? -yat +b4 +2a7b? £0826 | 
ee. N 

axial ratio = 
MIN 


t= stan] 200 coso] 
2 ab 








Compose a program that not only draws a polarization plot 
like MATLAB 5.3 but also calculates the axial ratio and tilt 
angle. Run the program for Drill 5.11. 
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5.7 Reflection and Transmission at Normal Incidence 


*.3 Starting with (5.107) and (5.109), derive (5.110) and 
(5.111) 


Eo pes 
i g 


A UPW is normally incident from medium 1 (z < 0, 
o =0, u, = 1.0, £, = 4.0) to medium 2 (z > 0, © = 0, u = 8.0, 
£, = 2.0). Calculate the reflection and transmission coeffi- 
cients seen by this wave. 

2.38 Suppose medium 1 (z < 0) is air and medium 2 (z > 
0) has £, = 16. The transmitted magnetic field intensity is 
known to be H' = 12cos (œt — B,z)a, mA/m. (a) Determine 
the instantaneous value of the incident electric field. (b) 
Find the reflected time-averaged power density. 

5.39 Suppose a UPW in air carrying an average power 
” density of 100 mW/m? is normally incident on a nonmag- 
netic material with £, = 11. What are the time-averaged 
power densities of the reflected and transmitted waves? 


S40 A UPW ina lossless nonmagnetic €, = 16 medium 
(for z < 0) is given by 


E(z,t) = 10.cos(wt — B,z)a, + 20.cos(œt — B,z + 1/3)a, V/m. 


This is incident on a lossless medium characterized by u, = 
12 and £, = 6.0 (for z > 0). Find the instantaneous expressions 
for the reflected and transmitted electric field intensities. 
S41 The wave E'= 100cos(x x 106t — B,z + 1/4) a, V/mis 
incident from air onto a perfect conductor. Find E" and Et. 
5,42 A UPW given by E(z,f) = 10.cos(wt — B,z)a, + 
20.cos(t — B;z + 1/3)a, V/m is incident from air (for z < 0) 
onto a perfect conductor (for z > 0). Find the instantaneous 
expression for the reflected electric field intensity and the 
SWR. 

5.43 The wave Ei = 10.cos(2n x 1081 — B,z) a, V/m is 
incident from air onto a copper conductor. Find E', Et, and 
the time-averaged power density transmitted at the surface. 


_. 5.44 Given a UPW incident from medium 1 (6 = 0, u, = 


1.0, £, = 25.) to medium 2 (o = 0.0080, u, = 1.0, £, = 81.), 
calculate F, SWR, and t at 1 kHz, 1 MHz, and 1 GHz. 

3.45 Write a program that prompts the user for the consti- 
tutive parameters in medium 1 and medium 2 separated by 


a planar surface. You are to assume a wave is normally inci- 
dent from medium 1 to medium 2. The program is to plot 
the magnitudes of F and T versus a frequency range supplied 
by the user. Plot the values from 100 Hz to 10 GHz for the 
pair of media specified in the previous problem. 

3.46 A wave specified by Ei = 100.cos(x x 107t — B,z)a, 
V/m is incident from air (at z < 0) to a nonmagnetic media 
(z>0, 6 = 0.050 S/m, £, = 9.0). Find E", Et, and SWR. Also 
find the time-averaged power densities for the incident, 
reflected and transmitted waves. 

S.47 A wave specified by Ei = 12ncos(2n x 107 — B,z + 
7/4)a, V/m is incident from a nonmagnetic, lossless, €, = 
9.0 medium (at z < 0) to a medium (z > 0) with o = 0.020 
S/m, u, = 2.0, and £, = 16. Find Hi, E‘, H', Et, Ht, and the 
time-averaged power densities for the incident, reflected, 
and transmitted waves. 


5.8 Reflection and Transmission at Oblique Incidence 


3.48 A 100-MHz TE polarized wave with amplitude 1.0 
V/m is obliquely incident from air (z < 0) onto a slab of 
lossless, nonmagnetic material with £, = 25 (z > 0). The 
angle of incidence is 40°. Calculate (a) the angle of trans- 
mission, (b) the reflection and transmission coefficients, 
and (c) the incident, reflected, and transmitted fields. 


“49 A 100-MHz TM polarized wave with amplitude 1.0 
V/m is obliquely incident from air (z < 0) onto a slab of 
lossless, nonmagnetic material with €, = 25 (z > 0). The 
angle of incidence is 40°. Calculate (a) the angle of trans- 
mission, (b) the reflection and transmission coefficients, 
and (c) the incident, reflected, and transmitted fields. 


š. A randomly polarized UPW at 200 MHz is incident 
at the Brewster’s angle from air (z < 0) onto a thick slab of 
lossless, nonmagnetic material with €, = 16 (z > 0). The 
wave can be decomposed into equal TE and TM parts, each 
with an incident electric field amplitude of 10. V/m. Find 
expressions for the instantaneous values of the incident, 
reflected, and transmitted electric fields. 
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Transmission Lines 


Learning Objectives 


Develop equations for wave propagation on a transmission line and define character- 
istic impedance and propagation constant 


Investigate wave reflection from terminated transmission lines and define input 
impedance and standing wave ratio 


Introduce the Smith chart, a graphical tool for the study of transmission lines, and use 
it to develop impedance matching networks 


Introduce design and analysis equations for microstrip transmission lines 
Study the behavior of transient signals on a terminated transmission line 


Investigate the dispersion of a signal pulse as it travels along a transmission line 


The first application of electromagnetic theory to be studied is the transmission line, or T- 
line for short. Power lines, telephone lines, and cable TV lines are all examples. Wires used 
to breadboard a typical circuit can also be treated as T-lines, and in fact must be if the oper- 
ating frequency is high enough. T-lines are characterized by their ability to guide propaga- 
tion of electromagnetic energy and their length, which is comparable to or larger than a 
wavelength. 

In the conventional study of electronic circuits, power supplies and circuit elements 
(resistors, capacitors, etc.) are connected together by pieces of ideal wire (see Figure 6. la). 
These wires are considered lossless lines of negligible length. The signal phase at the load 
is the same as at the source, as represented by Figure 6.1b. By contrast, the length of a trans- 
mission line is very important. In Figure 6.1c, a quarter-wavelength long transmission line 
(represented by the pair of thick lines) is inserted between the supply and the resistor. As 
Figure 6.1d shows, the signal is delayed in traveling from the source to the load, and some 
shift in the phase is introduced. Some interesting things happen on a T-line as a result of this 
phase difference from one end to the other. For instance, a voltage wave traveling along the 
T-line may be partially reflected when it encounters the load, a decidedly different result 
from the ideal case of Figure 6. 1a. 

With the ultimate goal of learning how waves behave on a T-line, this chapter begins 
with an explanation of distributed parameters for a dual-conductor transmission line. For 
the special case of a time-harmonic (sinusoidal) source, these parameters are used to find 
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equations governing wave behavior and to determine what happens on terminated lines. 
Finding the equations will be accomplished using conventional circuit theory, and it will be 
observed that the equations are very similar to those found for uniform plane waves. This 
chapter is restricted to TEM mode propagation, where the electric and magnetic fields are 
always transverse to the direction of propagation. In the next chapter we will consider other 
modes of propagation. 

Understanding transmission lines is of extreme importance to anyone working with 
modern high-speed integrated circuits and circuit boards. It is a prerequisite topic for under- 
standing the electromagnetic interference problems encountered in Chapter 9 and the 
microwave and RF circuits studied in Chapter 10. 


(BUTED-PARAMETER MODE 


Three of the most common dual-conductor transmission line types are shown in Figure 6.2. 
The twin-lead T-line may be familiar to some students as the line attached from a televi- 
sion to an antenna. It otherwise finds rather limited use. The coaxial (or coax) T-line finds 
heavy use in connecting high-frequency equipment together, and it will be the focus of 
much of this chapter. It consists of an inner conductor of radius a surrounded by a dielectric 
sheath out to a radius b, then another conductive layer. Microstrip T-line is most applicable 
at the circuit board level and will be discussed in Section 6.6. In Figure 6.2, the microstrip 
line consists of copper that has been electroplated on an alumina (AI,O,) substrate. The 
entire backside of the substrate (not shown) also has plated copper. 

All three of the T-lines shown in Figure 6.2 can be modeled as a simple twin-lead con- 
figuration. Figure 6.3 shows that a differential segment of the line can be modeled using the 
series distributed elements R’ (resistance/meter) and L’(inductance/meter) and the shunt dis- 
tributed elements G’ (conductance/meter) and C’ (capacitance/meter). The primes indicate 
these are “per unit length” or distributed values. When these parameters are multiplied by 
the length of the differential segment, Az in meters, “pure” element values (R, L, G, and C) 
result. The parameters are considered to be evenly distributed along the length of the T-line. 
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Cross section 





Ww 


CE Figure 6.2 Transmission line exam- 


ples along with schematic cross sec- 
tions. A quarter is shown for scale. 


Microstrip 


Although this distributed-parameter model will hold for all three of the structures in Figure 
6.2, the distributed parameters themselves will be different. 

When a signal travels along a conventional wire, it encounters resistance. This series 
resistance is very small for good conductors, and in fact it can vanish altogether by using 
superconductors. However, some printed circuit board manufacturers are now using con- 
ductive inks that can be screen-printed on the circuit board (similar to how a tee shirt may be 
screen printed) and cured at high temperature to drive out the solvents. The material left 
behind is a thin conductor that is far from ideal and may in fact have considerable resistance. 

The two wires in the dual-conductor T-line are separated by some dielectric material 
that will ideally be a perfect insulator. Real dielectrics do in fact conduct a small amount of 
shunt current. The parameter used to quantify this is the conductance (the inverse of resist- 
ance). Note that this conductance is a property of the dielectric and has nothing to do with 
the series resistance of the conductor. 


Figure 6.3 The distributed 
parameters for a differential 
segment of transmission line. 





264 


Chapter 6. Transmission Lines 


Recalling Chapter 2, we know there is a shunt capacitance between the two conductor 
lines. And from Chapter 3 we recall that there is a series inductance associated with signal 
propagation along the line. For a given geometry and material composition, formulas for 
each of the distributed parameters can be derived using electromagnetics concepts devel- 
oped earlier. 

Let’s consider the coaxial cable shown in Figure 6.2. Coax is a good transmission line 
in that the fields are confined to the dielectric between the conductors. Very little escapes as 
noise outside the cable, and likewise very little noise from outside can get in. There are lit- 
erally hundreds of coaxial cable assemblies, with variations in dimensions, conductor metal 
and type (solid or stranded), type of dielectric, and outer sleeve material. Some of the more 
common have an “RG” designator. For instance, “RG-6/U coaxial cable” has a 75-Q char- 
acteristic impedance (discussed in the next section) and is routinely employed for use in 
home cable systems. Formulas for the distributed parameters follow from earlier sections. 
From Section 2.10, the distributed shunt conductance G’ is 


»_ 2164 
In(b/a) 





(6.1) 


where 6, is the conductance of the dielectric. From Section 2.13, the distributed shunt 
capacitance is 


,_ 2me 
“a In(b/a) Ca 





From Section 3.9, the distributed series inductance is 


1 le 
L’ = = In(b/a) (6.3) 
This inductance does not include internal inductance in the conductors. We are assuming 
this internal inductance component is negligible for high frequencies where the skin depth 
is small and current runs on the outer skin of the inner conductor and on the inner skin of 
the outer conductor. 

From Section 5.4, considering that the distributed resistance will be a series combina- 
tion of the resistance in the inner and outer conductors, and assuming the skin depth is much 
smaller than the metal thickness involved, we found a distributed series resistance of 


nal {lt )\ eee 
R’ =—| —+— | |—— 
aN 6a 
where ©, is the conductor conductivity. 


Dril} 6.1 Find the distributed parameters for RG-58/U cable, at 1.0 GHz, if the radius 
of the inner conductor is 0.45 mm, and the outer conductor goes from a radius of 1.47 
mm to 2.4 mm. Polyethylene is the dielectric (assume 6, = 0) and copper is the conduc- 
tor. Note that the skin depth for copper in this problem is ~2 um, much smaller than the 
metal dimensions employed. (Answer: R’ = 3.8 Q/m, L’ = 240 nH/m, G’ = 0 S/m, C’ = 
110 pF/m) 
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The following program calculates the distributed parameters for coaxial cable after the 
user inputs the inner and outer radii and the material properties. It assumes only non- 
magnetic materials are used. This program is very similar to MATLAB 5.1. 


% M-File: MLQ@601 

% 

%This program calculates the distributed 
#parameters for coaxial cable given the 
*dimensions and material properties. 


% 

% Wentworth, 7/30/02 

% 

% Variables: 

% a coaxial inner radius (mm) 

% b coaxial outer radius (mm) 

% er diel. rel. permittivity (F/m) 
% sigd dielectric conductivity (S/m) 
%  sigc conductor conductivity (S/m) 
eet operating frequency (Hz) 

% muo free space permeability 

% eo free space permittivity 

% G distrib. conductance (S/m) 

% C ` distrib. capacitance (F/m) 

% L distrib. inductance (H/m) 

% R. distrib. resistance (ohms/m) 
% Rs conductor sheet res. Cohms/m) 
cic _ %clears the command window 
clear %clears variables 


% Initialize variables 

eo=8 .854e-12; 

muo=pi *4e-7; 

% Prompt for input values 

disp('Calc Dist. Parameters for Coax') 
disp(’ ') 

a=input(' inner radius, in mm, = '); 
b=input(C' outer radius, in mm, = "); 
er=input(' relative permittivity, er= '") 
sigd=input('diel. conductivity,S/m, = ' 
sigc=input(' cond. conductivity,S/m, = ' 
f=input(' frequency, in Hz, = "); 

disp(' ") 


% Perform calculations 
G=2*pi*sigd/log(b/a) ; 
C=2*pi*er*eo/log(b/a) ; 
L=muo*log(b/a)/(2*pi) ; 
Rs=sqrt(pi*f*muo/sigc) ; 

R=(1000* ((1/a)+(1/b)) *Rs)/(2*pi) ; 


% Display results 
disp({'G = ' num2str(G) ' S/m']) 


di 
); 


(continues) 
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disp(['C = ' num2str(C) ' F/m']) 
dispc{'L = ' num2str(L) " H/m']) 
dispc{'R = ' num2str(R) " ohm/m’ J) 


Executing the program for the coax parameters of Drill 6.1, we get the following: 


Calc Coax Distributed Parameters 
inner radius, in mm, = .45 

outer radius, in mm, = 1.47 
relative permittivity, er= 2.26 

diel. conductivity, in S/m, = 0 
cond. conductivity, in S/m, = 5.8e7 
frequency, in Hz, = 1e9 

G=0S/m 

C = 1.0606e-010 F/m 
L=2.3675e-007 H/m 

R=3.8112 ohm/m 

>> 


Telegraphist's Equations 


We can develop the equations for wave propagation on transmission line beginning with 
simple circuit theory applied to the differential segment of Figure 6.3, redrawn in Figure 6.4 
with instantaneous voltages and currents at each end of the segment. We notice the voltage 
on the left side of the segment is v(z,t), indicating it is a function of both position z and time 
t. On the right side of the circuit model, the voltage is at a position Az further along the line 
and is therefore v(z + Az,t). Similar comments can be made about the current entering the 
model, i(z,t), and that leaving the model, i(z+Az,t). 

Applying Kirchhoff’s voltage law, and recalling from circuit theory that the voltage v 
across an inductor is related to the rate of change in current by v = L di/dt, we obtain 


di(z, t) 








v(z, t) — v(z + Az, t) = i(z,t)R’Az + LAL (6.5) 
z 

i(z,t) i(z + Az,t) 
—_ —— 

| 

v(z,t) GiAz C'AZ v(z+ Az,t) 
| | Figure 6.4 The distributed-parameter 
1 1 model including instantaneous voltage 


and current. 
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Now, we divide both sides by Az, and take the limit as Az approaches zero, to get 


v(z,t)— v(z+Az,t) _ , pa di(z,t) 
ae eae i(z,t)R’+L (6.6) 


The limit on the left is the definition of a derivative,®:! so we obtain 


oe Ov(z,t) _ 


= i(z,t)R’ + L’—— = 


di(z, t) 
J (6.7) 


A similar expression can be found by applying Kirchhoff’s current law at node a and 
recalling i = C dv/dt for a capacitor: 





i(z,t)—i(z + Az, t) = v(z + Az, t)G’Az + ra, Mes Red) (6.8) 
Once again dividing by Az and taking the limit, we obtain 
j > t , t ? 
= oO ) = v(z, t)G HE Den t) (6.9) 


Equations (6.7) and (6.9) are together the general transmission line equations, also 
known as the telegraphist’s equations. They are quite general, being applicable to problems 
involving transients (such as step changes in voltage) or time-harmonics (sine waves). Note 
that the transient solution finds application in high-speed digital electronics, where voltages 
are routinely switched between high and low states. However, for simplified mathematics 
and to gain an understanding of the functioning of a transmission line, we will first turn our 
attention to the time-harmonic case. The transient case will be deferred to Section 6.7. 


R? TIME HARMONIC WAVES ON TRANSMISSION LINES 


Referring once again to Figure 6.4, if the voltage is a sinusoidal function of time, it can be 
represented at any position and time along the line by 


v(z, t) = V(z)cos(at + 0) (6.10) 
where V(z) depends only on position along the line. We can write 
v(z, t) = Re] V(z)ei + | (6.11) 


where application of Euler’s identity and taking only the real part recovers (6.10). This can 
also be expressed as 


v(z, t) = Rel V.(z)el™| (6.12) 


de) Sx tAx)- f(a) 


6. lFor a function f(x), its derivative is defined as a he re 
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where the phasor 


V(z) = Vizjel* D (6.13) 
Likewise, the current i(z,t) can be written in phasor form as 
i(z,t) = RelI,(z)ei™| (6.14) 


The utility of using phasors is that the time derivatives in (6.7) and (6.9) can be 
replaced by jo. For instance, 


dv(z,t) . 
— yV 


So, by employing phasors we can rewrite the telegraphist’s equations as 


MD) LR + jalil) 615) 
Z 


BD 16" + jocv,(2) (6.16) 
: 


Notice that we no longer need partial derivatives since the phasors are only a function of 
position. The task is now to solve for the two unknowns, V,(z) and J,(z), in these two equa- 
tions. 

Taking the position derivative of both sides of (6.15), we have 


d dv,(z)__ od 
dz dz dz 


and 


(R’ + jol’)I,(z) 
(6.17) 


Here we were able to pull R' + jwL’ out of the position derivative since the distributed 
properties are not a function of position. Replacing the derivative of 7 (z) with (6.16), 
we have 
EV AZ) E ies Se 
i) ) 2 (R’+ jal’\(G"+ joc\V,(2) (6.18) 


Upon rearranging, we have 
d’V, 
a ~y’V,(z)=0 i (6.19) 
Z 


where yis the propagation constant defined by 


Y= (R+ joL’)(G’ + joC’) =0.+ jB (6.20) 
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This is quite familiar to us from our study of the propagation of uniform plane waves. By 
knowing the distributed parameters of the T-line, we are able to find the propagation con- 
stant that consists of both an attenuation constant & and a phase constant B. Solving the 
homogeneous second-order differential equation follows the same procedure we used in 
Section 5.1. We finally arrive at a general solution 


V(z) = Vie Y + Vette (6.21) 


Here, V,” and V, are the values of the +z and -z directed voltage waves, respectively, at 
z = 0. These values consist of an amplitude and a phase. The instantaneous form, found 
by reinserting e™' and taking the real part using Euler’s identity, is then 


v(z,t) = Vte cos(wrt — Bz) + Viet cos(ct + Bz) (6.22) 


Had we started by taking the position derivative of both sides of (6.16), the eventual 
results would have been 


[wale +rer — (6.23) 
and 


i(z,t) = I*ecos(wt — Bz) + 1>e*™cos(wt + Bz) (6.24) 





Equations (6.21) and (6.23) (or (6.22) and (6.24)) are the traveling wave equations for the 
transmission line. 


Characteristic Impedance 


An extremely useful transmission line parameter is the characteristic impedance Z, defined 
as the ratio of the positive traveling voltage wave amplitude to the positive traveling current 
wave amplitude, at any point on the line, 


=—2 (6.25) 


If V,' and 7' have different phases (are out-of-phase), then Z, is complex. 


We can relate Z, to the distributed parameters by inserting our wave equations (6.21) and 
(6.23) into one of the phasor-form telegraphist’s equations. Inserting into (6.15) gives us 


4 yter aps Vz e*Y:) =-(R'+ jol Tye + ie") (6.26) 
dz 


Evaluating the derivative, we have 


-W te + W eR + jol Ite + Ie) (6.27) 
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The e? components on each side of (6.27) must be equal, so equating these components 
and rearranging we arrive at 


=f , . VL? 
= aoe -R +joL (6.28) 
Io v 
or 
(6.29) 





Equating the e+? components of (6.27), we find that the characteristic impedance is also 
related to the negative traveling wave amplitudes as 





Z = 29 (6.30) 


prille? Find y, a, B, and Z, for the T-line characterized by the distributed parameters 
of Drill 6.1 at 1 GHz. (Answer: y= 0.04 + j31 m~!, œ = 0.04 Np/m, B = 31 radians/m, Z, 
= 47 — 7.06 Q) 


Lossless Line 


Commercially available transmission lines are made with good conductors, like copper, 
such that R’ tends to be small. They are also made with good dielectrics, like Teflon or poly- 
ethylene, such that G’ is small. If R’ << œL’ and G’ << mC’, we can often assume R’ = G’ = 0 
and consider the transmission line to be lossless. Evaluating the propagation constant (Eq. 
6.20) for this case, we have 


Y=jovL'C’ =0+ jp (6.31) 
There is no attenuation ( = 0), as we would expect for a lossless line. The phase constant is 
B=avL'C’ (6.32) 


From this equation we can find the propagation velocity 


O) 1 
u, = — = —— 
” B NG (6.33) 
The characteristic impedance from (6.29) is 
ANA 
C i (6.34) 


If we consider the formulas for coaxial cable, we can see from (6.2) and (6.3) that 
LC =e (6.35) 
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Although we will not prove it here, this relation holds for all transmission lines, not just 
coaxial cable. So we have 


1 
U, =-= 
i ue (6.36) 





a 
: Ve (6.37) 


Also, from (6.2) and (6.3) we see that 








Li l jo of >) 
P re eae 
C (nye \a (6.38) 
so the characteristic impedance is simplified to 
Z, = a in = Jo 
ve, \a (6.39) 


EXAMPLE 6.1 


A 1.0-mm-diameter copper wire is surrounded by a 1.0-mm thickness of Teflon, then jacketed by 
copper. Assuming this coaxial cable is lossless, we want to find the propagation velocity u, and the 
characteristic impedance Z,. 

The propagation velocity in this case can be found by straightforward application of (6.37). For 
Teflon, £, = 2.1 from Appendix E, so we have 


8 
EAE 9.110" tals 


Uy a, Jat 


To calculate Z,, we use (6.39) where a = 0.50 mm and b = 1.5 mm. So we have 


Z. = nft) = Ah) =46Q 


o Jer F J21 


peit 6.5 What outer radius of Teflon dielectric is required in Example 6.1 to give the 
line a 50-Q characteristic impedance? (Answer: 1.7 mm) 


Power Transmission 


Voltage and current waves carry power on a transmission line. For time-harmonic waves, 
the average power at any point z along the line is 


ave 


P (-)=5Rely,1,] (6.40) 
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Consider a voltage wave propagating in the +z direction on a lossless line: 


y= Vie —jpz _ a J$ giz 





v) and a phase (¢). Since the line is lossless, 7, is in phase 





with a of 


+ 











1, =|1,"le*e* = jó o iP 





Then we have 
E 
IRTIR E 
Zale 














P* (z)=_ Rel [v'e (6.41) 
ave 9) 





ya 





With a lossy line, Z, is no longer in phase with V,. We can account for the phase dif- 
ference in the impedance term, letting 





Then it can be shown that 








e°” cos - (6.42) 





EXAMPLE 6.2 


Let us consider a coaxial cable of dimensions a = 1.0 mm and b = 3.0 mm, filled with a nonmagnetic 
dielectric with £, = 5.0 and tan 5 = 0.00010 measured at 2.0 GHz. Copper metal is used, and the outer 
conductor is assumed thick enough that we can use Eq. (6.4) to find R’. Our task is to find how much 
power is lost in a meter length of this cable as represented by Figure 6.5. 

Referring to Section 5.3 of Chapter 5, we can use the loss tangent to calculate an effective con- 
ductivity 6,,, of the dielectric, 


On = we tan ô = 55.6 x 10%S/m 


This conductivity can be used in (6.1) to find G’. Using (6.1)(6.4), or MATLAB 6.1, we find the dis- 
tributed parameters and then take the real part of (6.20) to find œ = 0.047 Np/m for this line. 
In measuring power loss, the power at some position z can be ratioed to the power at z = 0, that is, 
Pel) _ 
Px(0) (6.43) 


This is convenient since we don’t have to know the voltage amplitude or even the impedance. For a 
1-m length of our cable, the ratio is 0.91. 





It is convenient and customary to measure power ratios on a logarithmic scale, called 
the decibel® scale. The power ratio can be expressed as a gain G(dB), where 


62Originally used to express power ratios in telephone lines, the decibel is named in honor of Alexander Graham 
Bell. 
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a0 

mj 
zi 
$ ji 
q 


Figure 65 Section of T-line 
a + 5 k 
Pave(0) i Pave(Z) for attenuation calculations. 





G(dB) =10 loe Zu ) 


in 


(6.44) 


In Example 6.2, for instance, G(dB) = —0.4 dB.©3 

The convenience of decibels is twofold. First, using decibels reduces the size of num- 
bers needed to express very large or very small values. For instance, if P u Pin = 10!°, then 
G(dB) = 100 dB. Second, it is very easy to multiply power ratios by just adding their deci- 
bels. Microwave engineers can rapidly determine the overall gain of a multiple block 
microwave circuit by adding the individual gains. For instance, suppose a filter circuit with 
a —1.5-dB gain (P a Pin = 0.707) is in series with an amplifier that has a 9-dB gain (P,,,/Pi, 
= 7.94). It is easy to see that the overall gain is 7.5 dB. Multiplying the ratio products is a 
bit harder. 

Although the decibel scale expresses a power ratio, it is sometimes convenient to 
express an absolute power. In this case, a power reference is needed. One of the most com- 
mon ways to represent absolute power levels is the dB,, scale, where the reference is cho- 
sen as 1 mW. Then 





G(dB,,) = 10 oe{ 2) en 


As an example, a 1-MW power level is 90 dBm: 

Decibels are also related to nepers. If we consider, for instance, a 10-W input at z = 0 
of a T-line and a 1-W output at z = 1 m, then attenuation(dB) = 10 dB. However, we know 
from (6.43) that 


is 201m) 
10 
or 
24 = in =] 
10 
and 


a=- =) =1.151 Np 
250 


6.34 negative gain corresponds to a positive attenuation, sometimes written “attenuation(dB) = 10 log (Pi/Poy)-” 
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` Therefore we see that 1.151 Np is equal to 10 dB, or 


1 Np = 8.686 dB a (6.46) 


priii 6.4 The output of a 10-dB amplifier is measured at 10 mW. How much input 
power was applied? (Answer: 1 mW) 


Dril «© Express the input and output power from Drill 6.4 in dB,,. (Answer: 0 dB w 
10 dB,,) 


Geiles A 12-dB amplifier is in series with a 4-dB attenuator. What is the overall gain 
of the circuit? (Answer: 8 dB) 


Most of the practical problems involving T-lines relate to what happens when the line is ter- 
minated. Figure 6.6 shows such a terminated line, where the load is located at z = 0. The 
load itself is considered a lumped element in that it is small compared to a wavelength, and 
the wires connecting the T-line to the load are considered to be negligibly short. The load 
impedance is simply the ratio of the voltage to the current at the load. Applying the wave 
equations (6.21) and (6.23) at z = 0 we have 


-yew _ Vote) + vet 


“= 7 (g=0) rera r-e 4 
LOI) perO ye (6.47) 
or 
Vi +V; 
7 = 6.48 
me (6.48) 


By applying our Z, relations from (6.28) and (6.30), we can manipulate (6.48) to get 


Vi +V 
Z S hg 6.49 
L o vt Ey ( ) 


a Figure. A T-line terminated with 
0 load impedance Z, . 
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which can be rearranged as 


S44 
Vo =L _ 2o yt ; 
0-7 4Z, (6.50) 


It is useful to imagine launching a positive traveling wave along the terminated trans- 
mission line as shown in Figure 6.7. We will consider this to be the incident wave, and for 
the moment we will ignore whatever is to the left of z = —€. Equation (6.50) tells us that if 
the load is unequal to the characteristic impedance of the line, then a wave must be reflected 
from the load. The degree of impedance mismatch is represented by the reflection coeffi- 
cient at the load, given by 


(6.51) 





It is easy to see that the reflection coefficient for a shorted load (Z, = 0), a matched load 
(Z, = Z,), and an open load (Z, = œ) are —1, 0, and +1, respectively. Thus, the reflection 
coefficient magnitude ranges from 0 to 1. 

In general, the reflection coefficient at any point along the T-line is given by the ratio 
of the reflected wave to the incident wave, that is, 


a Wee 
Vee 





r epet (6.52) 


The reflection coefficient at z = —€, for instance, would be 
r=r e 


Superposition of the incident and reflected waves creates a standing wave pattern. The 
voltage standing wave ratio, VSWR, which is the ratio of the maximum to the minimum 
voltage amplitudes, is related to the reflection coefficient by 


(6.53) 





Since the reflection coefficient can range in magnitude from 0 to 1, the VSWR can range 
from 1 to infinity. 


E 
E 
$ 
14 
t 
? 
a 





EJ 


Figure §.7 Voltage wave V* 
incident at z = —€ of a termi- 
nated T-line. 


pees Leas a a a 
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The reflection coefficient I and the VSWR for terminated T-lines are similar to the expres- 
sions found for uniform plane waves normally incident from one medium, specified as hav- 
ing an intrinsic impedance n, to another medium with 1,. Recall that the reflection 
coefficient for this case was 


pola 
No +N; 


and the expression for SWR was the same as (6.53). 


Dell 6.2 A 50-Q line is terminated in a 150-Q load. Find (a) T, and (b) VSWR. 
(Answer: 4,3) 


Input Impedance 


At any point along the T-line, we can find the ratio of the total voltage to the total current. 
This ratio is known as input impedance.®* Looking into the line at z = —€ in Figure 6.8, the 
input impedance Z,, is 


Posi) tel toe T 7 (6.54) 


This can be manipulated (see Problem 6.11) by using (6.50), Euler’s identity, and defini- 
tions for the hyperbolic functions sinh, cosh, and tanh (see Appendix D) to give 





Z +a tanh(yé) (6.55) 
° Z, + Z, tanh(yé) 
_ For the special lossless case, (6.55) becomes 
_, Z + jZ, tan(B2) (6.56) 


în e 7, + jZ tan(Be) 





The utility of this concept is that the T-line beyond wherever the input impedance is 
determined can be replaced by a lumped-element impedance Z,,, as indicated in the pair of 
equivalent circuits shown in Figure 6.8. 


Drill ä Suppose the terminated T-line for Drill 6.7 is lossless. Find Z,,, for a length of 
line equal to (a) A/8 and (b) A/4. (Note: Make sure your calculator is set to radians rather 
than degrees for calculations involving (6.55) and (6.56).)(Answer: 30 — j40 Q, 16.7 Q) 


6.4The difference between the input impedance and the characteristic impedance should be emphasized. Whereas 
Zin and Z, refer to ratios of the total voltages and currents, Z, is related to the ratio of the voltage to the current 
for only one of the waves, the incident one or the reflected one. 
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Zz 





Zin riguye 6.8 The terminated T-line can 
be replaced by an equivalent lumped- 
element input impedance. 


MATLAB 6.2 


Let’s create a function that will allow input of the variables in (6.55) and will calculate 
input impedance. Hyperbolic functions are included in MATLAB, and you can find out 
how they are handled by seeking help in the command line window. For instance, 


>> help tanh 


TANH Hyperbolic tangent. 
TANH(X) is the hyperbolic tangent of the elements of X. 


For the function, we have the following: 


function Zin=Zinput(Zo,ZL,G,L) 

%enter Zinput(Zo, ZL, G, L) where 

% Zo = complex char imp of line, ohms 

% ZL = complex load imp, ohms 

% G = propagation constant (gamma), 1/m 
% L = T-line length, m 

%returns Zin, the input impedance 
num=ZL+Zo*tanh(G*L) ; 
den=Zo+ZL*tanh(G*L) ; 

Zin=Zo*num/den; 


Let’s test this function for a 0.60-m-long line of characteristic impedance 75 + j25 Q 
having a propagation constant 0.01 +j0.1 m~! and terminated in a load 25 — j40 Q. 


>> Zo=75+i"25; 

>> G=0.01+i"0.1; 

>> ZL=25-i*40; 

>> L=.6; 

>> Zinput(Zo,ZL,G,L) 


ans = 
22.9622 -34.2355i 


So our result is Zn = 23 - J34 Q. 
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Complex Loads 


Transmission Lines 


Input impedances or loads exhibiting complex impedance may be modeled using simple 
resistor, inductor, and capacitor lumped elements. Figure 6.9 indicates the elements along 
with their s-domain (phasor) values. 

For instance, consider a load Z, = 100 + j200 Q. We can model this as a 100-Q resistor 
in series with an inductor. The value of inductance will depend on the frequency, so if we 
specify 1 GHz then 


Jol = j200 Q 
or 
1 = 209 (=y HAY V |- Ra 
2n(1x10° Hz)\ 1 A Vs AQA 
One case of interest is a lossless line terminated in a purely reactive load. If we con- 
sider Z, = R.,, representing the all-real characteristic impedance for a lossless T-line, and Z, 
= jX,, representing a purely reactive load, then the reflection coefficient is 
= JXL mi Ro 
JXL 3E R, 


This clearly has a unity magnitude. This is as expected, since no energy can be dissipated in 
a purely reactive load. The wave is completely reflected. There is, however, a phase shift 
associated with the reactive load. 


Drill éY A A6 line with Z, = 50 Q is terminated in a 25-Q resistance. Find the input 
impedance along with its equivalent lumped-element circuit at 1.0 GHz. (Answer: Zin = 
57 + j37 Q; this resembles a 57-Q resistor in series with a 5.9-nH inductor) 


The Complete Circuit 


Now let’s add a source, the phasor voltage V,., and source impedance Z, as indicated in 
Figure 6.10. The voltage at any point on the T-line requires that we know V +. We can solve 
for this in terms of V, by considering that voltage division will give us the voltage across 
the input impedance, 


(z =—£) | (6.57) 


Then, at any point on the line the voltage is given by 


V,(z) = Viet? + Viet? = V+ (eY + Det) (6.58) 


TE Figure 6.9 The s-domain 
Ce D A A O. | impedance values of R, L, 
VS a a and C. 
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Figure 6.18 The circuit after adding a source, and the equivalent circuit. 


Evaluating (6.58) at z = —f, and inserting this into (6.57), we can solve for V,* as 


7 Vj 
= — 6.59 

k g” + Rev C ) 

Then, the voltage across the load can be calculated by evaluating (6.58) at z = 0, that is, 


V, =V(z=0)=V+(1+T,) (6.60) 


EXAMPLE 63 


Consider the lossless T-line circuit of Figure 6.11. We want to find the voltage across the 100-Q load. 
To begin, the source voltage is converted to its phasor, 


Vig = 10e PV 
To find V, using (6.60), we need T, and V,*. We have 
Z, -Z 


Oo 


Finding V,* requires that we know Z,,, which we can find from (6.56) for a lossless T-line, 
Z, + jZ, tan(B/) 
Zin = Zp 7.4 iZ, tanba) 
o + JZ tan(B/) 


Since in this example 


2 


TÀ 
j= 
p À 4 


we have 
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25 Q 





l I 
Z,= 50:2 1 21002 
vs = 10cos(at + 30°) Vl” l 
I ! 
eS 
4 Figure ii Circuit for Example 6.3. 
The equation for Z,, reduces to 
z2 
Zin =Z- =25 Q 
Z, 


Now we have for the input voltage 


V, = E = 10. ey 
Z, +Zin 25+25 
To evaluate (6.59) for V,* we also need eY and ef. Euler’s equation can be used to convert evé 


and e-¥ into complex numbers in rectangular coordinates if so desired. For the lossless case, y = jp 
and yé = jB€ = jn/2. So 


yo aa 


—j60° 
= sae oae IO 
ett = et Pa 4 e19 B 


(a 


Finally, we can apply (6.60) to get 
V, =7.5e I (14+ %)=10e I v 


Converting this phasor to its instantaneous form gives us the voltage across the load, 
v = 10 cos(wt — 60°)V 


(rill 6.10 Rework Example 6.3 after interchanging the source and load resistances, 
and find the phasor voltage across the load V,.. (Answer: 2.5e7© V) 


ha THE SMITH CHART 


The Smith Chart, shown in Figure 6.12, is a graphical tool for use with transmission line 
circuits and microwave circuit elements. It was created in the 1930s by Philip H. Smith, an 
engineer at Bell Telephone Labs, and was heavily used by engineers developing microwave 
systems in World War II. It was initially a very useful way of circumventing the complex- 
number arithmetic required in transmission line problems, only requiring a straight edge 
and a compass to operate. It has grown to be a very handy tool for understanding the behav- 
ior of microwave circuit elements and continues to be used even though computers are quite 
capable of handling the complex math. In fact, it is common for Microwave CAD packages 
to display their solutions on a Smith Chart. 

For hand calculations, the Smith Chart is most useful assuming the T-line is lossless. 
Although lossy lines can be modeled with the Smith Chart, it is not often practical to do so. 
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The Transmission Line Calculato 


Figure 8.12 


Box 950, New Providence , NJ 07974. 


79 


4§MITH is a registered trademark of Analog Instrument Co 


A printable version of the Smith chart along with other Smith chart resources is available at http://www.sss- 


mag.com/smith.html. 
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Therefore, only lossless T-Lines will be considered in the following discussion. The Smith 
Chart can be thought of as two graphs in one. First, it plots the normalized impedance at any 
point along a T-line. Second, it plots the reflection coefficient at any point along the line. 
Let’s first look at how the chart is derived. 


Smith Chart Derivation 


(a) 





As depicted in Figure 6.13a, the complex reflection coefficient at a load is related to the 


load and line impedance as 
E | (6.61) 
ZL +Z 


We can normalize the load impedance to the characteristic impedance, writing 


Z 
A e aol 
Zo 
and then 
5 Zi =] 
Tr = 6.62 
E ZL +1 ( ) 


Now, as Figure 6.13b suggests, we can replace the load along with any arbitrary length of 
T-line by an input impedance, and the reflection coefficient at this new load can be written 


zl 


r=r e” = 
ore 


(6.63) 
Here the reflection coefficient has the same magnitude as it does at the load but is phase shifted 
by 2Bz, where z is the distance along the line from the load to the input impedance point. 

The reflection coefficient and normalized load terms are complex and can be expanded 
into real and imaginary parts as follows: 


L= Ike + Jim Z = r+ jx (6.64) 


$ 4 
H i 
H=- 





; i 
H $ 
s= e SS Sea SS =, 





Figure 8.13 (a) T-line terminated in a 
load Z, is characterized as having a 
reflection coefficient T,. (b) A section 
of line containing the load is replaced 
by input impedance Zp 
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Rearranging (6.64) to solve for z in terms of T, we get 


me (6.65) 
Ee 
or 
r+ joo tt Tae + Mim ee 
i= Tre F Tim 


Manipulating the right side of (6.66) into its real and imaginary parts, we find 
1-Tpe? -Tim 
2 (6.67) 
(1-Te) +Tim 
and 
jx = J2 im 


SSS (6.68) 
(1—Te) + Tim? 


Now, the general equation for a circle of radius a, centered at x = m and y = n, is 


(x—m)? + (y—n)* =a? (6.69) 
. Equations (6.67) and (6.68) can be rearranged into forms that give circular functions of r and x: 

2 2 

r oe 

Me- ) +w =(—} 
( Re Z) Im ee : (6.70) 
and 
2 Ae ( 1 ) l 
Ire- 1) + Tim- =| 

(Tre —1) ( ia 2) (6.71) 


These circles will be plotted on the Tim versus Fre axes shown in Figure 6.14a. 
Equation (6.70) can be used to plot normalized resistance circles. Consider a normal- 
ized resistance r = 1. Then we have 


This is the equation for a circle centered at Tp, = 4 and Tm = 0 with a radius 4% as shown 
in Figure 6.14b. Also shown in this figure is the r = 0 circle, with a radius | centered at Tp, 
=T m= 0. The area within and on this r = 0 circle represents all the possible points for T, which 
must have a magnitude less than or equal to one. Similar circles can be drawn within this 
allowed space for any other value of r in the range 0 < r < œ. 

Using (6.71), we can plot normalized reactance circles. Consider a normalized reac- 
tance x = 1. Then we have 


(Tre - 1 + Tim- 1)? = 


This is a circle of radius 1 centered at 'y, = Tim = 1. But notice that we only draw the circle 
for that part of the chart where Ir] < 1. If the reactance is x = —1, we have 


(Tre - 1? + (Fim + 17 = 1 
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Figure 5.14 (a) Tke versus Tim axes for plotting the Smith 
É si ponet Chart. (b) Circles of constant normalized resistance are added, 
followed by (c) circles of constant normalized reactance. 


—1. The allowed portions of these two cir- 


or a radius | circle centered at Tp, =1 and Tim = 
cles are shown in Figure 6.14c. More circles can be drawn for reactance, where it is seen 


that the upper half of the Smith Chart represents positive reactance (appearing inductive) 
and the bottom half represents negative reactance (appearing capacitive). 


MATLAB 6.3 
The following routine draws a Smith Chart. It calls a pair of functions, “realcirc” and 
“imcirc” to draw the lines. You can easily customize your own chart by modifying the 
“now add real circles” and “now add +/- x circles” portions of the program. 
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This routine, inspired by Soeren Laursen’s “A Smith Chart Toolbox” in 1995, con- 
tains a number of useful Smith Chart utilities written in MATLAB. Most recently this 


toolbox was found at http://filebox.vt.edu/users/brindlec/smith.html. 
M-File: MLQ@603 


This program plots a simple Smith Chart. It calls 
on the functions realcirc, imcirc, and z2gamma. 


Wentworth, 8/3/02 


Variables: 

a circle radius 

m,n x,y center of circle 

theta = angle (degrees) 

z a complex location 

rvalues values to plot for the real circles 
xvalues values to plot for the imag circles 
xpos x location of text 

ypos y location of text 


BZ R BS VE F VS BS at ae a a ae R R RLV 


clc %clears the command window 
clear %clears variables 


*first plot real = @ circle 
theta=linspace(-pi,pi,180); 
=1; 

m=0;n=@; 

Re=a*cos(theta)+m; 
Im=a*sin(theta)+n; 
=Re+i*Im; 

plot(z,'k') 

axis(’ equal’ ) 

axis(' off’) 

hold on 


%add the x = @ line 
plot([-1 1], [0,9], : kide 


%now add real circles 
rvalues=[@.5 1 2 4]; 
for r=rvalues 
realcirc(r); 
xpos=z2gamma(r) ; 
h=text(xpos,@,num2str(r)); 
set(h, 'VerticalAlignment','top','HorizontalAlignment' 
aright); 
end 


%now add +/-x circles 
xvalues=[@.2 0.5 1 2]; 
for x=xvalues 

imcirc(x); 

imcirc(-x); | 

xpos=real (z2gamma(i*x)); 


(continues) 
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ypos=imag(z2gamma(i*x)); 

h=text([xpos xpos], [ypos -ypos], [' j' num2str(x);'-j' num2str(x)]); 
set(h(1), ‘VerticalAlignment’ ," bottom’ ); 
-set(h(2),'VerticalAlignment','top"); 

if xpos==0 

set(h, 'HorizontalAlignment' ,* center’); 

elseif xpos<@ 

set(h, 'HorizontalAlignment' ,'right'); 

end 


h=text(-1,0,'0'); 
set(h,'VerticalAlignment' , middle’ ,'HorizontalAlignment’ ,' right’); 
end 


The next three functions (z2gamma(r), realcirc(r), and imcirc(r)) were entered and saved 
separately. 


function [result] = z2gamma(z) 

%Z2GAMMA Convert impedance to reflection coefficient 
%GAMMA = Z2GAMMA(Z) 

%converts the impedances in matrix Z to reflection 
%coefficients in GAMMA. 


result = (z-1)./(z+1); 


function [h]J=realcirc(r) 


%REALCIRC(r) draws circle of constant real with 

%normalized r; 

phi=1:1:360; 

theta=phi*pi/180; 

a=1/(l+r); 

m=r/(r+1) ;n=0; 

Re=a*cos(theta)+m; 

Im=a*sin(theta)+n; 

z=Re+i*Im; 

h=plot(z,'k'); 

axis(" equal’) 

axis(' off’) 

function [h]=imcircO< 

%IMCIRC(x) draws a circle of constant imag with 

%normalized x; 

=abs(1/x); 

m=1; 

n=1/x; 

k=1; 

for t=1:1:360 
angle(t)=t*pi/180; 
Re(t)=a*cos(angle(t))+m; 
Im(t)=a*sin(angle(t))+n; 
z(t)=Re(t)+i*Im(t); 
if abs(z(t)) <= 1 
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Figure 6.78 Smith 
Chart generated using 
ML0603. 





zz(k)=z(t); 
k=k+1; 


end 
end 
h=plot(zz,'k"); 
axis(' equal") 
axis(' off") 


A Smith Chart generated using this routine is displayed in Figure 6.15. 


Using the Smith Chart 


The Smith Chart is a plot of normalized impedance. For instance, suppose you have a Z, = 
50 Q line terminated in a load Z, = 50 + j100 Q as shown in Figure 6.16a. To locate this 
point on the Smith Chart, you would first normalize the load impedance to obtain z; = 1 + 
j2 (Figure 6.16 b). Then, as shown in Figure 6.16c, the normalized impedance is located at 
the intersection of the r = 1 circle and the x = +2 circle. 

To see how the Smith Chart is also a plot of the reflection coefficient, we recall that the 
reflection coefficient at any point z along a lossless T-line is 


L =T pe til ym = T e= |T, fer (6.72) 
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Z,= 500 = 50 + j100Q 





(a) 


(b) 


Faure &16 A T-line terminated in a load 
(a) shown with values normalized to Z, in 
(b). (c) The location of the normalized 
load impedance is found on the Smith 

(c) =l Chart. 





In this equation, we note that the reflection coefficient has a magnitude o and an angle 
Or equal to its angle at the load plus 2ßz. The actual value of Do | is found by taking the dis- 
tance from the center of the chart to the point divided by the distance from the center of the 
chart to the periphery ( iaa | = 1). To avoid this calculation, a scale for magnitude of reflec- 
tion coefficient is provided below the Smith Chart, as seen in Figure 6.12. The angle of the 
reflection coefficient 0; is indicated on the angle of reflection coefficient scale, shown just 
outside the (it | = 1 circle on the chart. 


(d) 
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Figure 6.16 (d) Reflection coef- 
ficient and angle. 


Continuing our example, we read from the Smith Chart (see Figure 6.16d) that the nor- 
malized load z, = 1 + j2 corresponds to T = 0.7 and 0, = 45°. This can be verified by 
calculation: 

ZL -Zə _ 50+ 100 —50 


=o . =0.5+ j0.5=0.707e/4> 
Z +Z, 50+ j100+50 
The values of normalized impedance and reflection coefficient are functions of posi- 
tion along the T-line (see Figure 6.17). After locating the normalized impedance point, it is 
useful to draw the enin tat | circle. Since 


r= |r le 


we let 6, change as we hold Ir, | constant, and this traces out a circle of constant hee | on 
the chart. Now, moving along this constant- Ir, | circle is akin to moving along the T-line. 
Recalling that 6, = 2Bz + p, we see that the input impedance at some point z = —£ along the 
T-line corresponds to 6, = —2B¢ + p. Thus, moving away from the load corresponds to mov- 
ing in the clockwise direction on the Smith Chart. 

Since the function e/®r is sinusoidal, it repeats for 


2Bz = M27 


(where N = 1, 2, 3...). So, since B = 27/À, we see that at values of z where 
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(a) 


Figure 6.17 Movement along a 
T-line corresponds to movement 
z along a constant- Tes circle on 
(b) ai the Smith Chart. 





À 
z=N 5 
T must repeat, and this distance corresponds to travel of an integral multiple of half wave- 
lengths along the line. 
Continuing our example, we suppose the line is 0.3 in length. Drawing a line from the 
center of the chart to the outside Wavelengths Toward Generator (WTG) scale,® > as shown 
in Figure 6.17b, we observe a starting point at 0.1882. Adding 0.3 moves us along the 


6.5The WTG scale is used when moving clockwise, or away from the load. The Wavelengths Toward Load 
(WTL) scale is used when moving counterclockwise on the chart. 
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constant-|T, | circle to 0.4884 on the WTG scale, corresponding to a normalized input 
impedance of Zi, = 0.175 — j0.08. Denormalizing, we find an input impedance of 


Zin =ZinZy = 8.15 —j4.Q 


ino 


The voltage standing wave ratio can be determined by reading the value of r at the 6- 
= 0° crossing for the constant- hee | circle (point b in Figure 6.17). This can be seen by first 
recalling that 


5 lleen 
ZEN EA 
=p 


Notice that, atx =O and r> 1, lal SMSO 


pil 


= VSWR 
r=] 


z=r 


In the continuing example, we find VSWR = 5.9 by reading from the Smith Chart. More 
exact calculation gives 5.83. 

The point where VSWR is taken is also the location of the maximum value of r along 
the constant-| rL | circle. The minimum value of r occurs a distance A/4 away (at 0, = 180°). 
These two points for maximum and minimum values of r correspond to the locations of rel- 

- ative voltage maximum and minimum on the T-line. 


Pudil<t1 Locate the following load impedances terminating a 50-Q T-line: (a) Z =0 
(a short circuit), (b) Z, = œ (an open circuit), (c) Z, = 100 + 100 Q, (d) Z, = 100 — 100 
Q, and (e) Z = 50 Q. (Answer: See Figure 6.18) 


Petl6 i? A 0.334)-long Z, = 50 Q T-line is terminated in a load Z, = 100 —j100 Q. 
Use the Smith Chart to find (a) T, (b) VSWR, (c) Zi» and (d) the distance from the load 
to the first voltage minimum. (Answer: (a) 0.61e0, (b) 4.3, (c) Zin = 22.5 + j45 Q, and 
(d) 0.208A) 


Impedance Measurement 


Measuring a device’s input impedance requires connecting it to a measuring instrument. 
However, the presence of the connection cable between the device and the measurement 
apparatus can significantly influence the measured impedance, especially at high frequency. 
Hence, several schemes for accurately measuring impedance have been devised. 

One technique for measuring input impedance employs a slotted coaxial air line, as 
shown in Figure 6.19a. A probe can be slid along the slotted line to measure electric field 
amplitude. A scale is affixed to the line for accurate location of the voltage maxima and 
minima. The ratio of the voltage maxima to the minima is the VSWR. To determine the input 
impedance, the field magnitude is plotted with the load in place and compared to the field 
plotted with the load replaced with a short circuit. An example details this procedure. 
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Figuve 6.18 Solution for Drill 6.11. 


Probe Short or 


Probe voltage 





| i f Figure 6.19 (a) Slotted coaxial 
40 30 20 10 O airline. (b) Field magnitude 
Scale (cm) versus position along the slotted 
(b) line. 
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Figure 6.19 (c) Smith Chart solution to 
Example 6.4. 





EXAMPLE 64 


An unknown load is attached to a 50-Q impedance slotted coaxial air line. The load is determined 

with the following procedure: 

1. Terminate the line in a short circuit. Determine the guide wavelength and the location of the volt- 
age minima. Choose one of these minima as the reference location of the load. 
The light blue line in Figure 6.19b shows the field amplitude plotted against the scale position 
for a short-circuit termination. The “0 cm” end of the scale is close to the load, but not necessar- 
ily right at the load. Voltage minima are located at 5, 20, and 35 cm, and we’ll arbitrarily choose 
5 cm to be the reference location for our load. From our understanding of the Smith Chart we 
know the difference in two minima (15 cm) corresponds to A/2. So À = 30 cm and because we 
are dealing with an air line (u, = c) we have f= c/ À = 1 GHz. 

2. Terminate the line in the load. Determine the VSWR and draw a constant- | Tr | circle. Also deter- 

mine the location of voltage minima. 

The heavy blue line in Figure 6.19b represents the field plot with the load in place that has a 

voltage maxima of 3 and minima of 1, so we have a VSWR = 3. This is used to draw the 

constant-|T | circle on the Smith Chart of Figure 6.19c. Finally, from Figure 6.19b, we see that 

the voltage minima with the load in place are located at 0.5, 15.5, and 30.5 cm. 

Move from one of the Joad minima to the reference location of the load. 


On the Smith Chart, we can begin at the 15.5-cm voltage minimum (point a). If we move to our 
5-cm reference location, then we must move 10.5 cm or 
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10.5cm _ 9 3599, 
30cm/À 
toward the load. This is point b on our constant-|F | circle, corresponding to z = 0.8 + j1.0, or 
Z,, = 40 + j50 Q 


Had we instead begun at the 0.5-cm minimum, then we would have moved 4.5 cm (0.150A) 
toward the generator and reached the same point b. 





Prill 6.13 Suppose in Example 6.4 that the 50-Q coaxial air line extends all the way 
from the 0 cm scale location to the location of the termination. What is the shortest 


length this extension can be? (Answer: 10 cm) 


Rather than using a slotted line, it is much more common to measure the input imped- 
ance of a device or network using a network analyzer (see Chapter 10). The effect of the 
connection cable can be calibrated out by using a set of standard terminations. To get an 
idea of how this is accomplished, the following example uses a calibration short circuit to 
determine the impedance of a load connected to the end of a section of transmission line. 


CRAMPLE 6.5 


The calibration short circuit is used to determine the electrical length of the test connection to the 
location of the device to be tested. Suppose when we attach a short circuit to a 50-Q T-line, as indi- 
cated in Figure 6.20a, that we measure an input impedance of Zins: = +128 Q. Normalizing this to 50 
Q, we find z = j2.56, or point a on the chart of Figure 6.20c. We know that the actual normalized 
impedance of a short is z = 0 + jO (point b on the chart). Moving from the measured short at point a 
toward the actual load at point b, we see that the electrical length of the line is 0.191A. 

Now suppose we attach the unknown load, as indicated in Figure 6.20b, and measure an imped- 
ance of Zin, = 30 —j40 Q. We normalize and locate this as point c (z = 0.6 —j0.8). This point is located 
at 0.125 on the WTL scale. We then move toward the load a distance of 0.191A, or to 0.316A on the 
WTL scale (point d). This corresponds to z, = 1.3 + j1.4, or Z, = 65 + j65 Q. 


EE 


D 
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Figure 6.20 The short- 
circuited T-line of (a) 
determines the electrical 

length of the line that is 
then used in (b) to find 
the unknown load with 
the aid of a Smith Chart 
(c). 
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Figure 8.26 The short-circuited T-line of 
(a) determines the electrical length of the 
line that is then used in (b) to find the 
unknown load with the aid of a Smith 
Chart (c). 





The Smith Chart is used in a variety of microwave engineering applications, in partic- 
ular impedance matching and amplifier design. Impedance matching is the topic of the next 
section, and it will be revisited in Chapter 10 prior to the topic of amplifier design. 


We often desire that all of the power propagating along a T-line be dropped across the ter- 
minating load impedance. But as we’ve seen, an impedance mismatch can result in the 
reflection of much of this power. An impedance matching network, as indicated in Figure 
6.21, provides a solution. The impedance looking into the network is matched to the line 
impedance. If the network itself consists only of reactive elements, then it will dissipate no 
power and consequently all the power will be dropped across the load. 

A number of techniques are available for constructing matching networks. Practicality 
is one concern, since the network should be of fairly simple design and be easy to imple- 
ment. The most practical designs include quarter-wave transformers, single-stub tuners, 
lumped-element tuners, and multisection transformers. With the exception of multisection 
transformers, all of these matching networks tend to operate over a fairly narrow band- 
width. One desirable trait for these networks is to have tuning capability in the event that the 
load impedance changes. Using variable reactive elements in a lumped-element tuner or 
using an adjustable-length T-line stub in a stub tuner can provide some tuning capability. 
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Matching 
network Figure &2% Adding an 
impedance-matching net- 
work ensures that all 
power will make it to the 


Zin= Zo load. 


In this section we will first investigate the simple quarter-wave transformer. Then we’ll 
see how the Smith Chart may be used to construct a variety of stub matching networks. 
Lumped-element networks will be deferred until Chapter 10. Multisection tuning networks 
are beyond the scope of this text but can be studied in several of the references cited at the 
end of Chapter 10. 


Quarter-Wave Transformer 


If the load impedance is all real (no reactive component), then a quarter-wave matching net- 
work can be constructed as shown in Figure 6.22. We can apply (6.56) to find the imped- 
ance looking into the quarter-wave-long section of lossless Z, impedance line terminated in 
a resistive load R, . We have 

R + jZ; tan BZ 


Zin =Z 
in CS Z+ jR, tanpe 


For a quarter-wave line length, B£ = 1/2 and tan(B€) = œ. This leads to 


for an impedance-matched line, or 


Zs = 4 ZR, (6.73) 


1 
49 
Z Zg 


a en Caen ten ta maa te 





- Figure 6.22 Quarter- 
wave transformer. 
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inai odd Suppose a 50-Q T-line is terminated in a 100-Q load. Determine the 
required impedance of a quarter-wave matching section of T-line. (Answer: 70.7 Q) 


Matching with the Smith Chart 


Consider a normalized load impedance z, located at an arbitrarily selected point on the 
Smith Chart of Figure 6.23. Since, as shown in Figure 6.21, we want Z, = Z, the normal- 
ized input impedance will be located at the center of the Smith Chart, where iT | = 0. Our 
matching network must therefore move us from z, to the center of the chart. 

Moving away from the load along the Z, line generates the constant-|T | circle shown 
in the figure. Of special interest are the two points where this circle crosses the 1 + jx cir- 
cle. At either of these points, inserting the appropriate reactive element (that is, adding + 


jx) will then move us to the matched condition at the center of the chart. 
EXAMPLE 6.6 


Let us construct a simple matching network by adding a reactive element at a suitable location along 

a 50-Q T-line terminated in an 11 + j25 Q load. This starting condition is shown in Figure 6.24a. 
We first locate the normalized load impedance z, on the Smith Chart, and then we draw the 
constant- |T | circle. This is shown in Figure 6.23, where z, = 0.22 + j0.5. Then, we move from z, 
“ clockwise (toward the generator) a distance d along the constant-| T | circle until the point 1 + j2.0 is 


Figure §.23 The objective of a matching 
network is to move to the center of the 
Smith Chart. The values shown are for 
Example 6.6. 
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(a) 





= 11+ j250 


Figure 6.28 (a) A 50-Q T-line 
terminated in an 11+ 725 Q load 
for Example 6.6. (b) T-line with 
tuning capacitor added at the 
appropriate distance from the 
Zin= Zo load. 


reached. Using the WTG scale, we are moving from 0.076A, to 0.188A,, a distance of 0.112A,. We cut 
the T-line at this point and insert a series capacitive element of normalized reactance — j2.0, corre- 
sponding to —j100 Q. The normalized input impedance is then 


Zin = 1 +j2.0 —j2.0 = 1 + j0 
corresponding to the center of the Smith Chart. The result is shown in Figure 6.24b. The value of 
capacitance required depends on frequency, that is, i 
-j10 Q=—L 
oc 


Note that we could have proceeded along Z, until the second intersection was reached (at 1 —j2.0), 
in which case a series inductor could have been added (+/100 Q) to provide the impedance match. 


Hie? G18 Suppose, for Example 6.6, that the 50-Q line is a coaxial cable made with a 
Teflon dielectric, and it must operate at 800 MHz. Determine (a) the length of the coax- 
ial line between the load and the capacitor and (b) the value of the series capacitor added 
to provide an impedance match. (Answer: d = 2.9 cm, (b) C = 2.0 pF) 


Before going on to shunt-stub matching, we first need to discuss the admittance of 
open-ended and shorted T-line stubs. 


Admittance of Shunt Stubs 


Sometimes, as in the case of T-line stubs, we find it much more convenient to add shunt 
elements rather than series elements. With shunt elements, it is much easier to work in terms 
of admittances. Admittance is the inverse of impedance, allowing direct addition of parallel 
elements. Figure 6.25a shows the relationship between admittances and impedances. Here 
we see that the characteristic admittance Y, is simply 1/Z,, and the load admittance Y, is 
1/Z,. The convenience of admittances is that shunt values may be added, for instance as 
shown in Figure 6.25b. 


(a) 


(b) 
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Guwo £28 (a) Admittance 


meme ii relationship to impedance. (b) 
Y= 1/7 =1/Z, Adding shunt elements using 


admittances. 





Yror= Yi1 + Yio 


It may be noted that the Smith Chart is also a chart of normalized admittance. The nor- 
malized load admittance is 


yp =e =— (6.74) 


It is customary to represent the normalized admittance as y = g + jb. 

Consider the normalized impedance z, = 2 + j1 as shown in Figure 6.26. We can cal- 
culate the normalized admittance as y, = 1/z, = 0.40 —j0.20. With the Smith Chart it is easy 
to find the normalized admittance. We simply move to a point on the opposite side of the 
constant-| F] circle, as depicted in the figure. 


Grili 6.56 A 50-Q line is terminated in a pair of parallel load impedances of 50 + j100 
Q and 50 — j100 Q. Determine the total load admittance and impedance seen by the line. 
(Answer: 8 mS, 125 Q) 


Lossless T-line stubs that are terminated in either a short or an open end can be used as 
purely reactive tuning elements. Consider a shorted T-line as shown in Figure 6.27a. We see 
that the constant-|T | circle follows the periphery of the Smith Chart (z = 0 + jx). Proper 
selection of the T-line length d allows us to choose any value of reactance that we want, 
whether it’s capacitive or inductive. This is verified from (6.56), where it is seen that the 
input impedance at some distance d from the short is 


Zin = JZ, tan (Bd) (6.75) 


or 
Zin =J tan (Bd) ae (6.76) 


For instance, if we travel from the short to a distance 0. 125A, on the WTG scale, the Smith 


Chart gives us an input impedance Z,, = +j50 Q, corresponding to an inductance. This is 
confirmed by using (6.75), where 
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Figure 6.28 Finding normalized admit- 
=i tance with a Smith Chart. 


Bd = 27 | Ae) z 
A, A 8 4 
results in tan(7/4) = 1.0, leading to Z,, = j50 Q. 


The stub admittance is found by starting from the point on the right side of the chart 
(snort = ° + jee), and traveling clockwise to the point y,, = 0—j1.0. Mathematically we have 


Yin = -j cot (Bd) (6.77) 


An open-ended stub will be very similar. In Figure 6.27b, the z,, and y,, curves would be 
interchanged for an open stub. 


Shunt-Stub Matching 


In Smith Chart terms, the objective of a shunt-stub matching network as shown in Figure 
6.28a is to move to the center of the chart. Since a shunt stub will be added, we will work in 
the admittance chart. From the normalized load admittance, a section of through line is tra- 
versed to arrive at the / + jb circle. At this point we add a shunt stub of normalized admit- 
tance 0 + jb. The sum of these admittances takes us to the center of the chart where lr | = 
0, Ya = Y, and Za = Z, and matching is complete. 


> “in 
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Figure 6.27 (a) A shorted T-line stub. (b) 
Smith Chart view of z;, and y,, for d = /8. 





The procedure for constructing a stub matching network is as follows: 


1. Locate z,, the normalized load impedance. 

2. Draw the constant-|T | circle and use it to locate y, . 

3. From y,, move clockwise along the constant-|T | circle to an intersection with 
the / + jb circle, at which point the impedance looking into the through line is y4 
= ] + jb. The distance moved is found using the WTG scale and represents the 
through-line length d. 

4. Ifa shorted shunt stub is employed, consider that its normalized admittance is 
located on the periphery of the chart at 0.250A, on the WTG scale, or at œ + joo 
on the admittance chart. Move clockwise along the periphery of the chart to 0 + 
jb. The distance traveled is the length of the stub, £, and the normalized admit- 
tance looking into the stub is therefore y, = +jb. 


5. The total admittance (Figure 6.28b) is Yot =Yy + Ye = 1 + j0, and the matching 
network is complete. 
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Figure &.23 (a) The generic layout 
of the shorted shunt-stub matching 
network. (b) Adding shunt admit- 
tances. (c) Using the Smith Chart to 
find through line and stub lengths. 
Values on the chart apply to 
Example 6.7. 
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Construct the shorted shunt-stub matching network for a 50-Q line terminated in a load Z, = 20 - j55 Q. 

The points indicated in the Smith Chart of Figure 6.28c apply to this problem. First, we locate 
the normalized load impedance, z, = Z,/Z, = 0.4 —j1.1, and draw the constant-|T | circle. Then we 
locate y,. Moving to the first intersection with the 7 + jb circle (in this case, at 1 + j2.0), we travel 
from 0.1 12d, to 0.1 87A, on the WTG scale, so our through-line length d is 0.075). 

Next we insert the shorted shunt stub. On the admittance chart, the location of the short is on the 
right side of the chart at WTG = 0.250A,. We must move clockwise (toward the generator) until we 
reach the point 0 — j2.0, located at WTG = 0.324,. This gives us a stub length of 0.324A, — 0.250A, 
= 0.074A,,. 


EXAMPLE 5.8 


Now we want to construct an open-ended shunt-stub matching network for a 50-Q line terminated in 
a load Z, = 150 + 100 Q. 

Referring to Figure 6.29b, we first locate z; = Z,/Z, = 3.0 + j2.0 and draw the constant-|T | cir- 
cle. Then we locate y, . Moving to the first intersection with the 7 + jb circle (in this case, at 1 + 1.6), 
we travel from WTG = 0.474A, to WTG = 0.178A,. We add a half a wavelength to the end point, so 
the length of our through line is d = (0.500A,) + 0.178A, — 0.474), = 0.204A,,. 

Next we insert the open-ended shunt stub. On the admittance chart, the location of the open end 

_ is on the left side of the chart at WTG = 0.000A,. We must move clockwise (toward the generator) 

until we reach the point 0 — j1.6 located at WTG = 0.339A,, for a stub length £ = 0.339A,. 


Hets? In Example 6.7, we chose the first intersection with the | + jb circle (at 1 + 
j2.0) in designing our matching network. We could also have continued on to the second 
intersection, occurring at 1 — j2.0. Determine the through-line length d, and the stub 
length £ for the matching network using this second intersection. (Answer: d = 0.200A,, 
€ = 0.426A,) 





Figure 6.29 (a) The generic layout of 
the open-ended shunt-stub matching 
network. 
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0.4742 “Siow 






` Figure 6.29 (b) Smith Chart 
0.3391. solution to Example 6.8. 


pri 6.1% Determine the through-line length d and the stub length £ for the open- 
ended shunt matching network of Example 6.8 if the other intersection with the 7 + jb 
circle is used. (Answer: d = 0.348A,, € = 0.161A,) 


High-frequency circuits are very often constructed on small, flat boards using microstrip T- 
line interconnects. A cross section of microstrip is shown in Figure 6.30. On the bottom of 
the board (or substrate) is a continuous sheet of metal termed the ground plane. On top is a 
narrow ribbon of metal termed the signal line. The combination of ground plane, signal line, 
and dielectric make up the microstrip. 

The convenience of microstrip is that circuit elements such as transistors and capaci- 
tors are easily mounted and supported atop the substrate. The microstrip impedance is a 
function primarily of the signal line width, dielectric thickness, and dielectric relative per- 
mittivity. Fabrication typically employs a low-loss-tangent dielectric substrate that is pre- 
covered with metal on both sides. A photoresist pattern is applied to the top side, and 
immersion in an acid bath removes, or etches, unwanted metal. In addition to making con- 
trolled impedance T-lines, such simple processing can also make many high-frequency cir- 
cuit components such as filters and couplers (see Chapter 10). 

A typical field pattern is shown for a cross section of microstrip in Figure 6.3 la. Notice 
that although most of the field lines are in the dielectric, some are in air. The inhomoge- 
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Cross section of 
Ground plane microstrip T-line. 


neous dielectric means waves do not propagate in a pure TEM mode; there are some field 
components in the direction of propagation. However, most field components are TEM, and 
it is customary to model microstrip as a signal line buried in a continuous dielectric of effec- 
tive relative permittivity €., as shown in Figure 6.31b. Propagation in such a model is said 
to be quasi-TEM mode, indicating that we are assuming the propagation is TEM for sim- 
plicity. In such a case the propagation velocity u, is related to the speed of light by 


c 

Up p 
where we are assuming a nonmagnetic dielectric, and the phase constant along the line is 
_2nf 

E 


pP 





(6.78) 


(6.79) 


The physical length of one wavelength at a particular frequency along the T-line is called 
the guide wavelength, given by 


N 


1, oa (6.80) 


where À, = c/f. 


(a) Figure 6.31 (a) Typical 
electric field lines in a 
cross section of 
microstrip. (b) Field lines 
where the air and dielec- 
tric have been replaced 
by a homogeneous 
medium of effective rela- 
(b) tive permittivity €r- 


Eeff 
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An exact solution for microstrip is extremely difficult, and semiempirical®® equations 
have been developed. The effective relative permittivity can be written 


e. +1 faa) 


E£ = — + -m 
e a aT 


The characteristic impedance is broken into two parts, depending on the value of the ratio 
w/h. For w/h < 1, 


(6.81) 





60 8h w 
Z= In} —+— | Q 6.82 
°C ett fe T. ea 
and for w/h > 1, 
1 120n Q 


zE 





(6.83) 


y Eeff 7 +1.393 + 0.667 n( + 1.444) 
1 


This particular microstrip model doesn’t take into account the thickness t of the metal 
layers, nor does it consider the propagation dependence on frequency. But for our pur- 
poses it is sufficiently accurate. The analysis equations for this model are incorporated into 
ML0604. 

Microstrip’s maximum operating frequency is limited by loss, dispersion, and the exci- 
tation of non-TEM propagation modes. For w < 2h, a useful approximation for microstrip’s 
maximum frequency limit is 


c 
4hve, 





Snax = (6.84) 
EXAMPLE 6.9 


Suppose a typical microwave substrate is 40. mils thick®” alumina (A1,0,), with £, = 9.90. Copper 
forms the ground plane and an 8.0-mil-wide signal line. We want to find the impedance and propaga- 
tion velocity for this microstrip. 

Using (6.81), we have 


_ 9.90+1 9.90-1 


Eeff 2 ETTO 


Inserting this value into (6.78) gives us a propagation velocity 





re 


u = 
p 
y Eeff 





=1.22x108 m/s 


6.64 semiempirical expression is based on a mathematically derived model, to which correction factors are added 
so that the equation matches reality. 

6.7English units, in particular mils, are still in common use by American circuit board manufacturers. There are 
1000 mils to the inch, or 25.4 um per mil. 
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Since w/h < 1, we use (6.82) and find 


a nf XO), ]=900 


46.02 | 8  4(40) 





pe) 4.2% What is the maximum frequency of operation for the microstrip of Example 
6.9? (Answer: 23 GHz) 


Here we’ll put the microstrip analysis equations into a MATLAB program, save it as 
ML0604, and run it for the values given in Example 6.9. 


% M-File: MLQ604 

% 

% Microstrip Analysis 

% 

% Given the physical dimensions and er, this will 
% calculate eeff, Zo, and up for microstrip. 
% 

% Wentworth, 8/3/02 

% 

% Variables: 

% w line width 

% h . substrate thickness 

% er substrate relative permittivity 
% eeff effective relative permittivity 
% up propagation velocity (m/s) 

% Zo characteristic impedance (ohms) 
clc %clears the command window 
clear %clears variables 


disp('Microstrip Analysis‘) 
disp('enter width & thickness in the same units') 
disp(' ') 


% Prompt for input values 
w=input('enter line width: '); 
h=input('enter substrate thickness: '); 
er=input(' enter substrate er: ‘); 


% Perform Calculations 

eeff=((er+1) /2)+(er-1)/(2*sqrt(1+12*h/w)); 

up=2 .998e8/saqrtCeef Ff) ; 

if w/h<=1 

Zo=60* log((8*h/w)+(w/(4*h)))/sqrtCeefF) ; 

else if w/h>1 

Zo=120*pi/(sqrt Ceef fF) * ((w/h) +1. 393+0.667* 1log( (w/h)+1.444))); 
end 

end 


(continues) 
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% Display results 

disp(['eeff = ' num2str(eeff) J) 
disp({'up = ' num2str(up) 'm/s']) 
disp(['Zo = ' num2str(Zo) ‘ohms’ ]) 


Now, to run the program for the values of Example 6.9, we have the following: 


>> ML0604 

Microstrip Analysis 

enter width & thickness in the same units 
enter line width: 8 

enter substrate thickness: 40 

enter substrate er: 9.90 

eeff = 6.0198 

up = 122191751.9462m/s 

Zo = 90.24080hms 


yell 6.20 Suppose a 20.-mil-thick alumina substrate is used, and the signal line 
remains 8.0 mils wide. Recalculate u, and Z,. What is the maximum operating frequency 
for this microstrip? (Answer: u, = 1.20 x 108 m/s, Z, = 72 Q, finax = 47 GHz) 


'» it is more often the case that a particular Z, is 
sought for microstrip on a known dielectric substrate. Then, it is necessary to choose the 
width that corresponds to the particular Z,. The design equations are as follows, broken into 
two sets based on the ratio w/h: 


Rather than analyzing a board to find Z 











For w/h € 2, 
w 8e“ 
== 6.85 
ii eo =o ( ) 
and for w/h > 2, 
w 2 e.-1 0.61 
—=—| B—1-In(2B-1)+— In( B—1)+ 0.39 — 
al ( ) Te, l (B-1) ~ } (6.86) 


The variables A and B in these equations are given by 


Z, [etl e-i 0.11 
= — |- +=] 0.23+ 
60) 2 H £; ) oai 





and 


B=— F= (6.88) 
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MATLAB 65 


Now we’ll put the microstrip design equations into MATLAB, save it as ML0605, and 
run it for Drill 6.20. 


% M-File: MLQ605 

% 

% Microstrip Design 

% 

% Given the desired Zo, substrate thickness, and er, 
% this program will calculate w, eeff, and up. 

% 

% Wentworth, 8/3/02 

% 

% Variables: 

% w line width 

% h substrate thickness 

% er _ Substrate relative permittivity 
% eeff effective relative permittivity 
% up ` propagation velocity (m/s) 

% Zo - . characteristic impedance (ohms) 
% A,B. calculation variables 

%  smallratio calc variable 

%  bigratio calc variable 

clc %clears the command window 
clear %clears variables%MstripDesign 


disp('Microstrip Design’) 
dispC'width & thickness will be in the same units') 
disp(' ') 


% Prompt for input values 
Zo=input('enter desired impedance: ') 
h=input('enter substrate thickness: ' 
er=input('enter substrate er: '); 


j; 


%Perform Calculations 
A=(Zo/60) *sqrt(Cert+1) /2)+C(er-1)/Cer+1))* (@.23+0.11/er) ; 
B=377*pi/(2*Zo*saqrt(er)); 
smal lratio=8*exp(A)/(Cexp(2*A)-2); 
bigratio=(2/pi)*(B-1-1log(2*B-1)+((er-1)/(2*er))* (log(B-1)+0. 39-0.61/er)); 
if smal lratio<=2 

w=smallratio*h; 
end 
if bigratio>=2 

w=bigratio*h; 
end 


eeff=((er+1) /2)+(er-1)/(2*sqrt(14+12*h/w)); 
up=2 .998e8/saqrtCeef Ff) ; 


(continues) 


310 Chapter 6. Transmission Lines 


Attenuation 


*%Display results 


disp({'w = " num2str(w) J) 
disp([{'eeff = ' num2str(eeff) ]) 
disp({' up = ' num2str(up) 'm/s']) 


Now running the program for Drill 6.21, we obtain: 


>> MLO605 
Microstrip Design 
width & thickness will be in the same units 


enter desired impedance: 50 
enter substrate thickness: 40 
enter substrate er: 9.9 

w = 38.6273 

eeff = 6.6644 

up = 116131354.2486m/s 

>> 


Pili 6.21 Design a 50-Q impedance microstrip line on a 40-mil-thick alumina sub- 
strate. (Answer: w = 38.6 mils) 


Attenuation of a signal propagating in microstrip can arise from conductor loss, dielectric 
loss, and radiation loss. Unintentional loss to radiation can be minimized by avoiding sharp 
angles or discontinuities in the microstrip line. Most attenuation therefore arises from con- 
ductor and dielectric loss, and the total attenuation Œ, is the sum 


Oliot = Ol, + Oy (6.89) 


where ot, and œ; are conductor and dielectric attenuation, respectively. 
A simple approximation for the conductor loss is given by 


= Bun (5p) 
© Zw\m 
e (6.90) 
Cho = 8.686 in ( R) 
ow \ m 


where w must be in meters and R gin is the conductor skin-effect resistance. The resistance 
Rin is ideally given as 


Rain == (6.91) 
oð 
where 6 is the well-known skin depth.©8 However, if the conductor is thin, then 
Rain = a S 6.92 
ia oò(1- eè) $ 


6.8Recall from Chapter 5 that 6 = 1/ A fn fpo. 
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is more accurate. Neither of these formulas take into account surface roughness where the 
conductor meets the dielectric, but it can be gleaned from (6.90) that a wide conductor on a 
smooth dielectric will minimize conductor loss. 

Dielectric loss is approximated by 


vig or") (=) 
¢ yee (Er-1)  \m (6.93) 
where the loss tangent is the most critical variable.®? 

The formulas for attenuation are approximate and do not, for instance, take into 
account surface roughness or environmental conditions (temperature, humidity, etc.). 
Therefore, it is common to measure the attenuation over the frequency range of interest for 
a particular microstrip configuration. 


Peis 2% Calculate the conductor and dielectric attenuations (both in dB/m) for the 
microstrip of Drill 6.21 at 1.0 GHz if 6.0-um-thick copper conductor is used. (Answer: 
a, = 1.6 dB/m, a; = .022 dB/m) 


Other Planar T-Lines 


Of the planar T-line structures used for high-frequency circuits, microstrip is the most com- 
mon. A disadvantage of microstrip is that it tends to be dispersive, meaning different fre- 
quency components travel at different velocities along the line. Dispersion is the topic of 
Section 6.8. Also, for a component atop the substrate to make ground contact, a metallized 
hole (called a via) must be drilled through the board and filled with metal. Finally, for a 
given substrate thickness, the T-line width must be fixed if you want to maintain a constant 
line impedance. 

Two other planar T-line structures are shown in Figure 6.32. Stripline has the advantage 
of being very well shielded since it has ground planes on both top and bottom. Also, since 


Stripline 


CPW Figure 6.32 Two other planar T- 
line cross sections: (a) stripline 
and (b) coplanar waveguide. 


6.9Note that tanô is frequency dependent. It is common practice to use a provided value of tand, such as those 
given in Appendix E, even when the value is not cited at your particular frequency. For improved accuracy it 
may be necessary to conduct your own measurements. 
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the electric field encounters a homogeneous dielectric in stripline, it doesn’t suffer from dis- 
persion as much as microstrip.*!9 A disadvantage of stripline is the difficulty in contacting 
discrete components like transistors. 

Coplanar waveguide (CPW)°*-!! has both signal line and ground lines on the same side 
of the substrate and so it is the easiest of the planar structures upon which to place discrete 
components. The impedance is controlled by the ratio of the center line width w to the gap 
space s. This means very narrow lines can fan out to wider lines all the while maintaining a 
constant impedance. A downside of CPW is the requirement for a relatively large amount 
of substrate area to build a circuit. A variation on CPW is conductor-backed coplanar wave- 
guide T-line, or CBCPW, which as the name implies has a backside ground plane in addi- 
tion to the two topside ground planes. This has better shielding than CPW and has some of 
the characteristics of both microstrip and CPW. 





Our study of transmission lines has so far concerned propagation of steady-state sinusoidal 
signals at a single frequency. We are now interested in the transient situation, where a sud- 
den change in voltage or current is instigated at one end of a line. 

The most common example of transients on T-lines is the propagation of signals along 
the interconnects between digital circuits. Information is carried as ones and zeros, typically 
corresponding to voltage levels of 6 and 0 V. Switching from 0 to 6 V, for instance, involves 
a step change in voltage that propagates along the interconnect. 

Launching a voltage step function on a T-line can be accomplished as shown in Figure 
6.33a by closing the switch at t = 0. For simplicity, we assume this T-line is lossless with 
characteristic resistance R, We’ll also assume resistances R, and R, at the source and load, 
respectively. Reactive terminations will be dealt with later in this section. 

The voltage launched at the T-line is determined based on voltage division between the 
source resistance R, and the resistance seen by the signal looking into the T-line. However, 
unlike the steady-state case, the transient signal has no knowledge of how the T-line is ter- 
minated. It only sees R,. So a voltage 


R 
V,=V,-—— 6.94 
° $R +R, Cee 
is initially launched on the line. Since the voltage in general will depend on the location 
along the line as well as time, it will be represented as V(z,t). The initial launched voltage 
can therefore be written 


V(-€, 0) = V, (6.95) 
The transit time tẹ, or time for the signal to traverse the length £ of the line, is related to 


propagation velocity u, by 


t, =— i (6.96) 


6.101f e, varies with frequency, dispersion will result in both microstrip and stripline. 


6.'lit is no coincidence that CPW are also the initials for the inventor of coplanar waveguide. C. P. Wen, an engi- 
neer at Texas Instruments, Inc. 
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(b) 


Figure 6.33 (a) A voltage 
step function is realized by 
closing the switch at t = 0. 
(b) Bounce diagram for tran- 
sient voltage on the T-line. 





Upon reaching the load end at time ¢,, part of the signal gets reflected. The reflection coef- 
ficient is, 
R, = Ro 


O RER 


and a wave I, V, is reflected. Therefore, the total voltage at the load end, just after the inci- 
dent voltage has reached the load, is 


V(0,t,) = V (1+T,) (6.97) 


The reflected signal travels back toward the source. An additional f, time is required to 
reach the source end, where it sees a reflection coefficient 


yee (6.98) 
RER, 
and a portion of T, V, is reflected back toward the load. We therefore have 
VA-,2t)=VI+T, +s). ae (6.99) 


With all the reflections and rereflections, keeping track of V(z,t) can be difficult. To 
ease this difficulty we can employ a bounce diagram, also referred to as a reflection dia- 
gram, as shown in Figure 6.33b. The position along the T-line is shown as the horizontal 
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axis, here aligned for convenience with the T-line of Figure 6.33a. Time is on the vertical 

axis. The diagonals represent the location of the leading edge of a wave. The top-most diag- 

onal, traveling from time t = 0 to t = tẹ, shows the location of the front of the incident wave 
- V,. The second diagonal shows the front of the first reflected wave F, V,, and so on. A ver- 
tical line drawn on the bounce diagram shows the voltage at that jssak as a function of 

time. At a particular time on the vertical line, the total voltage will consist of all the waves 
- crossing the vertical above that point. 


EXAMPLE 6.10 


An exainple will show how a step change in voltage propagates along a section of T-line and how the 
bounce diagram works. We want to plot the voltage at the middle of the 6.0-cm-long T-line shown 
in Figure 6.34a as a function of time to 8.0 ns. 

Our first step is to calculate the reflection coefficients. At the load, we have 


1250-750. _ 


1 
L125Q4+75Q 4 


` At the source end, we have 


Boao. 1 


S 25Q+75Q 2 









4V Ro=75Q  u#=0.1c 


T 
Be 
on 
re) 

i 
H 
H 
$ 
è 
f 
ł 
a aaas 


O----4f2}------- F> 
TE ii 
H $ 3 
i ł $ ` 
rok. E 
i 7 : 
z 
i: 
$ 


| ce =e m 


C2. ee ae 


Figure 6.34 (a) T-line 
circuit and bounce dia- 


gram for a voltage step 
t(ns) change. 


(1/4)(—1/2)(1/4)3V 
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i l Figure 6.34 (b) Plot of the volt- 
2 4 6 8 `` t(ns) age at the middle of the T-line. 


We can also calculate the transit time for the 6.0-cm line, given a propagation velocity of 0.1c: 


' 6cm ( lm Je ns 
o a |=2ns 
(0.1)(3x10 m/s) 100cmA s, 


Next, we indicate on the bounce diagram the values for each wave, shown to the left of the dia- 
gram in Figure 6.34a. We tally these up at the middle of the T-line and plot the result in Figure 6.34b. 
Initially, there is no voltage seen in the middle of the line. But after 1 ns has elapsed, the incident wave 
V, is present, as indicated by point a on the two figures. This voltage remains constant until the 
” reflected wave arrives, 2 ns later (point b). 

After a long enough time, the reflections will settle down and the voltage at every point along of 
the line will equal 





Ry _gy__1252 


A =4, Vo KEA 
Ri +R, 12504259 





teri! © 2% Swap the source and the load resistors for Figure 6.34a and generate a plot 
of the voltage at the source end of the line to 8 ns. (Answer: See Figure 6.35) 


Figure 6.35 Plot of voltage at 
the source end for Drill 6.23. 
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Pulse Response 


Instead of a voltage step, suppose we launch the square pulse shown in Figure 6.36a onto a 
T-line circuit. This can be represented by adding a second switch that shorts the supply at 
t = T, as shown in Figure 6.36b. 

We can model this situation by placing a pair of voltage step changes on the bounce 
diagram of Figure 6.37a. A V, incident wave is launched at t = 0, and a —V, incident wave is 
launched at t = T. Finding the voltage at any point along the T-line at a particular time fol- 
lows the usual bounce-diagram approach. For instance, the hypothetical pulse response at 
the middle of the T-line is shown in Figure 6.37b. 


erected E, o i 


Figure 6.36 A pulse input as shown 
in (a) can be realized by the circuit 
in (b). 





! Figure 6.37 (a) Bounce diagram at the middle of the 
(a) line for a pulse input. 
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fe 2t; 3t, Figure S27 (b) Voltage at the middle of the line for 
(b) a pulse input. 


EXAMPLE 6.11 


To better illustrate the pulse response procedure, suppose in Example 6.10 the 4-V step voltage is 
replaced with a 4-V pulse of 3-ns duration. 

The bounce diagram is shown in Figure 6.38a with the values of the waves as indicated. The volt- 
age at the middle of the line is plotted in Figure 6.38b. 


p 6.24 For the 3-ns pulse example, plot the voltage at the load out to 8 ns. (Answer: 
See Figure 6.39) 


The bounce diagram is a handy tool for step changes and for square pulses. However, 
realistic digital signals have significant rise and fall times, resulting in pulses that have 
sloped edges. The bounce diagram becomes very difficult to use in such cases. The 








(ar t(ns) (b) 2 : 4 l 6 8 t(ns) 


figure £28 (a) The bounce diagram and (b) voltage plot for the circuit of Figure 6.34a when a 4-V pulse of 3-ns dura- 
tion is applied. 
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2 4 6 8&8 (ns) Figure 639 Plot for Drill 6.24. 


following MATLAB routine plots V(z,t) resulting from a triangular pulse source. With mod- 
ification, the program can be used for pulses with other shapes, including stepped and 
square pulses. 


The following routine traces the voltage at an arbitrary point along a T-line resulting 
from a triangular pulse. The pulse is to ramp up linearly from 0 to 10 V over 1.5 ns, then 
abruptly drop to zero, as indicated in Figure 6.40. We’ll also consider the Example 6.10 
situation of 6-cm line length and 0.1c propagation velocity. However, we’ll short the 
load and want to find v(z,t) at z= 4.5 cm. 

To keep the routine simple, we choose to impedance match the source so that we 
only have a single positive traveling wave and, perhaps, a negative traveling wave. The 
program consists of two main sections. First, the triangular function is defined and 
placed into a time-discretized array. Second, the positive and the negative wave data are 
generated and combined. 


M-File: ML@6@6 

Analysis of a triangular pulse (matched source 
impedance) traveling down a T-line and reflecting 
off a resistive load. We want to be able to trace 
the voltage at an arbitrary point along the line. 


Wentworth, 4/25/03 


Variables 

Vo pulse height (V) 

tl pulse start (ns) 

t pulse end (ns) 

L line length (cm) 

T transit time (ns) 

z location to find pulse (cm) 

tau time “location” to find pulse (ns) 
up propagation velocity (m/s) 


Ro,RL Jline,load resistance (ohms) 
N number of points 


BH R F I I I BE Be BL E F F F F Be Bk 3k 


% GL load reflection coefficient 
clc 
clear 


%enter variables 
Vo=10; 

tl=0; 

t2=1.5; 

L=6; 

z=4.5; 

up=3e7; 

Zo=50; 

ZL=0; 


T=1e9* (L/up)/100; 
tau=1le9*(z/up) /100; 


N=500; 
GL=(RL-Ro)/(RL+Ro) ; 
*initialize array 
for i=1:N+1 

v(i)=0; 
end 


dt=2*T/N; 
%enter triangular pulse function 
m=0.5*Vo/(t2-tl1); %slope 
for i=1:N+1 
tCi)=i*dt; 
Te 1G) )kaeal 
vo(i)=0; 
end 
if and(t(Ci)>t1,tCi)<t2) 
voCi)=m*(t(i)-tl1); 
end 
if tOD>t2 
vo(i)=0; 
end 
end 


%Generate + wave data 
for j=1:N+1 
ta=i*dt; 
if ta>tau 
j=ceil((ta-tau) /dt) ; 
vplus(i)=vo(j); 
end 
end 


%Generate - wave data 
for i=1:N+1 
ta=i*dt; 
tb=2*T-tau; 
if ta>tb 
j=ceil((ta-tb)/dt); 
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(continues) 
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vmin(i)=GL*voCj); 
end 
end 


%Sum the data 


for i=1:N+1 
vCi)=vplusCi)+vmin(i); 

end 

plot(t,v) 

xlabel('time (ns)") 

ylabel(' voltage’ ) 

AXIS([@ 2*F -Vo Vo]) 

grid on 


Note use of the function “ceil.” Whereas the related function “round” will go to the near- 
est integer, the function “ceil” will round up, to keep j > 0. 

Suppose we want to use the routine to model the pulse function of Example 6.11 
(except with a matched source—see Problem 6.51). We create the unit step function: 


function U=step(t,T) 

%Unit step function. When time t exceeds a time T, 
%value of the function is 1. 

U=t>=T; 


Then we modify the program, replacing the “enter triangular pulse function” with “enter 
rectangular pulse function”: 


%enter rectangular pulse function 
t=0:dt:2*T; 
vo=@.5*Vo*(step(t,t1)-step(t,t2)); 
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0 02 04 06 08 1 12 14 16 18 2  figere640 Triangular pulse 
Time (ns) source used in MATLAB 6.6. 


6.7 Transients ` 321 


Practical Application: Schottky-Diode Terminations 


We have seen that signal reflection can be eliminated by terminating the end of the line in a 
matched load. But the load impedance in a digital circuit may be unknown, or it may vary 
depending on its logic state. Even if the load impedance is known, and a resistive termina- 
tion is possible, for many digital circuits the presence of matching resistors will result in 
continual unwanted power consumption. 

Circuit designers have used a number of termination strategies to improve high- 
frequency performance in digital interconnects. A popular technique employs a pair of 
Schottky diodes placed at the load end of a transmission line as shown in Figure 6.41. The 
diode D, is said to clamp to the supply voltage V.. whereas D, clamps to ground. Consider 
the case where a pulse of value V, is incident from the transmission line onto an open cir- 
cuit (Z, = œ). Without D,, the reflected pulse would result in 2V, at the load end for the 
duration of the pulse. But with D, in place, this overshoot is shunted directly to V,.. 
Likewise, an undershoot, a negative voltage at the load resulting, say, from a shorted load 
(Z = 0), would be shunted to ground by D,. Voltages are therefore bounded by V, and 
ground, plus and minus, respectively, the forward bias drop in the Schottky diode. We there- 
fore see that signal reflections are reduced by the clamping action of the diodes, rather than 
by an impedance match. Also, although a resistive termination would draw continual power, 
the Schottky diodes only conduct when needed. 

The diode of choice for this application is the Schottky, since it has a very small for- 
ward bias drop, is relatively fast, and is easily integrated with digital logic. 


Reactive Loads 


Transient analysis is a bit more difficult when the load is reactive. Consider the inductive 
load shown in Figure 6.42. At the load end of this circuit we can write the total voltage as 


v(t) =(Vi+ VDU) (6.100) 


where, Vi and V/(t) represent the incident and reflected waves, respectively. The unit step 
function U(t) is defined as 


0 for T< 0 


U(t)= 6.101 
ug eee eet 





Figure g4] Schottky-diode termination. 
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Ro 
v. E R, L Figureg4? A voltage step 


- incident on a T-line with an 
$ inductive termination. 


Since the incident wave doesn’t arrive at the load end until ¢ = tẹ, t for (6.100) is defined as 
t=t— te 


Rather than carry the unit step function through the calculations, it will be inserted again 
where needed in the final equations. 

The reflected wave V{(t) is a function of time and is no longer related to the incident 
wave by a simple reflection coefficient. Instead, for transient analysis we must consider the 
inductance relation 


. di, (t 
v- LL = (6.102) 


We can write an expression similar to (6.100) for the current at the load: 
ROS EL) (6.103) 


Then since we know 


we can rewrite (6.103) as 


i (t)= >(v -V3(t)) (6.104) 


0 


Adding (6.100) and (6.104) we can eliminate V(t) and find 
di, (t à i 
l +R i (t)=2V (6.105) 


This is a linear, first-order differential equation that can be solved®!? for i, (t) as 


2v; 
Zo 





in) =2(1- 2%!" \u(z) (6.106) 


The unit step equation has been reinserted, and t replaces ż in the exponential, where T = t 
~t, at the load end. 
Inserting (6.106) into (6.102), we evaluate the derivative and find 


v, () =OV te REUT) (6.107) 


6-12You should consult your differential equations book. LaPlace or Fourier transforms may also be used. 


Voltage at load end 


Voltage at source end 








j 
! 
| 
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We can plot v, (t) as shown in Figure 6.43a. 
Finally, the reflected voltage is 


VA =v (A Vi = Vi (2e PLU) (6.108) 


We’ ve simplified this example by matching the source impedance to the transmission 
line impedance so there is no reflection at the source end. We can plot the voltage at the 
source end, v (t), by considering that T = t — 2t,. We have 


v(t) = Vi+ Vi(t) = Vİ + Vi (2eRoVL _ 1) U(t) (6.109) 


This is plotted in Figure 6.43b. The inductor appears as a short circuit after sufficient time 
has elapsed. 

A capacitive termination can be solved using the same approach (see Problem 6.53). In 
Figure 6.44, the voltage at the load end is 


v(t) = 2Vİ|1 — eto U(t) (6.110) 


where T = t — t,. After the capacitor charges, it resembles an open circuit. 


N, i E r s A 
3 


4 5 6 7 8 
Time (ns) 





a | aka 
$ ji 


i ee a Figure 8.43 The 6-cm-long, 75-Q, u, = 0.1c T-line 
2 3 4 5- 6 7 8 is terminated in a 20-nH inductor. (a) The voltage at 
Time (ns) the load end, and (b) the voltage at the source end. 


324 Chapter 6. Transmission Lines 





2.5 
2 
a 
(= 
® 
B15 
Ke} 
© 
eo 
g 
ie) 
> 
0.5) s y 
Figure 6.44 The T-line of 
oie. Figure 6.42 is now terminated 
0 1 2 3 4 5 6 a 8 ina capacitor. Plot shows the 
Time (ns) voltage at the load end. 


Pril 6.28 Assuming a Z, = 75° line, estimate the value of the terminating capacitor 


using Figure 6.44. (Answer: 10 pF) 


Time-Domain Reflectometry 


Finding the location of discontinuities in T-lines can be accomplished using time-domain 
reflectometry, or TDR for short. Here, the response to a step change in voltage is observed 
at the sending end of the T-line. A wave is reflected from the discontinuity, and the time it 
takes to receive the reflected signal gives the discontinuity location. The shape of the 
reflected signal indicates the discontinuity type. Figure 6.45 shows the TDR response for a 
number of terminations. 

If the propagation velocity for the T-line is known, then the measured round-trip travel 
time can be used to find the discontinuity location by 


l 
€=u, —(2t 
p z(t) (6.111) 
As might be expected, locating faults in buried cable using TDR can minimize digging. 


But TDR is also a useful tool for network analysis of high frequency circuits. 
EXAMPLE 6.12 


Let’s analyze the TDR response shown for a 50-Q T-line with u, = 0.6c in Figure 6.46a. 
We can determine the distance to the discontinuity as 


£ = (0.6)(3 x 108 m/s)(1/2)(24 x 10° s) = 2.2 m 


From a study of the Figure 6.45 plots, the discontinuity appears resistive. We have 


vV VV aa 
Aa DA O 
V V 1 
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Ua Figure §.45 TDR plots for Z, T-line 


with various terminations. A 1-V inci- 
2te » t dent step change in voltage is assumed. 


and since 
R, = Zo 


REZ 


then 


R -zZ l+T _ sg Ql + 05 


a =150Q 
T 105 





Figure 6.46b shows a TDR plot based on the reflection coefficient. This is a common way to rep- 
resent TDR plots by highly sophisticated instruments such as vector network analyzers. 
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(a) 24ns 


Figure 646 (a) Example TDR 
Pe plot. (b) A reflection coefficient 
(b) l 24ns TDR plot. 





Digital signals on T-lines are often sent as pulses. These pulses can be decomposed into a 
number of sinusoidal frequency components using a Fourier series. In realistic media, the 
propagation velocity is a function of frequency. The different frequency components that 
make up the pulse therefore travel at different velocities, resulting in a spreading out of the 
pulse as it propagates. This spreading due to change in velocity with frequency is known as 
dispersion, 

Let’s first look at an example of an ideal puiser shown in Figure 6.47. This 6-V pulse 
occurs over 4 ns and repeats every 20 ns. We want to decompose this pulse into its Fourier 
series. 

A very brief review of Fourier series is in order. Any periodic function f(t) may be 
expressed as a summation of sinusoids, 


f(t) =a + [a cos(nw,t) + b, sin(nw, t)| (6.112) 


where ay is the average value of the waveform, a,, and b, are the Fourier series coefficients, 
@, is the fundamental angular frequency, and N = œ% for an exact representation of the func- 
tion. The angular frequency is related to the pulse period T, (20 ns in the example) by 
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Volts 





n EE EED M oes E A F sri 
10 ' 20 
Time (ns) Figure 6.47 An ideal pulse. 
oed 6.113 
ae (6.113) 


For the special case of even-function symmetry, that is, symmetry about the vertical 
axis as in our example, the Fourier series coefficients are 


T, /2 
a==— ff If (t)dt 
T, /2 i i (6.114) 
maa J f(d)cos(nm,t) dt 
T, 0 
b, =0 


Using the coefficients, we plot the Fourier series representation of the pulse for N = 10, 
100, and 1000 in Figure 6.48. The values of n correspond to harmonics of the fundamental 
frequency, where 


Kn=nf, (6.115) 


In our example, f, = 1/T, = 50 MHz. For N = 10, frequency components up to 500 MHz 
are required. As evidenced from Figure 6.48, there is considerable ripple in the Fourier 
series representation. Increasing N to 100 increases the highest frequency component to 
5 GHz. Here, the ripple is quite small, and the edge of the pulse is almost vertical. 
Increasing N to 1000 (or frequency up to 50 GHz), we see a very good approximation to the 
ideal pulse. 

In actual digital signals, the rise time and fall time for a pulse are not instantaneous, and 
it doesn’t take quite so many harmonics in the Fourier series to provide an accurate repre- 
sentation. It may be noted, however, that microprocessors touted as operating at 1 GHz 
actually carry frequency components many times higher! 
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Figure 6.48 The ideal pulse of 
Figure 6.47 modeled with differ- 


Time (ns) ent values of N. 


MATLAB 6.7 


Find the Fourier series coefficients and generate a plot for the example pulse of Figure 6.48. 


% M-File: MLQ607 
% 
% This program assembles a pulse using Fourier series. 
% 
% Wentworth, 8/3/02 
% 
% Variables: 
% N number of Fourier coefficients 
% a0 avg value of the waveform (V) 
eal period (s) 
% fo fundamental frequency (Hz) 
% wo fund angular freq (rad/s) 
% t time (sec) 
% ftot fourier sum at a particular time(volts) 
clc : %clears the command window 
clear %clears variables 
% Initialize variables 
clear 
N=100; 
a@=1.2; 
T=20e-9; 
fo=1/T; 
wo=2*pi*fo; 
% Evaluate Fourier Series Coefficients 
for n=1:N 
a(n)=(12/(pi*n))*sin(n*pi/5) ; 
end 


% Generate data and plot 
for i=1:180 
tCi)=i1*T/90; 
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for n=1:N 
f(n)=a(n)*cos(n*wo*t(i)): 
end 
ftot (i )=a0+sum(Ff): 

end 

plot(t, ftot) 

xlabelC' time(s) ') 

ylabelC' volts‘) 

grid on 


Data for each value of N were inserted into Microsoft Excel™ to generate Figure 6.48. 
To save the data for N = 100, for instance, add the following line: 


Save ‘Fourier100’ t ftot —ascii 


This saves the data in ASCH format in the file Fourier 100 in your MATLAB work folder. 


Each harmonic of the pulse propagates along the T-line by 
v,(Z,t) = a,cos(@,t — B,z) (6.116) 


where œ, = n@,, and the propagation velocity is 
(up), =a" (6.117) 


It is customary to plot the œ versus B for a T-line. If the dielectric is lossless with constant 
relative permittivity over all the harmonics, the plot is a straight line indicating constant u,. 
In this case, the pulses do not disperse as they propagate. 

Let’s consider what happens when £, is a function of frequency. Suppose we have 


- =6-(Y ig) 


valid up to 50 GHz. This is not a drastic change, since £, will only decrease from a value of 
6 to 5 over this large frequency range. We can generate an w-f diagram, as shown in Figure 
6.49. This plot shows little deviation from linear behavior.°'? To show how the small 
change in £, affects a pulse on the line, we can modify MATLAB 6.7 to calculate the value 
at each harmonic of the pulse at some distance along the T-line. At z = 10 m, we calculate 
each component using (6.116) and add them together to arrive at Figure 6.50. There is 
clearly significant degradation in the signal caused by dispersion. 


6.13]t is easier to see small curvature in the lines if you hold the page such that you are looking from one end of 
the line. 
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MATLAB 6.8 


Let us see how to modify MATLAB 6.7 to generate the pulse shown in Figure 6.50. 
M-File: MLQ@608 


Pulse with Dispersion 


This program assembles a pulse using Fourier series, 
where er is a function of frequency. The pulse is 
initiated at z=0 and is inspected at a location z. 


Wentworth, 8/3/02 


Variables: 

N number of Fourier coefficients 

a0 avg value of the waveform (V) 

T period (s) 

fo fundamental frequency (Hz) 

wo fund angular freq (rad/s) 

t time (sec) 

Vtot fourier sum at a particular time(volts) 
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% er relative permittivity 

% beta phase constant(rad/m) 

% Zz location to look at pulse 

cic *clears the command window 
clear *clears variables%MstripDesign 


% Initialize variables 
clear 

N=1000; 

a@=1.2; 

T=20e-9; 

fo=1/T; 

wo=2*pi*fo; 

z=10; 


%evaluate Fourier series coefficients 


for n=1:N 


a(n)=(12/(pi*n))*sin(n*pi/5) ; 


end 


*Generate data 
for i=1:180 
tCi)=1*T/90; 
for n=1:N 
f(n)=n*50e6; 
%er(n)=6-f(n)/5e10; 
er(n)=6; 


beta(n)=2*pi*f(n)*sqrt(Cer(n))/3e8; 
V(n)=a(n)*cos(n*wo*t(i)-beta(n)*z); 


end 
Vtot(i)=a0+sum(V); 
end 


plot(t,Vtot) 
xlabel(' time(ns)') 
ylabel('Volts') 
grid on 


save 'dispoff’ t Vtot -ascii 


SUMMARY 


T-lines may be represented by distributed parameter 
models consisting of R’(Q/m), L’(H/m), G’(S/m), and 
C’(F/m). The values of these parameters vary according 
to the particular T-line. For coaxial cable, we have 


w= (z+) Eil 
2n\a bN ©. 





and 
r TE 


In(b/a) 


The general transmission line equations, or telegraphist’s 
equations, are 


dv(z,t) te 


(z,t)R’ + pen 


and 


di(z,t) , r dv(z, t) 
eee NG Co 
=p enters 
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For time-harmonic waves on T-lines these equations are 
written 
ƏV, (z) 
oz 





=—(R’+ joL’)I,(z) 
and 


II) _ (G+ jeoC’V,(2) 
Oz 


The propagation constant y (m~!), attenuation o 
(Np/m), and phase constant B (radians/m) are related to 
the distributed parameters by 

y= 4{(R’ + joL’)(G’ + joC’) = a+ jB 


The instantaneous form of the time-harmonic traveling 
wave equations are 


v(z,t) = V;te cos(wt -Bz) + V>e*™ cos(at + Bz) 
and 
i(z,t) = Ite cos(wt Bz) + [> e* cos (wt + Bz) 


Characteristic impedance Z,(Q) of a T-line is related to 
the wave amplitudes and the distributed parameters by 


The average power P+ (z) traveling in the +z direction 


ave 


along a lossless T-line is 


(vi) 


Pe (z) = 22, 





Power ratios are often expressed in terms of decibels. 
The power gain, or ratio of the output power to the input 
power of a device, can be expressed as 





G(dB)=10 loe E ) 


Decibels are related to nepers by 


1 Np = 8.868 dB 


For a Z, impedance line terminated in a load Z,, a 
portion of the incident wave (V+) is reflected (V7), with 
the amount given by the reflection coefficient at the 
load T,, 

V-= TEA 


= eee. TY 
o TEA 0 ee 


The superposition of the reflected and incident waves 
esablishes a standing wave pattern on the line. The ratio 


of the maximum to minimum amplitudes is the voltage 
standing wave ratio, given by 
1+|F,| 


VSWR = 
1-|T,| 





A length of T-line can be replaced in a circuit by an 
equivalent input impedance, which is given in general as 


z -z Zu tZotanh(yé) 
in £0 Z +Z tanh(yé) 


For lossless T-line, the input impedance expression 
becomes 
Z; + jZ, tan(B/) 
Zia = 207 jZ tan(B/) 

o TJEL an(B/ ) 
The Smith Chart is a very useful graphical tool for 
working a variety of T-line problems. It is a plot of 
normalized impedance or admittance at any point along 
a section of T-line and is also a plot of the reflection 
coefficient along the line. 


The impedance of a complex load can be matched to the 
impedance of a T-line with matching networks designed 
using the Smith Chart. The object is to move from the 
normalized load impedance (or admittance) toward the 
center of the chart where A =0. 


A T-line shunt stub terminated in either a short or an 
open circuit can be a useful reactive element for a 
matching network. To construct a shunt-stub matching 
network, you locate the load admittance, move along 
the constant circle until reaching the 7 + jb circle, and 
then add the appropriate length shunt stub to add 
reactance 0 + jb. 


Microstrip is the most heavily used of the various planar 
T-lines. For calculation and design purposes, it is 
considered to operate in a quasi-TEM mode, neglecting 
any field components in the direction of propagation. A 
number of semiempirical expressions have been 
developed for microstrip analysis and design. 


Problems involving sudden signal changes on a T-line, 
called transients, are often dealt with using bounce 
diagrams. The response to a step change in voltage by a 
variety of terminations is the operating principle of 
time-domain reflectometry. 


The spreading or distortion of a signal caused by the 
variation in propagation velocity with frequency is 
known as dispersion. Pulses may be modeled by their 
Fourier series components, each at a different frequency 
and propagating at a different speed on a T-line. 


PROBLEMS 


6.1 Distributed Parameters Model 


.. & 1 RG-223/U coax has an inner conductor radius a = 0.47 
*” mm and inner radius of the outer conductor b = 1.435 mm. 
The conductor is copper, and polyethylene comprises the 
dielectric. Calculate the distributed parameters at 800 MHz. 


6.2 Modify MATLAB 6.1 to account for a magnetic con- 


ductive material. Apply this program to Problem 6.1 with 
the copper conductor replaced by nickel. 








6.3 Modify (6.3) to include internal inductance of the 
conductors. To simplify the calculation, assume current is 
evenly distributed across the conductors. Find the new 
value of L’ for the coax of Drill 6.1. 


6.2 Time-Harmonic Waves on Transmission Lines 
%.4 Modify MATLAB 6.1 to also calculate y, a, B, and 
Z, Confirm the program using Drill 6.2. 
6.5 The impedance and propagation constant at 100 MHz 
vao___ for a T-line are determined to be Z, = 18.6 — j0.253 Q and y 
~~ = 0.0638 + 74.68 nt !. Calculate the distributed parameters. 
6.6 The specifications for RG-214 coaxial cable are as 
follows: 
e 2.21-mm diameter copper inner conductor, 
e 7.24-mm inner diameter of outer conductor, 
* 9.14-mm outer diameter of outer conductor, and 
e Teflon dielectric (£, = 2.10). 
Calculate the characteristic impedance and the propagation 
velocity for this cable. 
6.7 For the RG-214 coax of Problem 6.6 operating at 1.0 
GHz, how long is this T-line in terms of wavelengths if its 
physical length is 50. cm? 
‘ac 6.8 If 1.0 W of power is inserted into a coaxial cable, and 
wns 1 9 uW of power is measured 100 m down the line, what is 
the line’s attenuation in dB/m? 
... 6 Starting with a 1.0-mm-diameter solid copper wire, 
“you are to design a 75-Q coaxial T-line using mica as the 
dielectric. Determine (a) the inner diameter of the outer 





= 8 cos(at) 
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copper conductor, (b) the propagation velocity on the line, 
and (c) the approximate attenuation, in dB/m, at 1 MHz. 
6.*@ A coaxial cable has a solid copper inner conductor 
of radius a = 1 mm and a copper outer conductor of inner 
radius b. The outer conductor is much thicker than a skin 
depth. The dielectric has £, = 2.26 and O, = 0.0002 at 1 
GHz. Letting the ratio b/a vary from 1.5 to 10, generate a 
plot of the attenuation (in dB/m) versus the line impedance. 
Use the lossless assumption to calculate impedance. 


6.3 Terminated T-Lines 
#,11 Start with (6.54) and derive (6.55). 
6.12 Derive (6.56) from (6.55) for a lossless line. 


6.13 A 2.4-GHz signal is launched on a 1.5-m length of 
T-line terminated in a matched load. It takes 6.25 ns to 
reach the load and suffers 1.2 dB of loss. Find the propaga- 
tion constant. 


#.14 A source with 50-Q source impedance drives a 50- 
Q T-line that is 1/8 of a wavelength long, terminated in a 
load Z, = 50 —j25 Q. Calculate F,, VSWR, and the input 
impedance seen by the source. 


6.15 A 1-m-long T-line has the following distributed 
parameters: R’ = 0.10 Q/m, L’ = 1.0 pH/m, G’ = 10.0 pS/m, 
and C’ = 1.0 nF/m. If the line is terminated in a 25-Q resis- 
tor in series with a 1.0-nH inductor, calculate, at 200 MHz, 
T, and Zir 

6.14 The reflection coefficient at the load for a 50-Q line 
is measured as T, = 0.516e/8?° at f = 1.0 GHz. Find the 
equivalent circuit for Z, . 


6.17 The input impedance for a 30.-cm length of lossless 
100-Q impedance T-line operating at 2.0 GHz is Z,,, = 92.3 
— j67.5 Q. The propagation velocity is 0.70c. Determine the 
load impedance. 

6.18 For the lossless T-line circuit shown in Figure 6.51, 
determine the input impedance Z,,, and v,, the instantaneous 
voltage at the load end. 


6.19 Referring to Figure 6.10, consider a lossless 75-Q 


25 Q 


Figure 6.51 Complete circuit for Problem 6.18. 

















6.21 
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T-line with u, = 0.8c that is 30. cm long. The supply voltage 
is v, = 6.0 cos(@f)V with Z, = 75 Q. If Z, = 100 +7125 Q at 
600 MHz, find (a) Z,,, (b) the voltage at the load end of the 
T-line, and (c) the voltage at the sending end of the T-line. 
6.2%: Suppose the T-line for Figure 6.10 is characterized 
by the following distributed parameters at 100 MHz: 
R’ = 5.0 Q/m, L’ = 0.010 H/m, G’ = 0.010 S/m, and C = 
0.020 nF/m. If Z, = 50 —j25 Q, v, = 10 cos(wr) V, Z, = 50 
Q, and the line length is 1.0 m, find the voltage at each end 
of the T-line. 

6.4. The Smith Chart 

a Locate on a Smith Chart the following load imped- 
° ances terminating a 50-Q impedance T-line. (a) Z, = 200 Q, 
(b) Z, =j25 Q, (c) Z, = 50 +j 50 Q, and (d) Z, = 25 —j200 Q. 
6.22 Repeat Problem 6.14 using the Smith Chart. — 

6.23 A0.690A-long lossless Z, = 75 Q T-line is terminated 
in a load Z, = 15 +67 Q. Use the Smith Chart to find (a) T}, 
(b) VSWR, (c) Z,,, and (d) the distance between the input end 


Probe voltage 





Probe voltage 








Scale (cm) 








of the line and the first voltage maximum from the input end. 


A 0.269A-long lossless Z, = 100 Q T-line is termi- 
nated in a load Z, = 60 + j40 Q. Use the Smith Chart to find 
(a) T; (b) VSWR, (c) Z,,, and (d) the distance from the load 
to the first voltage maximum. 

& 2% The input impedance for a 100-Q lossless T-line of 
length 1.162A is measured as 12 + j42 Q. Determine the 
load impedance. 

On a 50-Q lossless T-line, the VSWR is measured as 
3.4. A voltage maximum is located 0.079A away from the 
load. Determine the load. 

6.27 Figure 6.52 is generated for a 50-Q slotted coaxial air 
line terminated in a short circuit and then in an unknown 
load. Determine (a) the measurement frequency, (b) the 
VSWR when the load is attached, and (c) the load impedance. 


6.28 Figure 6.53 is generated for a 50-Q slotted coaxial air 
line terminated in a short circuit and then in an unknown 
load. Determine (a) the measurement frequency, (b) the 
VSWR when the load is attached, and (c) the load impedance. 


L tA 


Cy. 
2f 
Bb awe SP 


Figure 6.52 Field pattern with air line terminated 
0 ina short (light blue line) and in an unknown load 
(dark blue line) for Problem 6.27. 


Figure 6.53 Field pattern with air line terminated 
in a short (light blue line) and in an unknown load 
(dark blue line) for Problem 6.28. 
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6.2% Referring to Figure 6.20, suppose we measure Linsc 


= +j25 Q and Zw = 35 + j85 Q. What is the actual load 
impedance? Assume Z, = 50 Q. 


6.38 Modify MATLAB 6.3 to draw the normalized load 
point and the constant-|T, | circle, given Z, and Z,. 
Demonstrate your program with the values from Drill 6.11. 


6.5 Impedance Matching 


6.31 A matching network, using a reactive element in 
series with a length d of T-line, is to be used to match a 35 — 
J50 Q load to a 100-Q T-line at 1.0 GHz. Find the through- 
line length d and the value of the reactive element if (a) a 
series capacitor is used and (b) a series inductor is used. 
6.32 A matching network consists of a length of T-line in 
series with a capacitor. Determine the length (in wave- 
lengths) required of the T-line section and the capacitor 
value needed (at 1.0 GHz) to match a 10 — j35 Q load 
impedance to the 50-Q line. 

6.33 You would like to match a 170-Q load to a 50-Q T- 
line. (a) Determine the characteristic impedance required 
for a quarter-wave transformer. (b) What through-line 
length and stub length are required for a shorted shunt-stub 
matching network? 


6.34 A load impedance Z, = 200 + /160 Q is to be 


* S matched to a 100-Q line using a shorted shunt-stub tuner. 








Find the solution that minimizes the length of the shorted 
stub. 


6.35 Repeat Problem 6.34 for an open-ended shunt-stub 
tuner. 
. 6.36 A load impedance Z, = 25 + j90 Q is to be matched 


to a 50-Q line using a shorted shunt-stub tuner. Find the 


solution that minimizes the length of the shorted stub. 


.. © 37 Repeat Problem 6.36 for an open-ended shunt-stub 
> tuner. 
6.38 (a) Design an open-ended shunt-stub matching net- 


work to match a load Z, = 70 + j110 Q to a 50-Q imped- 
ance T-line. Choose the solution that minimizes the length 
of the through line. (b) Now suppose the load turns out to 
be Z, = 40 + j100 Q. Determine the reflection coefficient 
seen looking into the matching network. 


6.6 Microstrip 

6.39 A 6.00-cm-long microstrip transmission line is ter- 
minated in a 100.-Q resistive load. The signal line is 0.692 
mm wide atop a 0.500-mm-thick polyethylene substrate. 
What is the input impedance of this line at 1.0 GHz? What 
is the maximum frequency at which this microstrip can 
operate? 
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Li A 75-Q impedance microstrip line is to be designed 
on a 2.0-mm-thick Teflon substrate using copper metalliza- 
tion. What is the maximum operating frequency for this 
microstrip? Now determine w and the physical length of a 
quarter-wave section of line at 800. MHz. 

64? Analysis of a 2.56-cm-long microstrip line reveals 
that it has a 50-Q characteristic impedance and an effective 
relative permittivity of 5.49. It is terminated in a 60-Q 
resistor in series with a 1.42-pF capacitor. Determine 
the input impedance looking into this terminated line at 
1.60 GHz. 


iy 


43 A 100-Q impedance microstrip line is to be 
designed using copper metallization on a 0.127-cm-thick 
dielectric of relative permittivity 3.8. Determine (a) w, (b) 
foa and at 2.0 GHz find (c) u, and Ag. 


Modify MATLAB 6.4 to calculate attenuation. Try 
out your program using the parameters of Drills 6.21 and 
622 


6.44 A 50-Q impedance microstrip line is desired for 
operation at 2.4 GHz. It is to be built on a 20-mil-thick 
mica substrate using a 10-~m-thick copper conductor. 
Calculate (a) w, (b) a, (C) Ou, and (d) o,,, at this frequency. 


645 One type of board routinely used to build 
microwave circuits is 50-mil-thick Rogers Corporation 
RT/Duroid, with £, = 10.8 and tané = 0.0028. It is coated on 
both sides by “1/4 oz copper.” This translates to a 0.35-mil 
thickness of copper. Find w and u, for a 50-Q line. Then 
determine the Q, Ou, and Qy at three frequencies: 1, 10, 
and 20 GHz. What is the maximum frequency of operation 
for this microstrip? 


646 A 1.5-in length of microstrip line of width 48.86 
mils sits atop a 50-mil-thick substrate with dielectric con- 
stant 4. Determine the impedance looking into this circuit 
at 2 GHz if it is terminated in a 300-Q resistor. Assume 
ideal conductors and lossless dielectric. 


6.4) The top-down view of a microstrip circuit is shown 
in Figure 6.54. If the microstrip is supported by a 40-mil- 
thick alumina substrate, (a) determine the line width 
required to achieve a 50-Q impedance line. (b) What is the 
guide wavelength on this microstrip line at 2.0 GHz? (c) 
Suppose at this frequency the load impedance is Z; = 150 — 
j100 Q. Determine the length of the stubs (dhr and fub) 
required to impedance match the load to the line. 


6.43 


6.48 Suppose the microstrip circuit shown in Figure 6.54 
is realized atop the RT/Duroid board of Problem 6.45. 
Assuming the board material is lossless, (a) determine the 
line width required to achieve a 75-Q impedance line. (b) 
Now suppose at 1.0 GHz the load impedance is Z, = 
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150 + j150 Q. Find the length of the stubs (d,,,, and €,,,,) 
required to impedance match the load to the line. 


6.7 Transients 


. 6.49 Consider Figure 6.33 with the following values: V, = 
~ 10-V,R, = 30. Q, R, = 50 Q, u = 0.666c, R, = 150 Q, and € 
= 10cm. Plot, out to 2 ns, (a) the voltage at the source end, 
(b) the voltage at the middle, and (c) the voltage at the load 
end of the T-line. 


6.50 
0.4 ns. 


6.51 Consider a 12-cm-long 50-Q transmission line ter- 
minated in a 25-Q load and having a matched source 
impedance (R, = 50 Q). The propagation velocity on the T- 
line is 0.67c. The source is a 0.4-ns square pulse of ampli- 
tude 6 V. Modify MATLAB 6.6 to plot v(z, t) at two points: 
z=2cmandz= 10cm. 





Repeat Problem 6.49 for a 10-V pulse of duration 








0 Cm 1 #=1S A =o) aon 35 
Time (ns) 





Figure 6.54 The top-down view of an open-ended 
microstrip stub-matching circuit for Problems 6.47 
and 6.48. 

6.52 Modify MATLAB 6.6 to plot v(z, t) at z= 4.5 cm if 
the source pulse is as indicated in Figure 6.55. 

6.53 The expressions for i(t) and v,(t) of (6.106) and 
(6.107) were derived for a T-line terminated in an inductor. 
Find similar expressions for a T-line terminated in a capacitor. 


6.54 For Figure 6.42, R, = 100 Q and u= 0.1c. Estimate . 


Lif the v, versus t plot is given in Figure 6.56. 


&.33 A 50-Q T-line with u, = 0.5c is terminated in some 
resistive load such that the TDR plot is given by Figure 


6.57. Determine the location and the value of the load. 
6.56 The TDR plot for a 75-Q T-line with u, = 0.2c is 
given in Figure 6.58. What type of components terminate 
the line? Estimate the component values. 

6.8 Dispersion 


6.57 Use Fourier series to construct a 5-V pulse of dura- 
tion 5 ns that repeats every 10 ns. 


4 figure 6.55 Triangular pulse source for 
Problem 6.52. 
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6.58 Actual pulses have some slope to the leading and 
trailing edges. Suppose a symmetrical pulse is 5 V from 
—2 ns to +2 ns and has a linear slope to 0 V on each edge 
of duration 0.2 ns. The pulse repeats every 20 ns. Construct 
this pulse using Fourier series for N = 10, 100, and 1000. 
Comment on how this pulse compares tothe one of 
Figure 6.48. 
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4 Figure6.56 Voltage versus time plot for Problem 
6.54. 


Figure 6.57 TDR plot for Problem 6.55. 


Figure 6.58 TDR plot for Problem 6.56. 





#.59 A material has a constant £, = 4 from DC up to 20 
GHz. Then 

2 9 

10x10 


for 20 GHz < f < 50 GHz. Show the pulse from Problem 
6.58 after it has traveled 10 meters along a coaxial T-line 
with this dielectric. 
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Learning Objectives 


Develop equations governing wave propagation in rectangular waveguide 


Describe propagation modes, cutoff frequency, impedance, and wave propagation in 
rectangular waveguide 


Discuss propagation modes and field distribution in dielectric waveguide 
Describe the components of an optical fiber communications system 


Use power and rise-time budgets to design optical fiber systems 


In the previous chapter, we saw how a pair of conductors was used to guide electromagnetic 
wave propagation. This propagation was via the TEM mode, meaning both the electric and 
magnetic field components were transverse, or perpendicular, to the direction of propaga- 
tion. In this chapter we investigate wave-guiding structures that support propagation in non- 
TEM modes, namely in the TE and TM modes. 

The generic term waveguide can mean any structure that supports propagation of a 
wave. Although T-lines are technically a subset of waveguides, in general usage the term 
waveguide refers to constructs that only support non-TEM mode propagation. Such con- 
structs share an important trait: They are unable to support wave propagation below a cer- 
tain frequency, termed the cutoff frequency. The most common waveguide types are shown 
in Figure 7.1. 

Figures 7.la and 7.1b are referred to as metallic waveguide structures. The first of 
these, rectangular waveguide (Figure 7.1a), is often employed in high-power microwave 
applications. It is relatively simple to fabricate and can have much less attenuation than 
coaxial T-line. It is rather limited in frequency range, however, and also suffers from dis- 
persion. We will examine rectangular waveguide in the first two sections of this chapter. 

Circular waveguide, shown in Figure 7.1b, has even higher power handling capability 
than rectangular waveguide. Analysis requires use of Bessel functions, a task beyond the 
scope of this text. 

The dielectric waveguide shown in Figures 7.1c and 7.1d can have much smaller loss 
than metallic waveguide at high frequencies. Optical fiber (Figure 7.1d) also has a tremen- 
dous bandwidth advantage over metallic waveguide, and despite the absence of metallic 
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(a) (b) 


Faure 7.1 Non-TEM mode wave- 
guide structures include (a) rectan- 
gular waveguide, (b) circular 
waveguide, (c) dielectric slab wave- 
guide, and (d) fiber optic wave- 
guide. 





boundaries, there is extremely good signal isolation between adjacent fibers. The advan- 
tages of optical fiber over other waveguide and T-line types make it a workhorse in the com- 
munications industry. The last three sections of this chapter concern optical fiber. 


ANDIN AR UAVAVERIEOE CI LARALAITAI C 
ANGULAR WAVEGUIDE FUNDAMENTALS 


In this section, we present the basic equations and operating principles necessary for work- 
ing with rectangular waveguide. We will take these largely on faith until we reach the next 
section where field equations are derived starting with Maxwell’s equations. 

A cross section of rectangular waveguide is shown in Figure 7.2. Propagation is in the 
+z direction, or out of the page. The conducting walls are typically brass, copper, or alu- 
minum. They are chosen thick enough to provide mechanical rigidity (1- to 3-mm thick) 
and are several skin depths thick over the frequency range of interest. The inside wall is 
smoothly polished to reduce loss. The inside may also be electroplated with silver or gold 
to improve performance. 

The interior dimensions are a x b, where it is customary to label the longer side a. 
Choice of the a dimension determines the frequency range of the dominant, or lowest order, 
mode of propagation. Higher order modes have higher attenuation and can be difficult to 
extract from the guide, so it is usually desirable to operate rectangular waveguide in the 
lowest propagating mode. The b dimension affects attenuation; smaller b has higher atten- 
uation. It also sets the maximum power capacity of the guide, determining at what level 
voltage breakdown occurs. However, if the b dimension is increased beyond a/2, the next 
mode will be excited earlier, thus decreasing the useful frequency range. In practice, the b 
dimension is often chosen to be half that of the a dimension. 

Waveguide can support TE and TM modes. In TE modes, the electric field is transverse 
to the direction of propagation. Some magnetic field component must be in the direction of 
propagation; otherwise, the mode would be TEM, which as we will see in a moment is 
unsupported in hollow waveguide. For TM modes, it is the magnetic field that is transverse 
and an electric field component that must be in the propagation direction. 

Why is TEM not supported by rectangular guide? The TEM mode requires at least a pair 

‘of conductors to propagate and is therefore not supported by hollow guide like rectangular 
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0 x : a i 
Figure 72 Cross section of rectangular 


0) eee a waveguide. 


waveguide. To see why this is so, let us suppose that a hollow guide does support the TEM 
mode. By definition, the magnetic field must be entirely in the transverse plane, and from 
Gauss’s law for magnetic fields, V - B = 0, these field lines must form closed loops (see 
Section 3.5). Now, by Ampére’s circuital law, 


fH dL = |J_-d8+2JD-as 


Since no conductive element can be enclosed in the hollow waveguide, the conduction- 


- current term must be zero. The displacement-current term requires a component of D, and 


therefore E, in the direction of propagation, that is, normal to the transverse plane. But for 
TEM mode propagation, the E must be entirely transverse. Therefore, the TEM mode can- 
not be supported by hollow waveguide. 

The order of the mode refers to the field configuration in the guide and is given by m 
and n integer subscripts, as TE,,,, and TM,,,,. The m subscript corresponds to the number of 
half-wave variations of the field in the x direction, and the n subscript is the number of half- 
wave variations in the y direction. 

In conjunction with the guide dimensions, m and n determine the cutoff frequency”! 
for a particular mode. We have 


cafe“) an 


For conventional rectangular waveguide filled with air, where a = 2b, the dominant or low- 
est order mode is TE, with a cutoff frequency f, „= c/2a. 

The relative cutoff frequencies for the first 12 modes of this waveguide are shown in 
Figure 7.3. These cutoff frequencies are ratioed to the dominant mode. Notice that at some 
frequencies there may exist more than one mode. For instance, owing to this particular wave- 
guide’s condition a = 2b, the TE, and TE, modes have the same cutoff frequency. Also, the 
TE,, and TM,, modes share a cutoff frequency. Notice also that there are no modes where 
both m and n are zero and also no TM modes with either m or n equal to zero. As will be seen 
in the next section, the fields for such modes are not supported in waveguide. 


7.14 particular mode is only supported above its cutoff frequency. Although this would argue for using the term 
“cut on frequency” instead of cutoff frequency, we will yield to the standard terminology. 
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| { figure 73 Location of modes rel- 
| i i ative to the dominant TE,, mode in 
i i standard rectangular waveguide 
TMa TMs, TM; where a = 2b. 


Table 7.1 lists some of the more common commercially available types of waveguide. 
The dimensions are given in inches, since the a dimension corresponds to the waveguide’s 
WR (waveguide rectangular) designation number. Notice that the cited useful frequency 
range starts somewhat above the value of f, and ends somewhat below the value of the 
next mode. 

The fields within the waveguide will be determined in the next section. But we can look 
at the field pattern for two modes, TE,) and TE, shown in Figure 7.4. In both cases, E only 
varies in the x direction; since n = 0, the field is constant in the y direction. For TEj, the 
‘electric field has a half sine wave pattern, whereas for TE, a full sine wave pattern is 
observed. 


EXAMPLE 7.1 


Let us calculate the cutoff frequency for the first four modes of WR284 waveguide. 

From Table 7.1 the guide dimensions are a = 2.840 inches and b = 1.340 inches. Converting to 
metric units we have a = 7.214 cm and b = 3.404 cm. 

For I (7.1) reduces to 


E 
Fer Eo 


TABLE 7.1 Some Standard Rectangular Waveguides 





Waveguide 

designation a (in) b (in) t (in) Tio (GHz) Frequency range (GHz) 
WR975 9.750 4.875 0.125 0.605 0.75-1.12 
WR650 . 6.500 -3:250 0.080 0.908 1.12-1.70 
WR430 4.300 2.150 0.080 LESS 1.70-2.60 
WR284 2.840 1.340 0.080 2.08 2.60-3.95 
WR187 1.872 0.872 0.064 3.16 “ 3.95-5.85 
WR137 LS 0.622 0.064 4.29 5.85-8.20 
WR90 0.900 . 0.400 0.050 6.56 8.2-12.4 


WR62 - 0.622 0.311 0.040 9.49 12.4-18 
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a 
(a) TE; 4 
| 
y | 
/ 
apo 
a 
igure 74 The field patterns and asso- 
ciated field intensities in a cross section 
(b) TEs of rectangular waveguide for (a) TE,, 


and (b) TE,,. Solid lines indicate elec- 
tric field; dashed lines are the magnetic 
field. 





and we have 


3x10% 100 cm 


pers = 2.08 GHz 
2(7.214cm) 1m 


fae 


This agrees with the cutoff frequency cited in Table 7.1. Next, we have 


8 
f. _¢ _ 3x10 my 100cm _ 44) GHz 
% 2b 2(3.404cm) Im 


Then, 


We notice that f., is not equal to f, in this example since a # 2b. 


The fourth mode cutoff frequency is f, We apply (7.1) and have 


8 2 2 
f, = es z) (sa) 100 cm _ 4.87 GHz 
u 2 7.214 cm 3.404 cm Im 





Drill 7.1 Calculate the cutoff frequency for the first four modes of WR90 waveguide. 
(Answer: fo = 6.56 GHz, fo = 13.12 GHz, fo = 14.76 GHz, fo, = 16.16 GHz) 


Wave Propagation 


We can achieve a qualitative understanding of wave propagation in waveguide by consider- 
ing the wave to be a superposition of a pair of TEM waves. Figure 7.5a shows a TEM wave 
propagating in the z direction. Figure 7.5b shows the wavefronts, with bold lines indicating 
constant phase at the maximum value of the field (+£,), and lighter lines indicating constant 
phase at the minimum value (—E,). The waves propagate at a velocity u,, where the u sub- 
script indicates media unbounded by guide walls. In air, u, = c. 
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(a) 


(b) 


Figuee 753 (a) A y-polarized TEM plane 
wave propagates in the +z direction. (b) 
Wavefront view of the propagating wave. 





Now consider a pair of identical TEM waves, labeled as u+ and u- in Figure 7.6a. The 
u+ wave is propagating at a +9 angle to the z axis, whereas the u— wave propagates at a —0 
angle. These waves are combined in Figure 7.6b. Notice that horizontal lines can be drawn 
` on the superposed waves that correspond to zero total field. Along these lines the u+ wave 
is always 180° out of phase with the u— wave. 

Since we know E = 0 on a perfect conductor, we can replace the horizontal lines of zero 
field with perfect conducting walls, as shown in Figure 7.7a. Now, u+ and u- are reflected 
off the walls as they propagate along the guide. The field pattern in this region is identical 
to what we had in Figure 7.6b. 

The distance separating adjacent zero-field lines in Figure 7.6b, or separating the con- 
ducting walls in Figure 7.7a, is given as the dimension a in Figure 7.7b. This a distance is 


Figure 7.6 We take two identi- 
cal y-polarized TEM waves, 
rotate one by +9 and the other by 
-§ as shown in (a), and combine 
them in (b). 
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(b) 


vy ap 


Figure 77 


(a) Replacing adjacent zero field lines 
with conducting walls, we get an identical field pat- 
tern inside. (b) The u+ wavefronts for a supported 
propagation mode are shown for an arbitrary angle 0. 
(c) The velocity of the superposed fields, or group 
velocity, iS ug- 


determined by the angle @ and by the distance between wavefront peaks, or the wavelength 
À. For a given wave velocity u,, the frequency is f= u/A. 

If we fix the wall separation at a, and change the frequency, we must then also change 
the angle 0 if we are to maintain a propagating wave. Figure 7.7b shows wavefronts for the 
u+ wave. The edge of a +E, wavefront (point A) will line up with the edge of a -E, wave- 
front (point B), and the two fronts must be A/2 apart for the m = 1 mode. For any value of 
m, we can write by simple trigonometry 


sin§ = mh/2 (7.2) 
a 
or 
2a u 
= — sin ĝ = — é 
ae (7.3) 


The waveguide can support propagation as long as the wavelength is smaller than a 
critical value that occurs at 6 = 90°, given by 


D A (7.4) 


where f, is the cutoff frequency for the propagating mode. Combining (7.3) and (7.4) we 
can relate the angle 6 to the operating frequency and the cutoff frequency by 


: XN Ff 
sin ĝ = — = = 
àse f 


Examining Figure 7.7b, we see that the time t,ç it takes for the wavefront to move from 
A to C (a distance lac) is i 


(7.5) 
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Tac miA/2 
u 


tac = (7.6) 


u Hy 


Meanwhile, a constant phase point moves along the wall from A to D. Calling this phase 
velocity u,, and given the distance 








m mA/2 =5 
AP cos ae) 
we have the time t,, to travel from A to D of 
l mA/2 
tap = An = aoe (7.8) 
up  cosOu, 
Since the times t,, and t,, must be equal, we have 
u, =—2 7.9 
P cosð oe 
We can use our 9 relation from (7.5) to arrive’? at 
(7.10) 





This very interesting result says that the phase velocity can be considerably faster than 
the velocity of the wave in unbounded media, tending toward infinity as f approaches f.. 
Note that nothing is physically moving at this velocity. A good analogy is to consider an 
ocean wave striking the beach at some slight angle off normal. The point of contact with the 
beach moves along much faster than the waves move. 

The phase constant associated with this phase velocity is 


p=p.y'-(5/) | (7.11) 


where B, is the phase constant in unbounded media. The wavelength in the guide is related 
to this phase velocity by À = 27/8, or 


(7.12) 





The propagation velocity of the superposed wave is given by the group velocity ug. 
From Figure 7.7c it is apparent that 


Ug = u, cos 8 (7.13) 


Caoa ee e 
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or 


G (44) g 114) 


This group velocity is slower than that of an unguided wave, which is to be expected since 
the guided wave propagates in a zig-zag path, bouncing off the waveguide walls. 


Prlll 7.2 Suppose WR284 is filled with Teflon (£, = 2.10). At an operating frequency 
of 2.00 GHz, find (a) u, (b) u,, and (c) ug. (Answer: (a) 2.07 x 108 m/s, (b) 2.97 x 108 
m/s, and (c) 1.44 x 108 m/s) 


Waveguide Impedance 


The ratio of the transverse electric field to the transverse magnetic field for a propagating 
mode at a particular frequency is the waveguide impedance, also referred to as the trans- 
verse wave impedance. This can be a useful term for problems involving, for instance, 
reflection from loads. 

For a particular TE mode, the wave impedance is 


(7.15) 





where n, is the intrinsic impedance of the propagating media. In air, n, = n, = 1207 Q. 
For a TM mode, 


(7.16) 





MATLAB 7.1 


We want to plot the wave impedance for the TE,, and TM,, modes of WR90 waveguide 
versus frequency from 15 to 25 GHz. 


% M-File: ML@7@1 

% 

% Waveguide Impedance Plot 

% Plots the impedance for TE11 and TM11 vs freq. for 
% air-filled waveguide 

% 

% Wentworth, 11/26/02 

% 

% Variables 

% Zo _ characteristic impedance of air 
% ainches,binches guide dimensions in inches 

% a,b guide dimensions in meters 

% fc TE11 mode cutoff frequency (Hz) 
% 


T ; frequency (Hz) 
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% fghz frequency (GHz) 

% Factor the factor sqrt(1-(fc/f)A2) 
% Zof ` array filled with Zo 

% ZTE,ZT MTE and TM mode impedance 
cle s %clears the command window 
clear %clears variables 


% Initialize variables 
c=2.998e8; %speed of light 
Zo=120* pi; 
ainches=0.900;binches=0. 400; 


% convert to metric 
a=ainches*@.0254;b=binches*@.0254; 


% calc feri 
Ffc=c*sqrt((1/a)A2+(1/b)A2) /2; 


% Perform calculations 

f=15e9: .1e9:25e9; 

fghz=f/1e9; 
Factor=sqrt(1-(fc./f).A2); 
Zof=Zo.*f./f;% fills array with Zo 
ZTE=Zo./Factor; 

ZIM=Zo.*Factor; 


% Display results 

plot(fghz,ZTE, '-.k',fghz,Z1M, '—k',fghz,Zof,'-k’) 
legend('ZTE11' ,¿,'ZT™™11','Zo') 

xlabel('frequency, (GHz)') 

ylabel('impedance (ohms)') 

grid on 
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The plot is shown in Figure 7.8 (after employing the editing function to make the fonts 
bigger and the lines bolder). Notice that both TE and TM impedances tend toward free- 


space impedance as the frequency increases. 


1800 


—_ = 
g 8 
os 


[Impedance (ohms) 
© 
oO 
o 





Frequency (GHz) j quency for WR90. 


Figure 78 Waveguide 
impedance of the TE,, and 
TM,, modes versus fre- 
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Let’s determine the TE mode impedance looking into a 20.-cm-long section of shorted WR90 wave- 
guide operating at 10. GHz. 
At 10 GHz, only the TE,, mode is supported. From (7.15) we have 


ZE = ___ 1208 2 song 
i -( 6.56 GHz i 
10 GHz 
We find Zy using (6.56), 
Zu = Jo, taupe) 


for a shorted line. Now, B is found from (7.11) as 


2 2 
2 (fe) ~2mf |,_[ te 
P=Buy! e) c |! ey 


R 2n(10x10° Hz) (oe GHz 


2 
5 =158 radians/m 
3x10° % 10 GHz 


so B£ in the Zy equation is 
Bf = (iss \o2 m) = 31.6 rad 
m 


and Z, is then calculated as 
Zw = J(500 Q)tan(31.6) = j100 Q 


Pet" .4 Repeat Example 7.2 if the 20-cm line is terminated in a 50-Q load instead of 
a short. (Answer: Zy = 52 + j100 Q). 


Practical Application: Microwave Ovens 


The ubiquitous microwave oven owes its existence to the invention of the cavity magnetron 
as a compact source for radar in World War II. The magnetron converts DC power to 2.45- 
GHz microwave radiation that penetrates food and attempts to make the water molecules 
flip at this frequency, thus delivering the radiation as heat. Because of radiation leakage 
generating noise to the spectrum, 2.45 GHz is set aside specifically for microwave oven use. 
It is a convenient frequency that is high enough to be absorbed by the food, yet low enough 
that the radiation passes right through glass and plastic and penetrates well into the food. 
There is a misconception that “2.45 GHz” corresponds to a natural resonance frequency of 
the water molecule. It does not. 

The oven itself (Figure 7.9) is a metal box that contains the microwave radiation, with 
the food typically supported by a rotating glass carousel for even heating. Thé small holes 
in the door of the oven are too small to permit significant leakage of microwave power. 
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(a) 
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Fiqure 73 Depiction of a 
microwave oven. 





Microwave energy from the magnetron is tapped by a small probe that feeds a short section 
of waveguide. The radiation then passes into the oven. 

A magnetron is depicted in Figure 7.10a. A 3-kV potential difference establishes a 
strong electric field between the cathode and anode. The hot cathode emits electrons that 
accelerate toward the anode. The paths of these electrons are curved by the presence of a 

“magnetic field supplied by permanent magnets (recall the Lorentz force equation). As 
shown in Figure 7.10b, six to eight tuned cavities surround the main chamber and are con- 
nected to it by narrow slots. Alternate segments between cavities are connected with metal 
straps. The strapped-together cavities form a parallel combination of resonators with an 
overall 2.45-GHz resonant frequency, set by the dimensions of the cavities and slots. The 





A i a 
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Anode Hot cathode 






Conductive 
straps 


(b) 


Figure 7.40 Detail of a magnetron: (a) vertical cross 
section, (b) horizontal cross section showing the con- 
ductive straps, and (c) the space-charge wheel. 
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DC power is converted to microwave energy that rotates within the magnetron as a space- 
charge wheel, the electron cloud depicted in Figure 7.10c. 

It is commonly believed that metal cannot be placed within a microwave oven. Thin 
metals (aluminum foil) or metals with sharp corners (forks) will spark as the induced cur- 
rents have no place to go, but smooth objects like spoons are okay. Finally, it is a bad idea 
to operate the oven without a dissipative load (i.e., food) present. The power cannot dissi- 
pate and will make its way back to the magnetron, possibly causing damage. 


$e 4s. Y 
tee 


Beginning with Maxwell’s equations, we want to develop the time-harmonic field equations 
for rectangular waveguide. For simplicity, we will consider the guide to be filled with a 
lossless, charge-free media and the walls to be perfect conductors. The phasor form of 
Maxwell’s equations becomes 


V-E,=0 


V-H,=0 
(7.17) 
V x E,=—jopH, 
V x H, = jwek, 


For the waveguide cross section of Figure 7.2, the field components in Cartesian coordi- 
nates are 
E, = E,,a, + E,,a,+ E,, a, 


7.18 
H, = H,, a, + Hys a, + Ha, ( ) 


Inserting (7.18), we can expand (7.17) to a set of eight equations. The four of these we will 
need are 5 


Ta z n ee (7.19) 
a : a = — joo, (7.20) 
Wa M. jocE,, | (7.21) 
Wa a = jek (7.22) 


Now consider that the fields only propagate in the +z direction with velocity ug and 
associated phase constant B. We have, for instance, 


E, = Eee 
It may be noted that although the phasor E, is a function of position (x, y, z), E, is a phasor 


that is only a function of x and y. To indicate the difference, and for brevity, we drop the s 
subscript. The partial derivative of E, with respect to z is 
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oE : ae. 
== — prea 
az 
The other five field components and their partial derivatives with respect to z can be written 
in a similar way. Since the eP? term will be present for each component, it can be elimi- 
nated from the equations, which become 


dE 


a JBE, =-jopH, T023) 
, dE 

TPE ae = —jOwH, (7.24) 
Jy + jBHy = joeE, (1.25) 

—jBH, - oT, J@eE, : (7.26) 


ox 


Using these equations, we can find expressions for the four transverse components (E,, 
_ E,, H,, and H,) in terms of the z-directed components (E, and H,). For instance, solving 
(7.23) for H, we find 


-J E_p 
X ap oy op ” 


Inserting this value of H, into (7.26), we can solve for E, as 
-ƏH -3E 
jou-—* — JB 
$ ox oy (7.27) 
Ey = 2 R2 
Ba az B 


where, for lossless propagating media, we have 


B, = œhe 


If we solve (7.26) for E, and insert it into (7.23), we have 





Mme — — a 
a ars (7.28) 
H, = ary. 
Ba -B 
In a similar manner, using (7.24) and (7.25) we would find 
S ATA 
TH a an + (729) 
i Bi -B° 


and 
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wade, dH 
ee a _ (730) 
My m 


Now, if we consider a TM mode, then H. = 0. We would solve for E., then use (7.27) 
through (7.30) to find the transverse components. Likewise, for the TE mode, we would 
solve for H, before finding the transverse components. 


TM Mode 


We’ lll first look at the TM mode, where H, = 0, and find an expression for E.. The Helmholtz 
equation (5.11) for propagation of the electric field in a lossless medium can be written 


VE +t BÆ =0 - (7.31) 
Expanding this equation for our z-propagating fields we have 


2E 
a ČE, (g2-p2)e, <0 7 (7.32) 
x? dy 


To solve this equation, we employ the method of separation of variables, by assuming 
EGW) EAK (7.33) 


Here, E, can be expressed as the product of a function X, which only depends on x, and a 
function Y, which only depends on y. Using (7.33) to expand (7.32), we find 
CO OA 
l E oes + (B? -ß )xY = 0 (7.34) 
Dividing both sides of (7.34) by XY and rearranging, we obtain 


Lae 1 d°Y 


p° =Bi+ X PE By (7.35) 


Notice that the second term on the right side of (7.35) only depends on x, and the third term 
only depends on y. For this equation to be true for all values of x and y, each of these terms 
` must be a constant. It will be convenient to express the constants as 


Tiaa 
By = a (7.36) 
and 
2 
2. Wenn 
By = “qe (7.37) 
and (7.35) becomes 


B =B; -B3 -B2 (7.38) 
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We can use (7.36) to solve for X and then employ our boundary conditions at the x = 0 
and x = a walls of the waveguide to find B,. Likewise, we can solve for Y from (7.37) and 
use the boundary conditions at y = 0 and y = b to solve for B, 

First, we have 


ax 
art BX = 0 


This differential equation has the general solution 
X =c cos(B,x) + c sin(B,x) 


where c, and c, are constants. 

Now, we know that the tangential electric fields at the walls of the waveguide must be 
zero. This means the function X must equal zero for x = 0 and x = a. Applying X = 0 at x = 
0, we immediately see that c, = 0. Also, since X = 0 at x = a, we have 


0=c,sin(B,a) 
which is true whenever 


B.a=mn 
(m=0, 1, 2, 3,...). Therefore, we have 
mm 
oo . (7.39) 
a 
Likewise, 
2 
oa ~ +BjY =0 
dy 


has the general solution 
Y = c, cos(B,y) + c, sin(B,y) 


And since Y = 0 at y = 0 and y = b, we realize c, = 0 and 


B, =— : (7.40) 


(n=0, I, 2, 3,...). The waveguide phase constant is then seen to be 


(7.41) 





It may be noted that as long as the argument inside the square root of (7.41) is positive, then 
propagation will proceed in the z direction. Manipulation of (7.41) directly results in (7.1) 


(see Problem 7.11). 
The general solution for the z-directed electric field for TM mode propagation is 


therefore 


(7.42) 
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where E, is the product of the c, and c, constants. 
We can now find the transverse field components by using (7.27) to (7.30) and rein- 
serting the e/® term. Evaluating the derivative of (7.42) with respect to y, we find 


SE (=e, sin 27E ) cod Yi 
oy b a b 


Inserting this into (7.27) and (7.28) (with H, = 0), we have 











(7.43) 
and 
(7.44) 
OE. = (=r cos 2E )sin( “ei 
ox a a b 
= ae 5 (“= )e, cos 2) i 
a—B a a 
(7.45) 
and 
__joe (m 
1 
(7.46) 





Inspection of these TM field components shows that if either m or n is equal to zero, 
then all the fields will be zero as well. Therefore, the TM,, mode is the first viable 
TM mode. 

Let’s find the instantaneous expressions for the TM,, mode for an air-filled waveguide. 
The first component is found by applying 


EX, y, z, t)= Re[E,,e/"] (7.47) 
to (7.42). We find 
(mx) . (ny 
ENX yY Z SE — —_ o — 
AS: Ys2:0 = Bp sin( 5 Jsi b Joos Bz) eu 


To find E,(x, y, z, t), we first consider that -j can be written as e/”. After reinserting e/™ 
and taking the real part, we then have the term cos(at — Bz — 90°), which is equal to sin(wt— 
Bz). So we have 
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(a y, z,t) = a E, sin( =) cof 72) sin(œt — Bz) (7.49) 


The other components are found similarly to be 


—-WE N . [ TX T ; 
H, (x, y,Z; t) = B-B? A E sin =) cof =) sin(œt = Bz) (7.50) 
B x (=) (2) : 
E SERS uaa g eA ms 
ON t) BB? a E, cos | }sinl = sin(at — Bz) (7.51) 
S BA a 
H,(x, y,z,t) aA? a E, cof Jsin( Jsin(or Bz) (782) 


The TM, field patterns are shown in Figure 7.11. 


un AES 23 4 
RAT A’ $2 


This program displays the TM, , £, field pattern inside the waveguide. The results are for 
a generic rectangular waveguide and are normalized. This routine shows how to make a 
contour plot as well as a three-dimensional surface plot. The results are given in Figure 
7.12. A modified version of this routine was employed to generate Figure 7.11. 


% M-File: ML0702 

% 

% M11 Ez Field Pattern 

% Generates contour and surface plots 

% 

% Wentworth, 11/26/02 

% 

% Variables 

% m,n mode indicators 

% a,b unitless guide dimensions 

% betax x component of phase constant 
% betay y component of phase constant 
% Ez Ez for contour plot 

XT EZG Ez for conventional plot 

% Ezs Ez for surface plot 

cle %clears the command window 
clear %clears variables 


% Initialize variables 
m=1;n=1; 
a=40;b=20; 
betax=m*pi/a; 
betay=n*pi/b; 
% Generate data for contour plot 
for i=1:a/40:a 

x(i)=(i/40)*a; 

(continues) 
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Figure 7.11 TM; 
field distribution inside 
rectangular waveguide. 
Adjacent to the left- 
column contour plots 
are conventional plots 
taken across the mid- 
dle of the guide. The 
contour plot has been 
modified with heavier 
lines representing 
larger magnitudes. 





TE Mode 
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for j=1:b/2@:b 
y(j)=(5/20) *b; 
Ez(j,1)=sin(betax*x(i))*sin(betay*y(j)); 
end 

end 


% Generate data for conventional plot at 
% y=b/2 

yc=b/2; 

xc=1:a/40:a; 
Ezc=20*sin(betax*xc)*sin(betay*yc) ; 


% Generate data for surface plot 
[X, Y]=meshgrid(@:a,@:b); 
Ezs=10*sin(betax.*X).*sin(betay.*Y); 


subplot(3,1,1) 
contour(x,y,£z,4) 
title(‘Ez’) 
ylabel(‘y’) 
axis(‘ equal’) 
axis({@ a ð b]) 


subplot(3,1,2) 

plot(xc,Ezc) 

xlabel(‘x’) 

ylabel(‘20*Ez, (at y=b/2)’) 
axis(C‘equal’) 

axis([0 a ð b])subplot(3,1, 3) 
surf (Ezs) 

axis([@ 40 © 20 © 10]) 

axis (‘equal’) 

xlabel(‘x’) 

ylabelC‘y’) 

zlabel (‘Ezs*10’) 


It may be noted that multiplicative factors were inserted to make the plots scale properly. 


Solution of the TE case proceeds exactly as the TM case up to the point where boundary 
conditions are applied. We begin with the Helmholtz wave equation 


V7H, + 87H, =0 (7.53) 
and eventually reach the expression 
H „= XYe We (7.54) 
where 
X = cı cos(B,x) + c, sin(B,x) . (7.55) 
and 


Y = c, cos(B,y) + c, sin(B,y) (7.56) 
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Figure 7,12 The TM, E, plots of MATLAB 7.2. 
This is a black and white rendition of plots that will 
appear in color when you run the program. The 
contour plot has been modified with heavier lines 
representing larger magnitudes. 


Ezs* 10 





We again apply the boundary condition that tangential E must be zero at the conductive 
walls. This means that for x = 0 and x = a, E, = 0. Since E, = 0 and E, = 0 for TE modes, it 
is apparent from (7.27) that at these two boundaries for x we must have 


lee (7.57) 


Since the only portion of H, that varies with x in (7.54) is the X part, we can apply our x = 
0 boundary condition to (7.55) to get 


dX i l 
[Z] =-ß,c] sin(B am) +B Cc, cos(B =x) =0 (7.58) 
dx x=0 
This is true only for c, = 0. Applying the x = a boundary condition to (7.55), we have 
dX ; 
Z] =-B,c; sin(B,a)=0 (7.59) 
dx x= 


which is true for B.a = mt (m= 0, 1, 2, 3,...). This gives the same value for B, that we have 
for the TM case. 


Since c, = 0, we have 


dX - 
Fe Bat sin(B, x) i (7.60) 
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After integrating,’”? we have 
x =c,cos(B,x) (7.61) 
At y = 0 and y = b, the boundary conditions are that E, = 0. Using this in conjunction 
with (7.29) we find at these boundaries that 
—+=0 (7.62) 


Since the only portion of H, that varies with y is Y, from (7.56) we find for the first bound- 
ary condition 


dY . ; 
| = -Bcz sin(B,y) + B,c4 cos(B,y) =0 (7.63) 
y=0 
From this we see that c, = 0. Finally, 
dY : 
Z] = —Byc3 sin(B,y) =0 (7.64) 
Y Jy=b 


means that B,b = nt (n=0, |, 2, 3,...). This gives the same value for B, found for the TM 
" case. 
So for 


dY f 
D =-ß,c3 sin(B,y) (7.65) 


we integrate to get 
Y = c, cos(B,y) (7.66) 


The z-directed magnetic field is therefore 
ie cos =) cos “TY |e (7.67) 
a 


where H, is the product of c, and c}. 
The other field components, from (7.27) to (7.30), are as follows: 


(7.68) 


(7.69) 





7.3We can safely ignore the constant of integration. 
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(7.70) 


nit mmx 
= — H cos i 7.71 
s ppb”? b (7.71) 





As with the TM case, we see that if both m and n are zero then all the fields disappear. 
But we do have fields if only one of m or n is zero. For instance, for the TE;, mode, since n 
= 0 there will be no E,, or H, The instantaneous expressions for the rest of the fields for the 
TE, mode are as follows: 


ioe, cos =) cos( wt — Bz) (7.72) 

E,(x,y,z,t)= as H, sin =) sin(œt — Bz) (7.73) 
iia aE Na 3 

H yE ae H, sin( =) sin(œ — Bz) (7.74) 


Normalized values of these fields in a cross section of guide are shown in Figure 7.13. 
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Figure 7.13 TE,, field plots are constant in 
the y direction. 
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113 ) | What fields are present for the (a) TE), mode, (b) TM o mode, and (c) TM,, 
mode? (Answer: (a) H„ E,, and H (b) none, (c) E., Ey, H, E,, and Hy) 


y 


PRIC WAYFGHIDF 

Metallic rectangular waveguide finds practical application at microwave frequencies typi- 
cally between | and 40 GHz. However, as we have seen, the dimensions of rectangular 
waveguide operating in the TE, mode must be on the same order as the wavelength, and at 
higher frequencies it becomes impractical to fabricate such a small guide. For instance, at an 
optical frequency of 300 THz, the wavelength is only 1 um. Making a metallic waveguide 
at such dimensions would be a serious challenge even for MEMS technology. It is unlikely 
that such waveguide would be desirable even if it could be built, because ohmic losses in the 
diminishing conductive skin of the walls would be excessive. 

Dielectric waveguide overcomes these problems. Before turning our attention to fiber 
optic waveguide, we will first consider the simpler case of a rectangular slab of waveguide 
as shown in Figure 7.1c. Such structures are the basis for the planar lightguides used in inte- 
grated optical circuits. Also, a background in how such guides operate will aid us in under- 
standing the more complicated propagation characteristics of optical fiber. 

Wave propagation in rectangular dielectric waveguide can be analyzed via Maxwell’s 
equations and application of suitable boundary conditions. One difficulty is that, unlike 
metallic rectangular waveguide, fields also exist outside of the dielectric guide. The mathe- 
matical treatment is therefore somewhat more complicated than that for the rectangular 
waveguide field equations we derived in Section 7.2. Some of the dielectric waveguide field 
equations will be given (with no derivation) at the end of this section, but now we will ana- 
lyze the guide another way. 

In Chapter 5 we studied the reflection and transmission of electromagnetic waves inci- 
dent at an oblique angle from one dielectric medium to another. The incident, reflected, and 
transmitted angles, 6,, 6,, and 0, are related by Snell’s laws as 


6; =90, (Snell’s law of reflection) 


Ease A T 


B> sin@; 


where 
Bi =@4H;£1, B2 =O VM €, 


If we consider nonmagnetic media where the wave is incident from the higher to lower per- 
mittivity medium, then the transmitted wave bends more sharply than the incident one (see 
Figure 7.14a), that is, 0, > 0;. If the angle of incidence is increased sufficiently, a critical 
angle is reached whereby the incident wave is completely reflected (Figure 7.14b). The 
transmitted wave rapidly attenuates in the second medium. 

The critical angle, in terms of the relative permittivity of each medium, can be written 


(9; Vaal = sin” {e (7-75) 
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frunra 714 (a) A wave 
incident at an angle 0, from 
€,, material to €,, material 
(€,,> Ep) (b) A critical angle 
for 8; is reached where the 


(a) (b) entire wave is reflected. 





It is convenient and customary to cite a dielectric’s index of refraction n, especially when 
dealing with optical problems. This index is the ratio of the speed of light in vacuum to the 
speed of light in the unbounded medium: 


— (7.76) 


Uy 


In nonmagnetic material, this can be written 


n= ye, (7.77) 


so we have . 


(7.78) 





Only incident angles larger than this critical angle will result in propagating modes. Snell’s 
law of refraction for this nonmagnetic media case can be rewritten 


(7.79) 





Pril 7, A slab of dielectric with index of refraction 3.00 is suspended in air. What is 
the relative permittivity of the dielectric? At what angle from a normal to the boundary 
will light be totally reflected within the dielectric? (Answer: 9, 19.5°) 


As with the metallic waveguide case, constructive addition of reflected and rereflected 
waves is required for propagation. But now, at the guide wall, the electric field is not fixed 
at zero and the reflected wave encounters a phase shift that is a function of 6,. 

Consider Figure 7.15a, where a wavefront is shown just before striking the wall of the 
dielectric guide at point A. It will be reflected at A, rereflected at B, and when it reaches 
point C its phase must be some integral multiple of 27 radians from what it was just prior to 
striking point A. The phase at point C must match the phase at point A. If we call the wave 
just before it strikes the wall at point A 


E,- = E 
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Figure 7.75 (a) The wavefront for a 
supported propagation mode must have 
the same phase at points A and C. 

(b) An expanded view of the problem’s 
geometry. 





then just after striking the wall at A we have 
E,,=TE,_= | T |E et 
“` The particular reflection coefficient and its phase are functions of the type of wave we are 


considering. We’ll return to this in a moment. 
Just prior to striking the wall at point B, the wave has had to travel a length /,,, so we have 


E, =E a e Pila 
After striking this second wall, 
Ey, = VEp_= |T P E,e7Bilave26 
Finally, at point C we have 
Ec = |T [2 E ePi + lace i 


The phase of Eç must be equal to zero or an integral multiple of 27 radians to satisfy the 
phase-matching restriction, so we have 
Bi Cap + lec) — 26 = 20m (7.80) 


(where m = 0, 1, 2, 3,...). 
Figure 7.15b shows segments /,, and lgc in more detail. Here we see that 


a 





lig = 
ee cos; 


and 
lac = lan COS20; 


Adding these two lengths, and invoking the half-angle formula,’4 we find 
lan + lac = 2a cos 0; 


7.4cos?8 = (1/2)(cos 20 + 1) 
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TE Mode 


Our phase relationship becomes 
B,2a cos 0, — 26 = 20m Ja _ (7.81) 


The phase shift upon reflection at a wall will depend on the angle of incidence and on 
the type of wave (TE or TM). 


Considering first the TE wave, we have from Chapter 5 


r = 12008 6; - n; cos 8, (1.82) 
nz cos 8; +N; cos 8, 


For nonmagnetic media this can be rewritten as 


r=™ cos 8; — Ny cos®, 


nı cos8; +n cos O, (7.83) 


Using Snell’s law of refraction in this equation, we can show that 


cos 0; + isin? 6; - (m/n A j 
Tes i AN a - (azy j (1.84) 
cos 6; — jysin 6; -(m/n) 


The magnitude of T’;, is unity and 


hia) 2 
sin^ 0; — (n/n 
Eoo ChaT a/m) (1.85) 
i 


Inserting this phase into (7.81), and rearranging, we have 


3 a (1.86) 


(£ cos 0; =| sin’ 0; — (n/n, j 
cos 6; 

This transcendental equation cannot be solved analytically. Instead, we can find a 
graphical solution. As an example, let’s consider a 50-mm-thick slab of €, = 4 (n, = 2) 
dielectric sandwiched by air. For a 4.5-GHz operating frequency, we want to evaluate (7.86) 
for all possible values of m over all possible incident angles. 

First, we can use (7.78) to calculate a critical angle of 30° for this waveguide, so we 
will plot over a range from 90° down to this critical angle. Then, inserting the appropriate 
values into (7.86), we can generate the plot shown in Figure 7.16a. The intersection of the 
right side of (7.86) with the left side gives the allowed incidence angle for the mth mode. 
We see that for this example only three TE modes are possible: TE, at 9, = 74.4°, TE, at 
0, = 57.9°, and TE, at 0; = 39.8°. 

It is instructive to show what happens as the frequency is varied. In Figure 7.16b, the 
left side of (7.86) for m = 0 is plotted at several frequencies. We notice that there is no upper 


TM Mode 
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my 


Figure 7.16 (a) The dielectric 
waveguide TE modes for a 50- 
mm-thick dielectric of £, = 4 
operating at 4.5 GHz. The bold 
line plots the value of the right 
side of (7.86) on the vertical 
axis against the angle. The 
other lines plot the value of the 
left side of (7.86) on the verti- 
cal axis versus angle for differ- 

hie ent values of m. (b) TE mode 
90 80 70 60 50 40 30 plots at m = 0 for several dif- 
Incidence angle (degrees) ferent frequencies. 





frequency limit. As frequency is increased, the angle of incidence becomes closer and closer 
to 90°. We can also intuit from this figure that decreasing the frequency will result in fewer 
supported propagating modes in the guide. This is confirmed by studying (7.86). Note, 
however, that there will always be a TE, mode. 


Finding the TM modes proceeds in a similar manner. From Chapter 5, 


Nz cos ð, — N; cos8; 


Tym = 7.87 
Y Nz cos, +N; cos 8; Ge) 
which can be written, for nonmagnetic media, 
Pee nı cos8, — Nz cos 8; (7.88) 
nı cos6, + Nz cos 8; 
This leads to the phase expression 
ee) 2 
ps sin“ 8; — (n, /n 
an 2 cos6; - =). i i 2/ 1) (7.89) 
2 2 (n/n) cos 9; 


The TM modes for the 50-mm-thick dielectric at 4.5 GHz in our example are shown in 
Figure 7.17a. As with the TE case, decreasing a or f will result in fewer modes, but there 
will always be a TM, mode. In Figure 7.17b, we see what happens to the right side of (7.89) 
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90 80 70 60 50 40 30 
Incidence angle (degrees) 


figure 7.17 (a) The dielectric 
waveguide TM modes for a 50- 
mm-thick dielectric of £, = 4 
operating at 4.5 GHz. The bold 
line plots the right side of 
(7.89) and the other lines are 
the left side for different values 
of m. (b) The right side of 
(7.89) plotted for two different 
Incidence angle (degrees) n/n, ratios. 





as the difference between n, and n, is varied. A larger difference results in a lower critical 

angle and therefore more propagating modes. This will also be the case for the TE modes. 

If n; and n, are close in value, the TE and TM modes will occur at about the same angles. 
It can be shown that single-mode operation occurs for 


a 1 1 


— < — 
n pe (7.90) 


Dri 7.6 Suppose a polyethylene dielectric slab of thickness 100. mm exists in air. 
What is the maximum frequency at which this slab will support only one mode? 
(Answer: 1.33 GHz) 


Field Equations 


Figure 7.18 shows the geometry of the dielectric waveguide for which the TE mode field 
equations will now be given. We want to find the field E, as a function of x across the guide. 
The equations will depend on whether the mode is even (m = 0, 2, 4,...) or odd (m = 1, 3, 
5,...). We have 


E, = E, cos(B,x cos 6,)e7B:2 sin 8 (m = 0, 2, 4,...) 


F 7.91 
E, = E, sin(B,x cos 0,)e isn ® (m = 1, 3, 5,...) Cas 
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figure 7.18 Cross-sectional view of 
dielectric waveguide. 





Note that the fields are not zero at x = +a/2. Instead, they attenuate into the surrounding 
media. For the even modes we have 


l Ecos (B,(a/2) cos 0,)e2-#/2)eBiz sin 8: for x > a/2 


E,= Naz (7.92) 
Ecos (B,(a/2) cos 0;)et%20+a/2e-Biz sin 8; for y < —a/2 
For the odd modes we have 
E, sin (B,(a/2) cos 6,)e-°2-4/) ¢-HBiz sin 8; for x > a/2 
E, = (7.93) 


-Esin (B,(a/2) cos 0,)e%2+#/2)eJB12 sin 0; for x < —a/2 


The attenuation in medium 2 is 


a, = Bisin? 0; -(n,/m)° (1.94) 


With propagation in the +z direction, from inspection of (7.91)-(7.93) we can define an 
effective guide phase constant 











Be = B,sin 0; ; (7.95) 
so an effective wavelength in the guide is 
2 A 
ee ee, (7.96) 
B,sin®; =n, sin®; 
We can also determine the propagation velocity in the guide to be 
i= (7.97) 


To use these equations, we must first find the 8; corresponding to a particular mode m. 


PrN 7.7 Find À, and u, at 4.5 GHz for the TE, mode in a 50.-mm-thick n, = 2.0 dielec- 
tric in air. (Answer: 35 mm and 1.6 x 10° m/s) 
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The program ML0703 is used to draw the E, field pattern for the m = 0 mode shown in 
Figure 7.19. It can be easily modified to draw the m = 2 mode. A different routine is 
required to draw the m = 1 mode (see Problem 7.23). 


M-File: ML@703 


Plot even-mode field patterns for dielectric guide 
at z = Q. 


The theta angle must be entered for a particular 
mode. The “hold on” function allows the results of 
multiple runs to be placed on one plot. 


Wentworth, 11/26/02 


BS BS Be BS Be BS BS BS a Be BE BE BS BS I Be BS BE Bk al BS FL BE 98 
3 


Variables 
even mode (@ or 2) 
a dielectric thickness (m) 
b . phase constant 
thdeg angle theta in degrees 
A angle theta in radians 
n1,n2 indices of refraction 
n21 the ratio n2/n1 
f frequency (Hz) 
G speed of light (m/s) 
wo. radian. frequency (rad/s) 
Eo initial amplitude (V/m) 
alpha atten. in medium 2 (Np/m) 
CIC %clears the command window 
clear %clears variables 
% initialize variables 
%m=0 ; 
a=50e-3; 


thdeg=74.4; %corresponds to m = 0 
th=pi*thdeg/180; 

n2=1; 

nl=2; 

n21=n2/n1; 

f=4.5e9; 

W=2e ponies 

c=2.998e8; 

Eo=1; 

b=(w/c)*n1; 
alpha=b*sqrt(sin(th)A2-n21A2); 


=-a/2:a/40:a/2; 
Ey=Eo*cos(b*cos(th)*x) ; 
hold on 

plot(x,Ey,’k’) 

grid on 
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Ey(V/m) 


Figure 7.19 E, field patterns 
for the first three TE modes of 
a 5-cm-thick dielectric guide 

AA | ; (n = 2) in air. The dielectric 
—0.05 -0.025 0 0.025 0.05 extends from x = —0.025 m to 
x(m) x = +0.025 m. 





xlow=-2*a/2:a/40:-a/2; 
Eylow=Eo*cos(b*cos (th) *a/2) *exp(alpha* (xlow+a/2)); 
plot(xlow, Eylow, 'k") 


xhi=a/2:a/40:2*a/2; 

Eyhi=Eo*cos (b*cos(th) *a/2)*exp(-alpha* (xhi-a/2)); 
plot(xhi, Eyhi, 'k’) 

hold off 


OPTICAL FIBER 


Having looked at the propagating modes in dielectric waveguide, we are now ready to look 
at signal propagation in optical fibers. The first widespread application of optical fibers was 
for telephone links. They are now also used in cable television systems to transmit signals 
to central distribution locations and are expected to eventually replace the coaxial cable run- 
ning to the home. Optical fiber also finds use in local area networks (LANs) interconnect- 
ing computers and their peripherals. The three primary transmission windows are centered 
around 850, 1300, and 1550 nm. 

A typical optical fiber is represented by Figure 7.20. The fiber core is completely 
encased in a fiber cladding that has a slightly lesser value of refractive index. Signals prop- 
agate along the core by total internal reflection at the core—cladding boundary. Both core 
and cladding are typically made of silicon dioxide (silica), with appropriate additives to 
control the index of refraction. Plastic fibers may be used for shorter length transmission 
applications where the higher attenuation of plastic is not a problem. Outside the cladding 
is usually a plastic jacket, typically polyethylene or Kevlar, used to protect the fiber from 
scratches and moisture and to provide an opaque shield. Dimensions of the fiber are often 
specified by the diameter of the core and the diameter of the cladding separated with a 
slash. For instance, a 50/125 fiber has a 50-um-diameter core sheathed in a 125-t1m-diam- 
eter cladding. The core diameter of silica optical fibers ranges from 5 to 200 um, and the 
diameter of the cladding ranges from 125 to 240 um. 
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Jacket 







Fiber core 


Fige 720 Typical optical fiber con- 
sists of a core surrounded by cladding 
and sheathed in a protective jacket. 


Fiber 
cladding 


Because optical fiber operates at optical frequencies, it has much greater information- 
carrying capability than does coaxial cable. It is also much smaller and lighter and more 
flexible than coax. In addition, optical fiber is fairly immune to electromagnetic interfer- 
ence. Finally, optical fiber has about an order of magnitude less attenuation than coaxial 
cable and its attenuation is relatively independent of frequency, whereas that in coax grows 
exponentially with frequency. On the downside, it can be harder to repair breaks in an opti- 
cal fiber line than in coaxial cable, and optical connectors are expensive. 

A basic understanding of signal propagation in optical fiber is afforded by a geometric 
optics approach similar to that done in Section 7.1 for rectangular waveguide. However, this 
approach is not as accurate as rigorous electromagnetic theory. For instance, there is some 
penetration of the field into the cladding, a result not shown by geometric optics. The cylin- 
drical nature of the problem greatly complicates the electromagnetic field analysis and lies 
beyond the scope of this text. 

Figure 7.21 shows a cross section of the fiber with rays traced for two different incident 
angles. If the phase-matching condition is met, these rays each represent propagating 
modes. The index of refraction profile is also shown. The abrupt change in n is characteris- 
tic of a step-index fiber. Optical fiber designed to support only one propagating mode is 
termed single-mode fiber. More than one mode propagates in multimode fiber. 

As we saw for dielectric waveguide, the lowest order propagating mode is always pres- 
ent, having no associated cutoff wavelength. In step-index optical fiber, only one mode will 
propagate if the wavelength is big enough such that 


A 2nay ng =n 


(7.98) 

koı 
where kọ; is the first root of the zeroth-order Bessel function, equal to 2.405. We see that a 
single mode of propagation is supported by keeping the difference in index of refraction 
between the core and cladding small and by using a small-diameter fiber. 


Figure 7.21 Cross section and 
index of refraction profile of a step- 
index fiber with rays for two propa- 
gating modes traced. 
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For step-index multimode fiber, the total number of propagating modes is approximately 


nTa ž 
J (75) A) (7.99) 


Table 7.2 compares typical characteristics for glass optical fibers. The terminology 
used in this table is explained in the remainder of this section.” 


EXAMENE 79 


Suppose we have an optical fiber core of index 1.465 sheathed in cladding of index 1.450. What is the 
maximum core radius allowed if only one mode is to be supported at a wavelength of 1550 nm? 
Approximately how many modes are supported at this maximum radius for a source wavelength of 
850 nm? 

First, we rearrange (7.98) in terms of fiber radius a: 


2ny ne T 


a< 


Solving, we find 


(2.405)(1550x10 m) 
< 


í 2n,|(1.465)" ~(1.450)? 


a<2.84 um 


or 


The number of propagating modes at 850 nm is estimated using (7.99): 


TABLE7.2 Typical Characteristics of Glass Optical Fiber 





Type? Core Chromatic Intermodal 
diameter Attenuation dispersion dispersion 
A (nm) (um) NA (dB/km) [(ns/nm)/km] (ns/km) 
SMF: SI 850 5 0.10 4 100 — 
1300 10 0.10 , 0.6 0.003 ~~ 
1550 10 0.10 0.2 0.003 — 
MMF: SI 850 50 0.24 4 0.10 15 
MMF: GRIN 850 50 0.24 4 0.10 3 
1300 50 0.20 1 0.003 05 


aSMF, single-mode fiber; SI, step-index fiber; GRIN, graded-index fiber. 
Source: Adapted from J. Palais, Fiber Optic Communications, 4th Ed., Prentice-Hall, 1998, p. 140. 


754 basic animated tutorial, provided by Corning, Inc., one of the leading manufacturers of optical fibers, can 
be found at www.corning.com/opticalfiber/discovery_center/tutorials/fiber_101/. 
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g 2 

de (1.465? -(1 450)")=9.6 

N = J ——_————_~——_- ? —(1. =9. 
850x10? m 


So, we conclude that about 9 modes are supported. 


e a a o I I I I IIIIIIŘŘ— 


pii 7.8 Suppose we want to support a single mode at 850. nm in a 4.000-um-radius 
fiber of index 1.465. What cladding index is required? (Answer: 1.463) 


Numerical Aperture 


Light must be fed into the end of the fiber to initiate mode propagation. As Figure 7.22 
shows, upon incidence from air (n,) to the fiber core (n,) the light is refracted by Snell’s law: 


n, sin 8, =n, sin 6, (7.100) 
This light goes on to make an angle 8, with a normal to the core—-cladding boundary. A nec- 
essary condition for propagation is that 0, exceed the critical angle (8)).,,, where 


: n 
sin(;) ri =~ (7.101) 
Let’s find the maximum acceptance angle 8, that will define a cone of acceptance over 
which light will propagate along the fiber. Letting 8, = (8;).,;,, we can observe from the 
geometry that 
sin 8, = cos 6, (7.102) 


Then, relating sin 0, to cos 6, by 


sin? 0, + cos? 6, = 1 


Figure 722 Expanded view of the cross sec- 
tion of an optical fiber at one end for deter- 
mining the acceptance angle. 
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We can rewrite (7.100) as 


no sin ð, = ney l —cos” 0, = Mp1 —sin? 0, (7.103) 


At 0, = (83). (7-103) can be manipulated using (7.101) to find 


(7.104) 





NA =sin0, = 
n 


(7.105) 


oO 


Numerical aperture is a parameter given by the fiber manufacturer and along with core 
diameter is important in determining coupling of light to the fiber. 


Let’s find the critical angle within the fiber described in Example 7.3. Then we’ll find the acceptance 


` angle and the numerical aperture. 
The critical angle is found from (7.101) as 


A | cen e 7 o 
(81) 5, = sin [2]-sin (= =81.8 


The acceptance angle, from (7.104), is given by 


(1.465)? — (1.450)? 
i 


0, =sin” =12.1° 


Finally, the numerical aperture is 
NA = sin 0, = 0.209 


pH 7. Determine the acceptance angle and numerical aperture for the fiber of Drill 
7.8. (Answer: 8, = 4.4°, NA = 0.076) 


Signal Degradation 


Consider a single-frequency source (called a monochromatic source) launching a pulse onto 
a multimode fiber. We will assume the power of the pulse is evenly divided among the N 
modes of the fiber. Each mode will travel at a different angle, and therefore each mode will 
travel at a different propagation velocity. When the pulse is collected at the receiving end, it 
will have spread out owing to the different mode velocities. We call this effect intermodal 
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Attenuation 


dispersion, and we express its value in terms of how much a pulse will spread in time (in 
nanoseconds) as it travels a kilometer. Single-mode fiber doesn’t suffer from this kind of 
signal distortion, which explains why it is preferred over multimode fiber for long distance 
applications. 

No light source is truly monochromatic; it will always have at least some bandwidth 
(AA) associated with it. For instance, the typical AA for a 1300-nm laser source is 3 nm. The 
finite bandwidth gives us two more sources of signal degradation: waveguide dispersion 
and material dispersion. 

We’ ve seen that the propagation velocity of a particular mode for a wave traveling in 
waveguide is a function of frequency. Since the light source has a finite bandwidth, there 
will be a spread in the propagating signal known as waveguide dispersion. Also, the index 
of refraction for optical materials is generally a function of frequency. A band of frequen- 
cies representing a pulse will therefore spread out as it propagates along the line, a phe- 
nomenon called material dispersion. 

Since both waveguide and material dispersion are proportional to the optical band- 
width, they are often lumped together as chromatic dispersion. This is expressed as the 
amount of pulse spread in nanoseconds per nanometer of AA as the signal travels a kilome- 
ter. For well-engineered materials, dispersion can be kept very small. In fact, between 1300 
and 1600 nm it is possible to construct the fiber such that the waveguide dispersion cancels 
the material dispersion, and the chromatic dispersion becomes almost zero. 


As light propagates along an optical fiber, some of its power is lost by interaction with the 
fiber material. The primary mechanisms for this loss are electronic and vibrational absorp- 
tion and scattering. 

In electronic absorption, photonic energy at short wavelengths may have the right 
amount of energy to excite crystal electrons to higher energy states. Subsequent relaxation 
of these electrons is by phonon emission (i.e., heating the crystal lattice). In vibrational 
absorption, atoms vibrate depending on their arrangement in the crystal. If the photonic 
energy matches the vibrational energy (at longer wavelength), energy is lost to vibrational 
absorption. Light is also attenuated by scattering at imperfections in the crystal lattice. This 
tends to be more a problem at longer wavelengths and is caused by imperfections and local 
variations in the refractive index. 

Figure 7.23 shows the attenuation in a typical silica fiber. The peak at 1400 nm is a 
result of vibrational absorption by OH” (hydroxyl ion) contamination. Care is taken in fiber 
fabrication to minimize this impurity. It can be seen that the lowest attenuation occurs at 
about 1550 nm. 


Graded-Index Fiber 


Coupling a light source to the very small diameter required for a single-mode step-index 
fiber proves to be quite difficult, often requiring a highly directional and relatively expen- 
sive laser light source. Making the core diameter bigger results in a multimode fiber 
that suffers from intermodal dispersion since the modes all travel with different speeds 
along the line. 
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Figure 7.23 Typical attenua- 
tion in silica fiber with the 
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Figure 7.24 Graded-index 
fiber shown with a parabolic 
Ne index profile. 


Lower order mode i 


One approach to minimize dispersion in a multimode fiber is to use a graded-index 
fiber (or GRIN, for short). The index of refraction in the core has an engineered profile like 
the one shown in Figure 7.24. Here, higher order modes have a longer path to travel, but 
they spend most of their time in lower index of refraction material, which has a faster prop- 
agation velocity. Lower order modes have a shorter path, but they travel mostly in the higher 
index material near the center of the fiber. The result is the different modes all propagate 
along the fiber at close to the same speed. The GRIN therefore exhibits less of a dispersion 
problem than a multimode step-index fiber. 

Graded-index fibers of dimension 50/125 or 85/125 are common. Such fibers can use 
less costly LED light sources and are often used in data links and LAN applications. 


OPTIC COMMUNICATION SYSTEMS 


The basic components of a fiber optic communication system are shown in Figure 7.25. An 
electrical signal, either analog or digital, modulates the input current to a light source, 
which in turn modulates the intensity of the light emitted. This light is coupled to an optical 
fiber and propagates along the line until it is coupled to an optical detection device. Upon 
demodulation, the original electrical signal is recovered. 

Optical fibers can operate out to about 50 km before the signal level drops too much 
to be recovered. If longer distance communication is needed, the signal must be amplified. 
In Figure 7.25, the signal is boosted by passing it through a repeater, made up of an optical 
detector, signal amplifier (that may include signal conditioning electronics), and an opti- 
cal source. 

We now describe in basic terms the components of the system. 
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ai Pe »- electrical = Figure 7.25 Typical optical fiber communication 


signal system. 


















Optical Sources 


We saw in the previous section that optical fiber has low attenuation in the 0.8- to 1.8-um 
wavelength range. Two basic types of light source are available for this range: light emitting 
diodes and laser diodes. 

In a forward biased p—n junction (Figure 7.26a), electrons are excited to a higher 
energy state. When they relax, or fall back to the lower energy state, they may do so by a so- 
called direct path that releases a photon (light), or by an indirect path that releases a phonon 
(a lattice vibration, or heat). Silicon, used for constructing the vast majority of integrated 
circuits, is an indirect semiconductor and it therefore isn’t easy to get light out of a silicon 


nN” 


we 


wo ye Light 
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Substrate 
(b) . Metal | 






Figure 7.26 (a) Forward-biased photodiode 
emits photons. (b) Simplified cross section of a 
Burrus surface-emitting diode. 
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device. Gallium arsenide (GaAs), a binary compound, is a direct semiconductor that is very 
useful for producing photons. 

The light emitted by a GaAs p-n junction has a wavelength of about 0.9 um. By care- 
fully adding aluminum, the ternary compound Ga,Al,_,As can be created to give control over 
the emitted wavelength from 0.8 to 0.9 um depending on the value of x. Other GaAs-based 
compounds extend the wavelength range from as low as 0.64 um to as high as 1.7 um. 

LEDs may be constructed in either a surface-emitting configuration, as is shown for the 
Burrus LED of Figure 7.26b, or an edge-emitting configuration. For the Burrus LED, a well 
is etched into the substrate to bring the fiber close to the p-n junction where light is emit- 
ted. The fiber is held in place by epoxy of similar refractive index. The emitted light for this 
structure has a beamwidth of approximately 120°. This is too broad to couple efficiently 
with the fiber. Adding a focusing lens between the p—n junction and the fiber can improve 
the coupling. 

An edge-emitting structure, similar to the laser diode configuration of Figure 7.27, can 
emit light at a beamwidth of around 30°. Compared to a Burrus LED, light can be much 
more efficiently coupled to the fiber from an edge-emitting structure. It should come as no 
surprise that LEDs with narrower beamwidths and brighter light outputs are more expensive. 

An ideal light source from the performance standpoint is the semiconductor laser’-® 
diode. A simplified version of such a laser diode is shown in Figure 7.27. The n+ GaAs and 
p+ GaAs are heavily doped layers that provide a good conductive path from the metal con- 
` tacts to the active portion of the structure. The p-AlGaAs and n-AlGaAs layers form the 
diode. Forward biasing the diode provides energy to pump energetic electrons into the 
GaAs lasing region. It is a characteristic of this lasing region that electrons are reluctant to 
relax to lower energy; they need a nudge. When an electron does drop back to the lower 
energy State, a photon is generated. This photon stimulates the relaxation of a second elec- 
tron, thus providing a second photon in phase with the first. These two photons in turn stim- 
ulate the emission of two more photons, and emission grows geometrically as long as there 
is an abundance of excited electrons to draw from. 

Another convenient feature of this structure is that the semiconductor layers adjacent 
to the lasing region are of a lower index of refraction. Thus, the in-phase photons find them- 
selves in a dielectric waveguide and propagate out the side of the device. 













Ve 
N Silicon dioxide 
ae 
(ee SE ee 
1 um GaAs (p*) 
1pm] . AlGaAs (p)}| GaAs 
0.4 um SS ee eee | —— ASG 
1 um AlGaAs (n) region 
1 um GaAs (n+) 
S Figure 7.27 Simplified cross 
Vy- : section of a GaAs laser diode. 


7.6Laser is the acronym for light amplification by stimulated emission of radiation. 
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Lasers offer more intense light sources with narrower beamwidths than LEDs. They 
can be modulated at about an order of magnitude higher frequency than LEDs, leading to 
much higher data rates. But lasers require higher drive currents than LEDs and tend to wear 
out faster. They are also more expensive. Table 7.3 compares some typical values of the key 
operational characteristics of the LED and laser diode. 


Optical Detectors 


Detectors of optical radiation must be fast and capable of detecting very weak signals. The 
most used structure is the PIN photodiode, followed closely by the avalanche photodiode. 

A PIN photodiode is shown in Figure 7.28. The PIN in the name comes from the struc- 
ture layers: An intrinsic (very pure or undoped) layer of semiconductor is sandwiched by p- 
type and n-type regions. The large intrinsic region provides ample room for the capture of 
photons. When a photon is captured, it generates an electron-hole pair. Since the p-n junc- 
tion is reverse-biased, electrons are quickly swept into the n side and holes are quickly 
swept to the p side, thereby producing a weak current proportional to the light intensity. An 
amplification stage generally follows. 

An avalanche photodiode (APD) is a heavily doped structure with a large reverse-bias 
voltage. When a photon is captured in the junction region, an electron-hole pair is pro- 
duced. The field in such a heavily biased junction rapidly accelerates the electrons and holes 
such that they can slam into atoms and release additional electron-hole pairs. A runaway 
“avalanche” effect results in a fairly strong signal. You could say the avalanche photodiode 
has built-in amplification. A downside of this device is that it is very noisy. 


TABLE 7.3 Property Comparison for LEDs and Laser Diodes 





2 





Property LED i Laser diode 
Optical wavelength (nm) 850, 1300 1300, 1550 
(AA) Spectral width (nm) 
range 20-100 1-5 
typical _ 50 3 
Rise time (ns) 
range 2-20 0.1-1 
typical 10 : 0.4 
Power output (mW) 
range 0.1-10 106-10 
typical 1 1 
Coupling efficiency low moderate 
Lifetime (hr) 105-107 i 104-105 
Cost i low high 
Primary use short paths, long paths, 
moderate data rates high data rates 


Source: Adapted from J. Palais, Fiber Optic Communications, 4th Ed., Prentice-Hall, 1998. 
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Intrinsic 


— v Figure 728 Simplified cross section of a 
Vy PIN photodiode. 





Too 


Table 7.4 compares a few of the characteristics of optical detectors. Device responsiv- 
ity indicates how many amps of current are generated by the detector per watt of absorbed 
optical power. The avalanche photodiode has considerably higher response than the PIN 
diode, which requires an amplifier at its output. How fast the device can respond to an opti- 

- cal sensor is indicated by the rise time. The PIN diode and the avalanche photodiode have 
very similar speeds. Sensitivity refers to the minimum detectable signal power level. The 
PIN diode has a slight advantage, since the avalanche photodiode must overcome noise. 
Finally, it may be noted that the responsivity advantage of the avalanche photodiode is 
somewhat offset by its higher noise level. 


Repeaters and Optical Amplifiers 


It is very difficult for an optical system to operate much beyond 50 km without using 
repeaters or optical amplifiers to boost the signal. In a basic repeater, represented by Figure 
7.29, the optical signal is converted to an electrical signal in an optical detector. It is then 


TABLE 74 Comparison of Optical Detectors 





PIN Avalanche 
photodiode photodiode 
Responsivity (A/W) 
range 0.5-0.7 10-100 
typical 0.6 20 
Rise time (ns) 
range 0.1-0.5 0.25-1 
typical : 0.3 0.3 
Sensitivity (dB,,) 
range —40 to -30 —40 to -20 
typical -35 -30 


Noise : low high 
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ea e a  — Figure 7.29 Simplified view 
= of a repeater. 


amplified and used to modulate the output of an optical source. Repeaters are most often 
used for digital signals and contain additional circuitry to remove noise and recover the dig- 
ital signal. 

If possible, repeaters are to be avoided as they add construction and maintenance cost, 
and they also require their own source of power. The source of power may be local or (as is 
the case for undersea repeaters) it may be transmitted via copper wires that are included in 
the cable containing the optical fibers. 

A useful alternative to the repeater is the optical amplifier, in particular the erbium- 
doped fiber amplifier (EDFA), represented by Figure 7.30. Erbium-doped silica fiber con- 
tains electron energy states that enable direct amplification of an optical signal. This is in 
contrast to repeater operation, which requires conversion of the optical signal to electrical 
form prior to amplification, conditioning, and conversion back to optical form. 

The input optical signal is combined with the output of a semiconductor laser pump. 
The pump excites electrons in the erbium-doped fiber to a higher energy state. Then, the 

_ optical signal stimulates relaxation of these excited electrons,” generating photons that 
augment the signal. The pump power is therefore converted to signal power. The amplified 
signal out of the erbium-doped fiber section is passed through another coupler to extract any 
unconverted laser pump signal. 

The EDFA features high gain (as much as 40 dB) and high output power capability (up 
to 50 mW) without introducing excessive noise to the signal. 


Coupler C Coupler 
Signal — r ed at e 
n Erbium fiber i 


| 
Laser 
© Figure 7309 Erbium-doped 


fiber amplifier 





7.1This stimulated emission is also the mechanism for laser operation. 
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Connections are made from the optical source to the fiber, from the fiber to the optical 
detector, and between lengths of fiber. In any of these connections, care must be taken to 
carefully align the optical paths and to reduce reflections at air gaps, for instance by using 
a matching refractive index epoxy as shown in Figure 7.26. 

LEDs transmit their optical power in a broader beam than can be efficiently accepted by 
the narrow acceptance cone of the fiber. Consequently, about 12 dB loss is typical between 
an LED and the relatively large core of a multimode fiber. Attempting to launch into a single- 
mode fiber can result in a prohibitive extra 20 dB of loss. Focusing lenses can reduce this loss 
but will not eliminate it. Laser diodes, in contrast, have a much more focused beam, and cou- 
pling to a single-mode fiber can be accomplished with as little as 2 dB of loss. 

At the detector end of the system, the fiber emits radiation in a narrow cone within the 
fiber’s acceptance angle. As long as the detector area is as large as the fiber core, and they 
are closely connected with no significant air gap, coupling will be very efficient with less 
than 1.5 dB of loss. 

Joining a pair of fibers can be accomplished using special connectors or by making 
splices. Connectors are a nonpermanent connection. Attenuation arises because of mis- 
alignment of the fiber axes (for instance, mating different size fibers or having one core off- 
set or at an angle to the other) and reflection at the fiber ends. A good connector will suffer 


* no more than 1 dB of loss, with 0.7 dB being typical. 


Splices are meant to be a permanent connection and tend to have less attenuation than 
a connector, generally no more than 0.1 dB, with 0.05 dB being typical. In a common splic- 
ing approach, the fiber ends are carefully aligned and then fused together with heat. Long 
runs of optical fiber are realized by splicing together 2-km lengths, so a 500-km fiber can 
contain as many as 250 splices. Typical losses associated with connectors are summarized 
in Table 7.5. 

For both the source-to-fiber and fiber-to-detector connections, it is often the case that a 
short length of fiber is carefully attached and epoxied into place (as shown in Figures 7.26 
and 7.28) to minimize the loss. These pigtailed devices are then connected to fiber using a 
low-loss splice. 


Al LINK DESIGN 


ETA SHARE RATE 


We now wish to apply what we’ve learned about optical fibers and basic optical compo- 
nents to the design of an optical fiber system. The design proceeds in two parts. First, a 
power budget is analyzed to ensure that the optical source provides enough power to result 


TABLE75 Typical Losses Associated with Connections 





LED to MMF 12 dB 
LED to SMF >32 dB 
Laser to SMF 2 dB 
Fiber to detector 1.5 dB 
Fiber-to-fiber connector 0.7 dB 


Fiber-to-fiber splice 0.05 dB 
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in a detectable signal at the receiving end. Second, a rise-time budget is performed to ver- 
ify that the received signal has not been fatally distorted. 


The optical source must provide enough power to overcome source-to-fiber loss, connector 
and splice loss, and fiber-to-detector loss and still deliver at least the minimum detectable 
power to the optical detector. 


EXAMPLE 7.4 


Suppose we require an optical link to transmit data over a 1.0-km distance. We choose an 850-nm LED 
source with 1.0-mW power (0 dB,,). We’ll launch into a 850-nm step-index multimode fiber and 
assume a !2-dB source-to-fiber loss. The loss in the fiber itself from Table 7.2 for 1 km of fiber is 4 dB. 
At the detector end, we assume a 1.5-dB loss from fiber to detector. Finally, we’ll assume optical con- 
nectors are used at each end (0.7 dB each) to connect the fiber to the pigtailed source and detector. 

Our system must also have a margin of extra power to account for unexpected losses, such as 
extra splices, and to ensure the system will work even after the components begin to age. A system 
margin ranging from 3 to 10 dB is typical. For our design, let’s include an 8 dB margin. Our power 
budget is then as follows: i 





Source 0 dBm 
Source-to-fiber —12 dB 

Fiber —4 dB 
Fiber-to-detector -1.5 dB 

Two connectors -1.4 dB 

Margin —8 dB 

Power available at detector: _ —26.9 dB n (2.04 uW) 


If we select a PIN photodiode with typical sensitivity of -35 dB,, from Table 7.4, we see that the 
power budget can very easily be satisfied. 

How far could we lengthen this link without changing the source, detector, or fiber type? From 
the previous calculations above, we see we can lose an additional 8.1 dB in the fiber. Neglecting splice 
loss we can therefore support propagation in a 3.0-km length of fiber. 


Rise-Time budget 


Data may be transmitted in analog or digital form. For short distances where noise is not an 
issue an analog transmission is acceptable. For longer connections, or high information 
rates, digital transmission has the ability to withstand much more noise. 

Digital signals can be broadcast in a variety of forms, one of which is the return-to-zero 
format evidenced by Figure 7.31a. Each bit of information occupies the first half of the 
period T, with the signal level at zero for the other half. The pulse width f,, is measured 
across the pulse where it is at half power (Figure 7.31b). 

Figure 7.32 shows the spreading of a signal as it passes through an optical system. The 
rise time of the source and the detector as well as the effects of dispersion in the fiber cause 
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Figure 7.32 A pulsed electrical signal 
modulating the light source (a) is distorted by 
the rise time of the optical source (b) and is 





(d) 
CO further distorted by dispersion in the fiber (c) 
Received and finally by the rise time of the optical 
signal detector (d). 


the pulse to spread.” As evidenced in the figure, the signal may be barely recognizable by 
the time it exits the detector. Excessive distortion can result in errors in the received bit 
stream. A generally accepted bit error rate (BER) is | error in 10? bits, or a BER of 10°. 


EXAMPLE 7.6 


Suppose the data of the previous example is in the return-to-zero format at a rate of 20 x 10° bits per 
second (bps), or 20 Mbps. This rate corresponds to a time period T of 


We’ Il assume the —35-dB,, sensitivity of the receiver is sufficient for a 10° BER. In performing 
the rise-time budget, response times must be found for the transmitter (At), the receiver (Ar,), and the 
fiber (Aż). The fiber response time may consist of both intermodal and chromatic dispersion effects. 


7-8Our task is somewhat simplified in that connectors and splices do not significantly affect the rise time. 
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The total system response time Af, is the square root of the sum of the squares of each response time, 


that is, 
At, = At? +At? +At? (7.106) 


This system response is the spreading out of the signal pulse. For an input signal of pulse width (twin 
the system response spreads the pulse such that the output signal (f,,)ou is 


ne i E = i +A; 


For acceptable transmission, a common practice is to require the spread to be less than half of the sig- 
nal period: 
At, < st (7.107) 
Note that this criterion can also be used when evaluating analog signals where the highest frequency 
analog signal is related to the period by T = //f. 
For our example, using the typical values from Tables 7.3 and 7.4, we have Af, = 10 ns and Ar, = 
0.3 ns. The fiber dispersion can be calculated from the data of Table 7.2. A typical value for chromatic 
dispersion from Table 7.2 is 5 ns for AA = 50 nm over a 1-km distance. Also from this table intermodal 
dispersion is seen to be 15 ns over this same distance. The total rise time associated with a 1-km 


Jength of this fiber is therefore 
At, = Jar? 1 Al oes 
f intermodal chromatic 


(5 ns)” +(15 ns)” =15.8ns 


Using (7.106), we get the system rise time of At, = 18.7 ns. Since this is less than half of the 
period, the rise-time budget is satisfied. 
From (7.106) and (7.107), we have that the system can handle a fiber dispersion of no more than 


2 
A = (57) -Ar -Ar 


For our example, At, must be less than 22.9 ns. Since the fiber rise time is 15.8 ns per kilometer of 
length, the rise-time budget tells us that no more than a 1.45-km length of fiber can be supported. This 
is considerably less than the 3.0 km that could be supported from power considerations. 


fei) 7.10 What distance link would be supported if we replace the step-index multimode 
fiber of Examples 7.5 and 7.6 with a graded-index multimode fiber? (Answer: 2.9 km) 


EXAMPLE 7.7 


Let us now apply our design technique to a more challenging problem. Suppose data must be trans- 
mitted at the rate of 500 Mbps between a pair of stations 50. km apart. Such a distance requires the 
low attenuation afforded by single-mode fiber along with a laser source that can efficiently couple 
power to the fiber. At one splice every 2 km, and assuming splices to a pigtailed laser diode and a pig- 
tailed PIN photodiode, 26 splices will be needed. 
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We'll initially choose step-index single-mode fiber for operation at 1300 nm. Usi ng our tabulated 
typical values, a power budget can be constructed: 





Source 0 dB,, (1 mW) 
Source-to-fiber -2 dB 

Fiber -30 dB 

Splices (26 at 0.05 dB each) —1.3 dB 
Fiber-to-detector —1.5 dB 

Power available at detector with no margin: —34.8 dBm 


This would be sufficient power for a typical PIN photodiode, but it leaves us with practically no margin. 

The loss can be reduced by using a 1550-nm fiber with an attenuation of only 0.2 dB/km. Our 
new power budget gives —14.8 dB,, available at the detector, leaving us with ~20-dB margin. 

Looking at the rise-time budget, we see that a data rate of 500 Mbps has a period T = 2 ns. The 
system rise time must be less than half this value. The chromatic dispersion in the fiber for a laser 
source with a 3-nm spectral width amounts to Ar; = 0.45 ns. Using rise times of At, = 0.4 ns and Ar, = 
0.3 ns for the laser diode source and the PIN diode receiver, respectively, we arrive at a system rise 
time Ar, = 0.67 ns. Thus, the rise-time budget is satisfied. 





irili 7i i Determine the maximum length fiber that could be supported at 1300 nm in 
Example 7.7 if an 8-dB margin is required. (Answer: 37.5 km) 


SUMMARY 


Rectangular waveguide supports propagation of TE,,,, 
and TM,,,, modes. The modes have a cutoff frequency 


given by 
ba apes) *(3) 


where a and b are the cross-sectional dimensions of the 
guide and m and n are integer values. 

Rectangular waveguide is most often operated in its 
lowest order mode. This TE; mode is often referred to 
as the dominant mode or the fundamental mode. 

The phase velocity u, and the group velocity ug are 
functions of frequency related to the wave propagation 
in the unbounded media u, by 


and 


Ug = Uy, 1-(54) 


The wavelength in the guide is also frequency 
dependent, given by 


Ay 


TA) 


Waveguide impedance is a function of frequency and 
mode type. For TE mode, 


and for TM mode, 


wee 
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2 
mn f 


where n, is the intrinsic impedance of the propagating 
media. 


* It is customary to cite an optical material’s index of 
refraction n, which for nonmagnetic materials is written 


Snell’s law of refraction for a wave incident from 
material n, to material n, at an angle to a boundary 
normal 9, can then be written 


where 0, is the angle of the transmitted wave to a 
boundary normal. 

e Waves propagate in dielectric waveguide with index of 
refraction n, when the angle the wave makes with a 
normal to a boundary (with index of refraction n,) 
exceeds the critical angle, given by 


ison = (22) 
n 





HECHT, J., Understanding Fiber Optics, 4th ed., Prentice-Hall, 2001. 

INAN, U. S., and Inan, A. S., Electromagnetic Waves, Prentice- 
Hall, 2000. 

Parais, J. C., Fiber Optic Communications, 4th ed., Prentice-Hall, 
1998. 


PROBLEMS 


7.1 Rectangular Waveguide Fundamentals 


7.1 Find the cutoff frequency for the first eight modes of 
WR430. 


7.2 Calculate the cutoff frequency for the first eight modes 
of a waveguide that has a = 0.900 in and b = 0.600 in. 


or h 


Calculate the cutoff frequency for the first eight modes 
* of a waveguide that has a = 0.900 in and b = 0.300 in. 


7.4 Calculate ug, the wavelength in the guide, and the 
wave impedance at 10 GHz for WR90. 


Because of an additional requirement for phase 
matching, only a finite number of modes may propagate 
in the dielectric guide. The number of modes depends 
on the indices of refraction n, and n, along with the 
frequency and guide dimensions. 


e Optical fiber of circular cross section consists of a fiber 
core (n,) and a fiber cladding (n,), where n; > ne 
Compared to coaxial cable, much higher frequencies 
with much lower attenuation are realized with optical 
fiber. 


e The term numerical aperture (NA) describes the cone 
of acceptance for light incident at the end of a fiber. It is 
related to the acceptance angle 0, and to the indices of 
refraction of the fiber (n,), the cladding (n,), and the 
medium it is incident from (n,) by 


te 
D ng —n 
NA =sin®, = ——— 


No 


Single-mode fiber has a considerably smaller numerical 
aperture (~0.10) than that of multimode fiber (~0.24). 


e An optical fiber communications link basically consists 
of an LED or laser diode optical source, the fiber, and a 
PIN diode or avalanche photodiode optical detector. 
Special connectors, fiber splices, and repeaters can also 
be included. Design requires study of both a power 
budget and a rise-time budget. 


ROGERS, A., Understanding Optical Fiber Communications, 
Artech House, 2001. 

Yen, C., Handbook of Fiber Optics: Theory and Applications, 
Academic Press, 1990. 


7.5 Consider WR975 filled with polyethylene. Find (a) 
ü, (b) up and (c) ug at 600 MHz. 

7.6 Plot u, and wavelength in the guide as a function of 
frequency over the cited useful frequency range for WR90. 


7.7 WR90 waveguide is to be operated at 16 GHz. 
Tabulate the values of the guide wavelength, phase velocity, 
group velocity, and impedance for each supported mode. 
7.8 © Modify MATLAB 7.1 by plotting ug and u, versus fre- 
quency for the same guide over the same frequency range. 


EMAL 


4 





7.9 Plot the TE,, wave impedance for WR430 waveguide 
versus frequency if the guide is filled with Teflon. Choose 
a suitable frequency range for your plot. 





k 7.10 Suppose a length of WR137 waveguide operated at 7.0 
GHz is terminated in a short circuit. At what distance from 
this short circuit does the input impedance appear infinite? 


7.2 Waveguide Field Equations 

7.4% Manipulate (7.41) to get (7.1). 

7.12 Find expressions for the phasor field components of 
the TE,, mode. 


7.43 
EEES 


Find an expression for the magnetic field of the TE, , 





>S mode. 
7.14 Modify MATLAB 7.2 to look at the H, field for the 
TE mode. 


" is 


7.13 You are to create a movie showing how a surface 
plot of H, over a cross section of rectangular waveguide 
changes with position. Use WR284 waveguide operating at 
5 GHz and animate H, for the TE,, mode. 


7.3 Dielectric Waveguide 
7.16 Start with (7.83) and derive (7.84) and (7.85). 


ri wi 


Compose a program that will plot the left and right 
side of (7.86) versus all possible values of 6; for m = 0. Test 
the program using the following values: a = 1 mm, f= 100 

GHz, n, = 3, andn,=1. 
| 7.3% Compose a program that will plot the left and right 
side of (7.89) versus all possible values of 0; for m = 0. Test 
the program using the following values: a = 1 mm, f= 100 

FA GHz, n, = 3, andn,=1. 
| 7.19 Devise a Newton—Raphson iterative technique to 
solve for 8; from (7.86). Test the program for m = 0, 1, and 
2 using the following values of Figure 7.16: a= 50 mm, f= 
4.5 GHz, and £, = 4. (Hint: the tangent argument must be 

i between -7/2 and W/2.) 
pa 7.20 Find (Otca for a wave incident from distilled 
water into air. 

7.21 Suppose a Teflon slab of thickness 60 mm exists in 


air. What is the maximum frequency at which this slab will 
support only one mode? 


SUT EONS 


_... 7,22 Suppose a polystyrene dielectric slab is sandwiched 
HNS between thick slabs of polyethylene. How thin must the 
polystyrene slab be such that only one propagating mode is 
supported at 1 GHz? 

7.23 Modify MATLAB 7.3 to find the odd TE mode field 
patterns. Use the example information and duplicate the 
m = 1 plot for Figure 7.19. 
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7.2% Generate a figure similar to Figure 7.17(b) for the m 
= 0 mode of 10-mm-thick €,, = 9 dielectric at 4.5 GHz for 
n/n, = 1.5, 2, and 3. 


7.4 Optical Fiber 


?.» A 100/240 silica optical fiber has a core index of 
1.460 and a cladding index of 1.450. Estimate the number 
of propagating modes for source wavelengths of (a) 850 
nm, (b) 1300 nm, and (c) 1550 nm. 


7.26 Given a fiber of core index 1.478 and cladding index 
1.445, find the numerical aperture for a source of light inci- 
dent from (a) air and from (b) distilled water. 


7.27 Suppose n; = 1.475 and n, = 1.470. Determine the 
numerical aperture for a source of light incident from air. 
What is the maximum core diameter allowed to support 
only a single propagating mode if the source wavelength is 
1300 nm? 


7.28 Given a step-index fiber with n, = 1.480 and a source 
wavelength of 1550 nm, determine the minimum value of 
n, that will allow only one propagating mode for a core 
radius of 2 um. 

7.29 Ata source wavelength of 1550 nm for a 5/125 sil- 
ica fiber with n,= 1.470, what is the minimum value n, can 


be and only allow one propagating mode? 


7.6 Optical Link Design 


7.30 A 10.-km optical link is established between a typi- 
cal LED and a typical PIN photodiode using a 1300-nm 
graded-index multimode fiber. Find the power margin and 
the maximum frequency analog signal that can be supported 
by this link. Assume two connectors and four splices. 


7.31 Assume that the coupling efficiency from a typical 
LED to a graded-index multimode fiber can be approxi- 
mated as (NA)?. What is the power received by a typical 
PIN diode if 2 km of 850-nm fiber is used? Repeat for 2.0 
km of 1300-nm fiber. 

7,32 Calculate the maximum data rate, in bits per second, 
that could be supported for each case of the previous 


problem. 


7.33 A 10.-km optical link is established between a typi- 
cal laser diode and a typical PIN photodiode using a 1300- 
nm step-index single-mode fiber. Find the power margin 
and the maximum frequency analog signal that can be sup- 
ported by this link. Assume two connectors and four 
splices. Compare your answer with that of Problem 7.30. 
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Antennas 





Learning Objectives 


Introduce antenna terminology and describe antennas used for wireless 
communications 


Derive field relations for dipole and loop antennas 
Use image theory to describe operation of monopole antennas 
Develop field relations for antenna arrays 


Use the Friis transmission equation to study signal transfer between a pair of 
antennas 


Derive and utilize the radar equation 


Wires passing an alternating current emit, or radiate, electromagnetic energy. The shape 
and size of the current-carrying structure determine how much energy is radiated as well as 
the direction of radiation. If the structure is designed to efficiently radiate in a preferred 
direction, it is called a transmitting antenna. 

We also know that an electromagnetic field will induce current in a wire. The shape and 
size of the structure determine how efficiently the field is converted into current, or put 
another way, they determine how well the radiation is captured. The shape and size also 
determine from which direction the radiation is preferentially captured. In this case, the 
structure is considered a receiving antenna. In most cases, the efficiency and directional 
nature for an antenna are the same whether it is transmitting or receiving.®! 

Heinrich Hertz constructed the first antennas in 1886. He built a dipole antenna for the 
first radio transmitter and a loop antenna for the first radio receiver. Since then, a wide vari- 
ety of antennas have been devised. Figure 8.1 shows some of the more common types. 

In Figure 8.2, a source network (an AC voltage v, in series with a source impedance Z,) 
launches guided waves along a T-line terminated in a dipole antenna element. The antenna 
acts as a transition region, or transducer, between the guided waves and the waves radiated 


8.! Most antennas are reciprocal devices, with the same patterns for reception and transmission. This is conven- 
ient as it is much easier to calculate a transmission pattern than a receiving pattern. Special solid-state and 
ferrite-based antennas can be nonreciprocal. 
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Dipole Loop Slot Patch 





Figure 8.4 Common single- 
Helical Horn Reflector element antennas. 


into space. Efficient operation requires that the complex antenna impedance Z,,, be matched 
to the system impedance. 

Highly efficient antennas with appropriate radiation patterns are a critical component 
of wireless communication systems. In this chapter, we begin in Section 8.1 by introducing 
` common antenna terminology to describe radiation patterns and antenna performance. In 
Section 8.2 we discuss the electromagnetic theory of small antennas, primarily the Hertzian 
dipole. The performance of larger dipole antennas can be accurately predicted by integrat- 
ing a collection of these Hertzian dipoles, the topic of Section 8.3. Section 8.4 describes 
image theory and monopole antennas. In Section 8.5, we discuss simple arrays of antenna 
elements. By careful control of each element in an array, it is possible to steer the radiation 
or receiving pattern of an antenna, a process called beam steering. Design of a wireless 
communication link requires both a transmitting and a receiving antenna. Power transferred 
between these antennas is concisely described by the Friis transmission equation, the topic 
of Section 8.6. The Friis transmission equation is used to derive the radar equation in 
Section 8.7. Finally, Section 8.8 describes some of the other antennas useful for wireless 
communications. 


Impedance 


matching Z Zant 
network 


hanta sana tens a te me mem ana ee mary, 


Figure $2 Generic antenna net- 
work. The antenna acts as a trans- 
ducer between guided waves on the 
T-line and waves propagating in 
space. 


390 - Chapter 8. Antennas 


repper 
IPL RVIES 





Before delving into the performance of actual antennas, we will first discuss some of the 
general terminology. The radiated power, beam pattern, directivity, antenna impedance, and 
efficiency are all important parameters in characterizing antennas. 


Radiated Power 


Suppose a transmitting antenna (transmitter) is located at the origin of a spherical coordi- 
nate system. As we will see in the next section, there are three components of the radiated 
field. The intensities of these three components vary with radial distance as 1/r, l/r, and 
1/r3. For almost all practical applications, a receiving antenna (receiver) will be located far 
enough away that the transmitter appears as a point source of radiation. At such distances, 
termed the far-field region, the intensity of the 1/r and 1/r° field components are insignifi- 
cant compared to that of the 1/7 component. A distance r from the origin is generally 
accepted as being in the far-field region if 


1 : 212 
> 
r2 x (8.1) 


where L is the length of the largest dimension on the antenna element. Here it is assumed 
that L > À. For smaller L, r should be at least as large as À. 

In the far field, the radiated waves resemble plane waves propagating in the a, direction 
and time-harmonic fields can be related by the Chapter 5 equations (5.33) 


| 
E, =—-1,8, X H,, H, = ma xE, (8.2) 


0 


where n, = 120r Q in free space. The time-averaged power density vector of the wave is 
found by the Poynting theorem, 


P(r,0,¢) = = refe, Hi] (8.3) 


Here it is indicated explicitly in parentheses that this power density is most generally®? a 
function of r, 8, and ©. In the far field, 
P(r, 9, ġ) = P(r, 9, o)a, (8.4) 


The total power radiated by the antenna, P,,,, is found by integrating P(r, 8, ọ) over a 
closed spherical surface, 


Pag =$P(r,0,6)- dS = ff P(r,0,0)r? sin 0d Od (8.5) 


8.2In many cases, such as for dipole antennas, the power density will be invariant with ọ and will therefore be 
reported as P(r, 9). 
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fai & 
i 


‘^. In free space, suppose a wave propagating radially away from an antenna at 
the origin has 


L 
H, =—sin@ ay 
r 


where the driving current phasor J, = Le”. Find (a) E,, (b) P(,8,0), and (c) Pag: 





(Answer: (a) E, = Nols Sino ag 
r 
2 
(b) P(r,0,0) = P(r,0) = in, L sin? 6a, 


4 
(c) Fad =7 Molo) 


Radiation Patterns 


Although the field intensity decreases with increasing r, the shape or pattern of the radiated 
field is independent of r in the far field. Radiation patterns usually indicate either electric 
` field intensity or power intensity. Magnetic field intensity has the same radiation pattern as 
the electric field intensity, related by n,. The polarization, or orientation, of the electric field 
vector is an important consideration in an electric field intensity plot. A transmit-receive pair 
of antennas must share the same polarization for the most efficient communication. In the 
discussion to follow, we will focus on the more useful power intensity radiation patterns. 
Since the actual field intensity or power level depends not only on radial distance but 
also on how much power is delivered to the antenna, it is customary to divide the field or 
power component by its maximum value and to plot a normalized function. For our discus- 
sion of radiation patterns we will consider the normalized power function 


9, 
p, (0,0) = 9) | oo) 


where at particular values for 6 and 6, P(r, 8, 6) will reach its maximum value of Prax- The 
function P,(8, ọ) is also referred to as the normalized radiation intensity. 

If the antenna radiates electromagnetic waves equally in all directions, it is termed an 
isotropic antenna. As shown in Figure 8.3, such a hypothetical antenna has a spherical radi- 
ation pattern independent of O and 9. Here, then, the normalized power function P,(0, ) is 
equal to one, that is, 


P,(8, iso =1 (8.7) 


where the iso subscript indicates the function is for an isotropic antenna. 

In contrast to an isotropic antenna, a directional antenna radiates and receives prefer- 
entially in some direction. Figure 8.4 shows the normalized radiation patterns for a generic 
antenna. A three-dimensional plot of the radiation pattern can be difficult to generate and 
work with, especially by hand. It is customary, then, to take slices of the pattern and gener- 
ate two-dimensional plots. In Figure 8.4a, a polar plot is shown, where a slice has been 
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7 ~~ 2 Figure 83 The spherical radiation pattern 
Aaa, . . 
jis for an isotropic antenna. 


taken and the pattern plotted over all © for ọ = 7/2 (right half of plot) and for @ = 31/2 (left 
half of plot). In Figure 8.4b, the same slice is shown in a rectangular plotë? of the power 


level, in decibels, versus angle 8. 
The polar plot can also be in terms of decibels. It is interesting to note that a normal- 


ized electric field pattern 
E(r,8, 
a) (88) 


E max 


F,(0,6)= 


s 


Main lobe = á N 


f 
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Back lobe | 
‘ Beamwidth 
(a) j ` (b) 


Figurata General far-field antenna radiation pattern: (a) polar plot; (b) rectangular plot. 


8-3In such a plot, it is customary to plot negative 6 angles on the left axis. Although this is technically incorrect 
since 0 < 6 < 180°, it is useful for showing both sides of the two-dimensional slice. 


Directivity 
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in decibels will be identical to the power pattern in decibels. This is because power is pro- 
portional to the square of the electric field intensity, and for E we plot 


E,(, (4B) = 20 log [E,(0, 6)] (8.9) 


whereas 


It is clear in Figure 8.4 that in some very specific directions there are zeros, or nulls, in 
the pattern, indicating no radiation. The protuberances between the nulls are referred to as 
lobes, and the main, or major, lobe lies in the direction of maximum radiation. There are 
also side lobes and back lobes. Because these other lobes divert power away from the main 
beam, a good antenna design will seek to minimize the side and back lobes. 

One measure of a beam’s directional nature is the beamwidth, also called the half- 
power beamwidth or 3-dB beamwidth. As Figure 8.4b shows, this is the angular width of 
the beam measured at the half power, or -3 dB, points. If the beam cross section is ellipti- 
cal, the half-power beamwidth is the average of the beamwidths measured on the major and 
the minor elliptical axes. 


It is often desirable to radiate most of the power fed to an antenna into the main lobe, rather 


` than to the side or back lobes. A measure of how well an antenna does this is termed the 


directivity D. Before defining directivity, we will first describe the antenna’s pattern solid 
angle (sometimes referred to as beam solid angle). 

A radian is defined with the aid of Figure 8.5a. It is the angle subtended by an arc along 
the perimeter of the circle with length equal to the radius. In a like manner, a steradian may 
be defined using Figure 8.5b. Here, one steradian (sr) is subtended by an area r? at the sur- 
face of a sphere of radius r. A differential solid angle dQ, in sr, is defined as 


dQ = sin 8 d9 db (8.11) 
For a sphere, the solid angle is found by integrating dQ: 


2n n 
Q= f> fsin@d6 dp = 4n(sr) 
$=0 0=0 


An antenna’s pattern solid angle Q, is given by 


a r 


r 


d tsr 


1 radian Figure 8.5 (a) An arc with length 


equal to a circle’s radius defines a 
radian. (b) An area equal to the square 
(ay (b) , Of asphere’s radius defines a steradian. 
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Figure 8.6 The pattern solid angle, in 
steradians, for a typical antenna radia- 
tion pattern. 


Q, = ff P, (8,0) dQ i (8.12) 


as illustrated in Figure 8.6. Here, all of the radiation emitted by the antenna is concentrated 
in a cone of solid angle Q, over which the radiation is constant and equal to the antenna’s 
maximum radiation value. 

If we want to find the normalized power’s average value taken over the entire spherical 
solid angle, we have 





_ Sf P@.9)aQ _ Q, » 


P, ave(8,) = ie eS (8.13) 


The directive gain D(9, ) of an antenna is the ratio of the normalized power in a par- 
ticular direction to the average normalized power, 


P (8,4) 


C0) = aaa (8.14) 
a Pye 6) 
The directivity D nax is the maximum directive gain, 
P, (8,9) 
Dmax = D(0, = max 
max = D(®,) nax P (0.8) (8.15) 


It is apparent from (8.6) that P,(8,),,,, = 1, and with (8.13) we conclude 


(8.16) 





Directivity is often expressed in decibels as 


8.1 General Properties ~ 395 





Faure 3.7 Comparing Q, for 
(b) two radiation patterns. 





D max(dB) = 10 log (Dmax) (8.17) 
A useful relation gleaned from (8.14) and (8.15) is 


D(®,0) = DinaxP (9,0) 
(8.18) 


Figure 8.7 compares two radiation patterns. In Figure 8.7a, considerable power gets 
radiated to the side and back lobes. As a result, the pattern solid angle is large and the direc- 
tivity is small. In Figure 8.7b, almost all of the power gets radiated to the main beam, so Q 
is small and the antenna has a high directivity. 

From (8.5), (8.6), and (8.12) we can also write the total radiated power as 


Par Bos 28. 


Poa = PP map ao 


To clarify some of these points, let’s consider the normalized radiation intensity of a given 
antenna to be 


or 


EXAMPLE 8.1 


cos*@ for 0<@<x/2 
(—cos®)/10 for n/2<O<n 


F,(6)= | 

We see here that P,(8) is independent of both r and 9. A polar plot for this beam pattern is given in 
Figure 8.8 (see MATLAB 8.1). 

To find the beamwidth for the main beam, we need to calculate the values of @ that correspond 


toP(0)= 4 P(O) nax O 


E 
2 
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Figure 8.8 MATLAB- 
generated polar plot for the 
antenna of Example 8.1. Note 
; that, in this representation, 0 
270 is shown from 0° to 360°. 





A value of 6 = +45° results in a 90° beamwidth. 
We can calculate the pattern solid angle using the following integral: 


2x 7/2 WR 
Q,= Í J cos?edQ+ j f z 
$=00=0 =. ẹ=00=7/2 10 
Solving, we find Q, = 237/30 sr. The average normalized power level is then 


Q, 23 
P, ave(9,) 7 rr me 120 = 


The directivity is simply the inverse of the average normalized power, or 


0.19 


Det %2 Suppose P,(8,6) = 1 for O < 0 < 1/3 and P,(8,o) = 0 otherwise. Calculate the 
beamwidth, pattern solid angle, and directivity. (Answer: beamwidth = 120°, Q, = 7 sr, 
Drax = 4) 


MATLAB 8.1 


Plot the beam pattern for Example 8.1. 


% M-File:MLQ801 
% Polar plot for example 8.1 
% 
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Wentworth, 12/6/02 


% 
% 
% Variables 
% 
% 


theta angle in radians 
Pn . Normalized power function 
for i=1:100 


theta(i)=(-pi/2)+i*pi/100; 
Pn(i)=(cos(theta(i)))A2; 
end 
for j=101:200 
theta(j)=(-pi/2)+j*pi/100; 
Pn(j)=-(cos(theta(j)))/10; 
end 
polar(theta, Pn) 


% note that in a polar plot, the theta angle, in 
% radians, is automatically converted to degrees. 


This is plotted in Figure 8.8. 


Impedance and Efficiency 


i 
i 
i 
H 
one 


(a) 





Power is fed to an antenna through a T-line (see Figure 8.9a), and the antenna appears as a 
complex impedance Z,,, (Figure 8.9b). The antenna impedance is a resistance R,,, in series 
with an antenna reactance jX np SO 


Zant = Rane + Xam (8.20) 


This impedance can be modeled in Figure 8.9c, where the antenna resistance consists of 
radiation resistance R,,, and a dissipative resistance Rys that arises from ohmic losses in the 
metal conductor. 

For an antenna driven by phasor current /, = I,e/", we can relate P,a to Rig by 


1 
Paa = 5 lo Rrad (8.21) 


So, for maximum radiated power we desire R,,, to be as large as possible without being too 
large to easily match with the feed line.®-4 





Figure 8.9 (a) A T-line terminated 

in a dipole antenna can be modeled 

with an antenna impedance (b) con- 
sisting of resistive and reactive 

(b) ° : (c) components (c). 





8-4The total antenna resistance R „must be considered when constructing an impedance matching network for 
the antenna. 
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We also have power dissipated by ohmic losses, 


ie i ! d 
j Fyiss z 2 I, Rais (8.22) 
An antenna efficiency e can be defined as the ratio of the radiated power to the total power 
fed to the antenna, that is, 


= Fag = Rad (8.23) 


R rad an Eise Read cts Rais 


The power gain G(0,) of an antenna is very much like its directive gain, but it also 
takes into account efficiency. It is given by 


G(8,o) = eD(8,9) (8.24) 


and the maximum power gain Gmax = @Dmax- The maximum power is often expressed in dB;, 
where the i subscript indicates dB with respect to an isotropic antenna. 


fei 8.3 Suppose the antenna of Drill 8.2 has Raa = 40 Q and Ry, = 10 Q. Find 
antenna efficiency and maximum power gain. (Answer: e = 0.80, G max = 3.2). 


A Commercial Antenna 


Figure 8.10 shows the specifications and beam pattern for a commercially available 
antenna. This is a helical antenna (metal spring) embedded in a rubber or plastic protective 
enclosure. These compact and rugged antennas are commonly used in LAN systems and 





1.89 
-5.00 
—10.00 
PAWINZ24-5RD Specifications —15.00 
-20.00 
Frequency 2400- : -25.00 
Range 2485 MHz \— -30.00 
Gain 5.5 dB, -35.00 
—+ -40.00 
VSWR PSA ~i} -44.51 
Impedance 509 | 
Input Power 10 W (max) 
Operating -10°C <T 
Temperature < 60°C 
Weight ` 25 g 
Length 197 mm, i 
203 mm 270 
(a) (b) (c) 


Figure 819 (a) A pair of rubber duck antennas, (b) the commercial specifications, and (c) beam pattern at 2450 MHz. 
Courtesy of Pacific Wireless. 
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cell phones and go by the generic name rubber duck antennas. With the antenna held verti- 
cal, rubber duck antennas are omnidirectional; that is, the beam pattern features a consistent 
360° horizontal beam pattern. The beam pattern in Figure 8.10c shows the broadside direc- 
tion performance corresponding to a 5.5-dB, gain. 


Lott OE ES TAIN 
8? FEIECIRICALHY SHORT ANTENA 





If the current distribution of a radiating element is known, it is possible to calculate the radi- 
ated fields by a direct integration. However, the integral can be very complex, so an inter- 
mediate step is usually inserted to make the job easier. For time-harmonic fields, integration 
is performed to find the phasor A, called the retarded vector magnetic potential. This is 
followed by a relatively simple differentiation to find the magnetic field. 

We begin this section with a derivation of the retarded vector magnetic potential A,.. 
Then we will find the radiated fields for a fictitious radiating element known as the Hertzian 
dipole. This infinitesimally short element is assumed to have a uniform current along its 
length. The Hertzian dipole serves as a differential radiating element for which the fields 
from longer structures can be solved via integration, as we will see in the next section. 
Finally, the radiated fields for a small loop antenna will be determined. 


Vector Magnetic Potential 


In working with electric fields, we have that a scalar electric potential V is related to E by 
the gradient equation 
E=-VV 


An analogous term for magnetic fields is the vector magnetic potential A, often used for 
antenna calculations. 
The point form of Gauss’s law for magnetic fields is 


V-B=0 
A vector identity states that the divergence of the curl of any vector A is zero, that is, 
V-(VxA)=0 (8.25) 
We can therefore define B in terms of A as 
B=VxXA (8.26) 


We now seek a relation between A and a current source. Referring to Figure 8.11, we 
can write the Biot—Savart law from Chapter 3 as 





2 


Ho ado 
B, =— |J x dy - 8.27 
a a! i Rio g i Sen 


where the vector R,, = Ry, ado goes from the source point (or driving point), designated with 
a d subscript, to the observation point, designated with an o subscript. These subscripts are 
also used to indicate that the field is sought at the observation point (B,) from a source at 
the driving point (J4). Finding the total field at the observation point requires integration 
over the entire v, volume. 
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Figure 811 The vector magnetic 
potential at the observation point 
(o) results from a current density 
distributed about the volume vy. 





If we take the gradient at the observation point of I/R,, we get —a,,/R,,”. We indicate 
the gradient is taken at the observation point by using the o subscript: 


1 a : 
V,| — |=-—# (8.28) 
i Rio ) R, 


Replacing a,/R,,- in (8.27) we get 

















_ Ho l 
B, = xV dv 8.29 
o An IRE { =) d l ( ) 
The next step is to apply a vector identity. For a general vector M and scalar field N, 
MxVN=NVXM-VxNM j (8.30) 
If we let M = J, and N= 1/R,,, then we have 
B, =—-2 i l Vo xJu-Vo| l z dva (8.31) 
4n Rio Rio 


Notice that, in the first term inside the brackets, we are asking for the curl taken at the obser- 
vation point of the current density at the source point. Since the source isn’t changing with 
respect to the observation point, this term is zero. So (8.31) becomes 


Ho l 
B, == |V, x 
2 ap! R (5 





Jaa : (8.32) 


Here, the integration is with respect to the source, whereas the curl operation is with respect 
to the observation point. It makes no difference which order we perform these operations, 
so (8.32) can be written 


: 3 
B. =V Hol ad 8.33 
o o aa Va . ( ) 


From this equation and (8.26) we see that 
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Ho ¢ Ja 
A eee 8.34 
o re oa Vd Te ( ) 


More properly, we can write (8.34) as 


Hy Jalta dia) 
Ag(X9: Yo» Zo ) = — | — E dv 8.35 
at o? Yo o) al Rio l d ( ) 
since so far all we have considered is that the vector potential at point o is a function of the 


position of the current element, (xy, yy, Z4). We have yet to consider time dependence. It 
would be tempting to write 


Bo p FaltarYar2art) 4, 
4n š 


Ao (Xo Yo» Zot) = Ri 
o 


but this would imply that the magnetic vector potential at an observation point well 
removed from the source changes the instant in time that the source changes, which is 
clearly impossible. Instead, there will be a finite time R,/u, for any change in J, to be felt 
at the observation point. So a general time-dependent form of (8.35) can be written 


Jal Xas Ya Zat — Ryo /u 
Ao(To ozot) = 52 f ple e E, (8.36) 
o 


In terms of phasors, the current density is 
Jula Yar Za t- Ry/ Uy) = aXe Yao melt Rap/Up) Poe 
=J iy Var Zg CIM e FOR acl tp = Jai” we 


where J,, is the retarded phasor quantity 
Jus = Jia Yar Z4)e TBRao 


since B = u, Using this current density, the phasor form of (8.36) is 


Ho Jas 
Aps = ~~ | — dv 8.38 
os PF d ( ) 


This is the time-harmonic equation for the retarded vector magnetic potential. 
In phasor notation the vector magnetic potential is related to the magnetic flux density by 


B,,=VxA,, (8.39) 


Following the integration of (8.38) to find A (8.39) can be solved for B,,, and H,, = B,/u, 
in free space. Because the radiation is propagating radially away from the source, it is then 
a simple matter to find E, using (5.33), 


E,, =-n,8, x H, “ ` (8.40) 


Finally, the time-averaged power radiated is 


P(r, 0,6) = TREE. x Hy, > (8.41) 
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The Hertzian Dipole 


Suppose a short line of current, i(t) = 1,cos(@t + 0), is placed along the z-axis as shown in 
Figure 8.12. Here, the phasor current is /, = ,e/*. To maintain constant current over its 
entire length, it is helpful to imagine a pair of plates at the ends of the line that can store 
charge. The stored charge at the ends resembles an electric dipole, and the short line of 
oscillating current is then referred to as a Hertzian dipole. 

For /, conducted in the +a, direction through a cross-sectional area S, the current den- 
sity at the source seen by the observation point is 


I esr 
Jas = JB da, 


A differential volume of this current element is 
dv, = Sdz 
so 
Ja dva = [eB Radza, 


and the vector magnetic potential equation can be written 


6/2 -j 
alo, f bdag to ia (8.42) 
Os . 

A key assumption for the Hertzian dipole is that it is very short, so that R,, is approxi- 


mately equal to r. Replacing R,, with r in (8.42) and integrating, we find 


ee (8.43) 


The unit vector a, can be converted to its equivalent direction in spherical coordinates using 
the transformation equations in Appendix B, giving 


a, = cos 8 a,—sin 6 a, 
so that (8.43) becomes 
ee 


Aps rs —— (cosa, —sin® ag) n (8.44) 





eanan 
een 


R ager ge men 
ale eae 


Figure 8.12 The vector magnetic 
potential is sought at point o from 
a z-directed Hertzian dipole at the 
origin. 
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This is the retarded vector magnetic potential at the observation point resulting from the 
Hertzian dipole element oriented in the +a, direction at the origin. It is now a relatively 
straightforward matter to find B, from (8.39), and then 


Ile 
E  4n or 





(18 + 1) sinO ay (8.45) 
r 


It is useful to group B and r together, and (8.45) becomes 


Tee | 7 eta |. 
H,, ie Br (Br? sin ĝag (8.46) 


The second term in brackets, with (Br)? in the denominator, drops off with increasing radius 
much faster than the first term. We specify 


J 1 


ma : . (8.47 
Br (Br)? ( ) 
as being a far-field condition. Manipulation of (8.47) reveals the condition is met if 
ded LN (8.48) 
2n 


In the far field, we can neglect the second bracketed term in (8.46) and arrive at the follow- 
ing expression for H,,: 


(8.49) 


(8.50) 





Although we will spend most of our time with plots of the power density, (8.50) is important 
for telling us the polarization of the field. As we will see in Section 8.6, maximum power 
transfer between a transmitting and receiving antenna requires equivalent polarization. 

Finally, the time-averaged power density at the observation point is found using the 
Poynting theorem: 





(8.51) 
The term in brackets is the maximum power density: 
27292 
— NBT! (8.52) 
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Figure 8.13 Polar plot of the Hertzian 
dipole’s normalized radiation intensity. 
In three dimensions the pattern would 
appear toroidal. 





The sin? 6 term is the normalized radiation intensity P (9) from (8.6) plotted in Figure 8.13. 
The normalized radiation intensity can be inserted into (8.12) to find the pattern solid 
angle, 


Q, = ff sin? 0dQ = ff sin? Osin 6 d0 do (8.53) 
Upon integration we have Q, = 87/3. The directivity is then calculated as 
4n 
max a lS (8.54) 
Qp 


The total power, in watts, radiated by a Hertzian dipole can be calculated by inserting 
(8.52) into (8.19), giving 


(8.55) 


(8.56) 


For Hertzian dipoles, where the dimension € « A, Ra will be fairly small and the 
antenna will not efficiently radiate power. Larger dipole antennas, described in the next sec- 
tion, have much higher R,,, and are therefore more efficient. 


EXAMPLE 8.2 


A 3.00-mm-length dipole antenna is made of AWG#20 copper wire (0.406-mm radius). Suppose we 
drive the center of this antenna with a 1.00-GHz sinusoidal current. We want to estimate the efficiency 
and maximum power gain by treating this short antenna as a Hertzian dipole. 
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We first find the skin depth of copper at 1 GHz: 
1 


l 
cu = == = 
TfiL,o 
p(o [ars 2 santo” l | vs (e+) 
s M QO-m Å H-A V 


=2.09x10 m 














This is much smaller than the wire radius (a = .406 x 10-3 m), so we can estimate the wire area over 
which current is conducted by 


S = 2nab6,,, = 5.33 x 10-°m?2 
Now, the ohmic resistance of the small dipole can be calculated as 
ll 
Raiss = oS = 9.7 mQ 


To find the radiation resistance from (8.56), the wavelength at 1 GHz is 0.3 m and we have 


3 AY: 
Riad -t0n:[ 202 =79 mQ 
3m 
The efficiency from (8.23) is 
79 mQ -0.89 


°F Toman 97 mit) 


and with a directivity of 1.5, the power gain from (8.24) is 
G max = €D max = (0.89)(1.5) = 1.34 





Pri 2.4 A Hertzian dipole of length 4/100 is excited by a current i= 1 cos(2m x 10°) 
A. (a) Determine the maximum power density radiated by this antenna at a distance of 
100 m. (b) What is the time-averaged power density at the point P(100, 1/4, 1/2)? (c) 
Find the radiation resistance. (Answer: 470 nW/m2, (b) 236 nW/m2, (c) 79 mQ) 


The Small Loop Antenna 


Figure 8.14 shows a small loop of current located in the x-y plane centered at the origin. 
Such a small loop is known as a small loop antenna or sometimes a magnetic dipole. 
Recalling the general formula for the vector magnetic potential, we can make the 
substitution 


Jadva = 1e Road a, (8.57) 
giving us 
e BRao 


Ia 
D oe aie ia (8.58) 
o 
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P o 


Figure 8.14 A small loop 
antenna (magnetic dipole). 


We assume the loop is electrically small, or a << À, and A,, is found in the far field. Even 
with these assumptions, solving the integral remains quite complicated, involving a pair of 
series expansions and some dexterous coordinate transformations. Eventually, it is discov- 
ered that 


Ans Bosiq + jBr)e sin Bay (8.59) 
Tr 3 


where S = na’. Evaluating the curl of A,, and making the far-field assumption leads to 


os = SP roe Mag (8.60) 
4mm or 
and 
ESPAT = 
3 = Hor Singe Bra, | (8.61) 
The power density vector is then 
2,,2 72. @2R2 
Ome ES BI 3 
P(r, 8) =| ——2-°,—— |sin‘ ĝa 8.62 
(r,8) l er r (8.62) 
where 
2,,2 72 e2Q2 
wuss SB 
pP = oto , 
max 32mm r? (8.63) 


and since the normalized power function is the same as for the Hertzian dipole, Q, = 87/3 
and Dmax = 1.5. 
Calculation of P aa (in watts per square meter) and R,,, (Problem 8.15) yields 


p -Mh (SY 
i a (8.64) 


and 


(8.65) 
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The fields for the small loop antenna are very similar to that of a Hertzian dipole. Since it is 
the dual for the Hertzian (electric) dipole, the small loop antenna is often called a magnetic 
dipole. 

The magnetic dipole equations are also valid for a multiturn loop, as long as the loops 
remain small compared to wavelength. For an N-loop coil, S = Nna? in the equations just 
derived. The loops are not required to be circular. To use the equations for a square coil of 
N loops, each of side length b, S = Nb?. 

Increasing the diameter of the loop antenna results in an increase in the radiation resist- 
ance and hence in the efficiency. Wrapping the loops around a ferrite core (i.e., a ferrite- 
loop antenna) concentrates magnetic flux in the loops and makes them appear larger. This 
is acommon approach for constructing compact receiving antennas for AM radio. 


DHS A small loop antenna of radius 4/100 is excited by a current i = 1 cos(2n x 
10°t) A. (a) Determine the maximum power density radiated by this antenna at a distance 
of 100 m. (b) What is the time-averaged power density at the point P(100, 1/4, 1/2)? (c) 
Find the radiation resistance. (Answer: (a) 18 nW/m?, (b) 9 nW/m2, (c) 3.1 mQ) 


veil 8.6 Repeat Drill 8.5 if 10 of the loops form a coil. (Answer: (a) 1.8 1 W/m?, (b) 
0.92 uW/m?, (c) 310 mQ) 


R3 DIPOLE ANTENNAS 


A drawback to the Hertzian dipole as a practical antenna is its very small radiation resist- 
ance. A longer dipole antenna, such as the one shown in Figure 8.15a, will have higher radi- 
ation resistance and will be a more efficient antenna. The T-line-fed dipole antenna in this 


ww 


+L/2 —— 


| i(z,t) 


x 
—L/2 —— Figure 8.75 (a) A T-line feeding a dipole 
antenna. (b) The dipole resembles a con- 
E (b) s : ` tinuous line of current of length L. 


408 


Chapter 8. Antennas 


figure is modeled in Figure 8.15b as an L-long conductor conveniently placed along the z- 
axis and supporting a current distribution i(z, £). 

Our analysis begins with division of the L-long dipole into a series of infinitesimal 
Hertzian dipoles. Over the differential length dz of any one Hertzian dipole, the current is 
assumed constant with value found from i(z, t). The total magnetic field is then determined 
at a far-field point by integrating the field from the series of Hertzian dipoles. Finally, the 
electric field is found from H,, by 


Ey = No3, x H 
This section begins with a derivation of the far fields resulting from an arbitrary length 


dipole antenna. The fields and antenna properties are then discussed for several specific 
length dipoles, most notably the half-wave dipole antenna. 


Derivation of Fields 


Figure 8.16 shows the mode! for a general L-long dipole antenna. The first step in the analy- 
sis involves choosing a suitable current distribution. We know the current must go to zero at 
the bare ends of the conductor, but determining the exact distribution in the rest of the con- 
ductor is extremely complicated. Fortunately, a sinusoidal current distribution on each arm 
of the dipole, as shown in Figure 8.16, makes a good approximation. This distribution is 
best written as 

i(z, t) = 1,(z)coswt (8.66) 
where 


Ie sin E - z) for 0< z< L/2 

I,(2)= i 

S Z f E 

Ie” sin (+ + z] for — L/2<z<0 
2 (8.67) 


+L/2— i(z,t) 


! 
| 





Figure 8.16 The current 
distribution on each arm of 
a dipole antenna is well 
approximated by a sinu- 
soidal function. 
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| | : Figure 8.17 Dipole 
1/2 i antenna parameters used 

[ to evaluate the far fields. 


For simplicity in the following arguments, we will assume the phase term o = 0. 
To set up the integral, we make use of Figure 8.17, the current distribution of (8.67), 
and the magnetic field equation (8.49) for a Hertzian dipole. We find 


Piae 9 BR L P 
Ho = j g (=+) sin 0’dz 


+k -JBR 
er L 
+f sin —2}sin 0’dz 
JR 2 


Solving this integral will require some simplifying assumptions. In the far field, the 
vectors r and R appear to be parallel such that 6’ = 6 and R = r. But we cannot substitute r 
for R in the phase term ePR where small differences are critical. In Figure 8.18, we see that 
the difference in length between R and r is zcos8, or 





(8.68) 





R=r—zcos8 
We can then write 
eİPBR = ¢iB(r- zc088) — ¢-iBr pjBzcos8 (8.69) 


Now, after pulling the components that don’t change with z (along the antenna’s length) 
out of the integral, we have 


ree 


ead 


Figure 3.18 Expanded geometry near the 
dipole. 
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4 —jBr Oe L 
= Boe nae Bay J eiBzeos8 in o($ + 2) lt 


AR or 
4 
+: f eiBzcos® in 6 = = :) | 
0 2 


From the table of integrals in Appendix D we have 


(8.70) 


Bes 
a’ +b? 





fe“ cos(c + bx) dx = [asin(c + bx) —beos(c+ bx)| 


In our case, x = z, a = jBcos®, c=BL/2, and b = +8 for the first integral and b = -P for the 
second. After considerable algebra, including application of Euler’s identity, we arrive at 


ao 


BL BL 
Ne co BE cos o) = co E=) 
[aZ] DU ee (8.71) 


2n r sin ð 





The vector E is then easily found from 


Ey = -n,a, x Hos 


Finally, the time-averaged power radiated, using (8.41), is 


to be 


1572 
nr’ 





P(r,0) = —2 F(8)a, (8.73) 


where the pattern function F(6) is given by 


F(0) = eo F cose) -en | ins. (8.74) 


sin8 


This pattern function is not generally equivalent to the normalized power function P,(8) 
since F(9) can be greater than one. Instead, the normalized power function is 








F(8) 
P (0)= (8.75) 
s FO 
where the maximum time-averaged power density is then given by 
i 
Prnax = > FCO) max (8.76) 
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Antenna Properties 


The most straightforward way to determine characteristics of an arbitrary length dipole 
antenna is to use numerical (computer) routines, as detailed in the next three MATLAB 
examples. 

As a first step, we can plot the normalized power function (8.75). In a numerical rou- 
tine, F(®) is calculated over the full range of 6 for a length L given in terms of wavelength. 
Then a maximum is found (F(6),,,,), and P,(8) is calculated. Examples of this procedure are 
seen in MATLAB 8.2 and MATLAB 8.3. 

Next, the pattern solid angle Q, must be found. An analytical solution proves to be rather 
involved. We are much better served by using numerical integration to evaluate (8.12): 


Q, = JÍ P, (8,0) dQ 


With a little manipulation, for a dipole antenna this becomes 


2 
BL BL 
re feof 5 cos® |—cos 5 (8.77) 
= A j —____~~ “49 
B FO)... sin® 
_ MATLAB 8.4 shows how numerical integration of (8.77) is carried out. Directivity follows 
since 
4r 
D nax = — 
max Q, 


We can find the radiation resistance by considering 
I 
Pay = 5 lo Raa =r P(r,8) nap (8.78) 


which leads to 


(8.79) 


MATLAB 8.2 


Let’s devise a routine to plot the current distribution on a dipole antenna along with a polar 
plot of the normalized power radiated. In our program we select L = 1.25A for our test case. 


M-File: ML@802 


This plots the current distribution along an 
arbitrary length dipole antenna as well as the 
normalized radiation pattern. 


Wentworth, 11/26/02 
Variables 


dipole length Cin wavelengths) 
bL2 . - phase constant * length/2 


BH I I I I SC a ae a se ae 
a 


(continued) 
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% N number of theta points 

% th,thr - angle theta in deg.,radians 
onze Ze <ð and >@ z position 

% iz1,iz2 <0 and >@ z-dependent current 
S F un-normalized power function 
% Fmax maximum value for F 

% Pn normalized power function 
cle %clears the command window 
clear %clears variables 

elft _ %clear figure 

% Initialize variables 

L=1.25; 

bL2=pi*L; 

N=360; 


% Calculate current distribution 
2Z1=-(L/2) : (L/200) :0; 
izl=sin(2*pi*((L/2)+z1)); 
z2=0:(L/200):(L/2); 
1z2=sin(2*pi*((L/2)-z2)); 


% Calculate normalized power function 
th=1:.1:N; 

thr=th*pi ./180; 
F=((cos(bL2.*cos(thr))-cos(bL2))./sin(thr)).A2; 
Fmax=max(F) ; 

Pn=F . /Fmax; 


% Generate Plots 
subplot(211) 

plot(z1,izl1, '-k',z2,i1z2,'-k') 
xlabel('zCin wavelengths) ') 
ylabel('current') 

axis([{-L/2 L/2 -1 1]) 

grid on 

subplot(212), 

polar(@,1) 

hold on 

polar(thr, Pn) 

T=num2str(L) ; 
S=strvcat(‘Length',T, 'wavelengths'); 
text(1.2,.8,S) 


The result is plotted in Figure 8.19. 


MATLAR 8.3 


The previous MATLAB example can be enhanced to show a movie of the power func- 
tion F(0) as the length of the antenna grows from 0.1A to 2.1. We choose to look at F(8) 
rather than P,(®) so we can see the relative power level of the antenna as the length is 
changed. 

Notice the use of the text command and a couple of string operators to place wave- 
length information on the plot. 


Current 
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M-File: MLQ8Q3 
Dipole antenna movie shows radiation pattern as 
dipole length grows from @.1 lambda to 2.1 lambda. 
Wentworth, 11/26/22 
Variables 

L dipole length Cin wavelengths) 

bL2 - phase constant * length/2 


(continued) 
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% N number of theta points 

% th,thr angle theta in deg.,radians 
% num,den temporary variables 

% F un-normalized power function 
cle %clears the command window 
clear %clears variables 


% Initialize variables 
N=360; 

th=1:1:N; 
thr=th*pi./180; 


% - Generate Reference Frame 

L=0.1; 

polar(@,6);%sets scale for polar plot 
T=num2str(L); 

S=strvcat('Length',T, 'wavelengths'"); 
text(6,6,S) 

axis manual 

titleC'"Linear Antenna Radiation Pattern’) 
hold on 

pause 


% Make the Movie 
L071: 0m02:2 1; 
for n=1:100 
polar(@,6) 
axis manual 
titleC’Linear Antenna Radiation Pattern") 
T=num2str(L(n)); 
S=strvcat("Length',T, 'wavelengths'); 
text(6,6,S) 
hold on 
num=cos (pi*L(n) *cos(thr))-cos(pi*L(n)); 
den=sin(thr); 
F=(num./den) . ^2; 
polar(thr,F) 
hold off 
MC: ,1)=getframe; 
end 


` Figure 8.20 shows snapshots from the movie at L = 0.5A, 1.0A, and 1.5A. 


MATLAB 8.4 


We want to numerically integrate (8.77). The integral can be written as a summation: 


TE cox BE = 0; = co 
Q, = = 


= F(@) 2 _ sing; a 


max f=! 


where N is the number of increments and A9 is the angular increment, given as n/N. The 
angle 0; is calculated as 
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Figure 3.29 x-y plane 
snapshots of F(0) taken at 
three dipole antenna 


270 lengths from ML0803. 


6,=i n/N 
The routine is as follows: 


% M-File: ML@804 


% 
% Perform numerical integration to find beam solid 


(continued) 
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wavelengths 


270 Figure B ZO leortined 3 


% angle, directivity, and the maximum power function 
% for a given length dipole. 

% 

% Wentworth, 11/26/02 

% 

% Variables 

% L dipole length Cin wavelengths) 
% bL2 phase constant * length/2 

% N number of theta points 

% th,thr angle theta in degrees,radians 
% dth differential theta 

%  num,den temporary variables 

% F un-normalized power function 
% Fmax max power function (W/mA2) 

%  omegaP beam solid angle (sr) 

% Dmax ` Directivity 

clc %clears the command window 
clear %clears variables 


% Initialize variables 
L=1.25; 

bL2=pi*L; 

N=90; 


% Perform calculations 

i=1:1:N; 

dth=pi/N; 

th(i)=i*pi/n; 
num(i)=cos(bL2.*cos(th(i)))-cos(bL2): 
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den(i)=sinc(thCi)); 
FCi)=CCnum(i)) .A2)./denCi); 
Fmax=max(F) ; 

Pn=F./Fmax; 


omegaP=2*pi *dth*sum(Pn) 
Dmax=4*pi /omegaP 
Fmax 


An accurate solution is found by repeating the routine for an increasing number of incre- 
ments (N). With only 90 increments, for L = 1.25A we find Q, = 3.83. 


Let’s find the directivity and radiation resistance for a dipole of length 1. 
From ML0802 we find the current distribution and normalized power pattern. To find D nax and 
Ra» We must first use ML0804. Running this program at L = 1), we obtain 


OQ, = 5.2121 
Drax = 2.4110 
F nax = 4 


` So we see that this antenna is more directive than the Hertzian dipole. We find the radiation resistance 
from (8.79), where 
30 


T 


C == Peas = > (4.0)(5.21) =2009 


Half-Wave Dipole 
Because of its convenient radiation resistance, and because it is the smallest resonant dipole 
antenna, the half-wavelength (or simply half-wave) dipole antenna merits special attention. 
With (BL/2) = 1/2, the field equations reduce to simpler expressions leading to the time- 
averaged power radiated, 


Mee) =e) (8.80 
(r,8) E sin 0 wal (8.80) 


The maximum value of the F(@) term in (8.80) is 1, so we see that the maximum power den- 
sity is 
me 


max 
nr? 


(8.81) 





and the normalized power density is 


c0s?(Žcos0) 
PE eee (8.82) 
n( ) sin? @ 
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This pattern is the first one plotted in Figure 8.20. The current distribution and normalized 
power function from MATLAB 8.2 are shown in Figure 8.21. Another view of this pattern, 
with antenna included, is shown in Figure 8.22. Note the similarity to the pattern for a 
Hertzian dipole (Figure 8.13). 


Numerical integration in MATLAB 8.4 gives us Q, = 7.658 for the L = 1/2 case. We 
can then find directivity as 


4n 
Daa = — = 1.640 p 
max Q 


no] 


which is only slightly higher than the directivity of a Hertzian dipole antenna. 
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Figure £22 Radiation pattern for a 
half-wave dipole antenna. 





Next, we can determine the radiation resistance by 


La 2 

Frad = 2 Ig Rag =r PraxQp (8.83) 

which leads to 

Riad = — a0 carp = 73.20 
(8.84) 

With this R,,, much higher than that of a Hertzian dipole, the half-wave dipole radiates 

much more efficiently. In addition, it is much easier to construct an impedance matching 

network for this antenna impedance. 

The antenna impedance also contains a reactive component, X,,,. This component 
depends on the behavior of the fields in the near-field region of the antenna, and its deriva- 
tion for dipole antennas lies well beyond the scope of this text. However, for a A/2 dipole 
antenna it is equal to 42.5 Q. Therefore, the impedance of a half-wave dipole antenna, 
neglecting R4;,,, 18 

Zm = 13.2 + j42.5 Q i (8.85) 


For impedance matching, it is very convenient to operate the antenna where its reactive 
component is zero (i.e., in a resonant condition). This can be achieved by making the 
antenna slightly shorter. Although the exact length depends on the antenna’s wire radius, a 
dipole antenna of about 0.485A length will have an approximately zero reactive component 
and its real part will be close to 73 Q. 


EXAMPLE 8.4 


Let’s find the efficiency and maximum power gain of a 1/2 dipole antenna constructed with AWG#20 


copper wire operating at 1.0 GHz. 
At 1.0 GHz, the wavelength is 0.30 m and the A/2 dipole is 0.15 m long. From Example 8.2, we 
found the area over which current is conducted in AWG#20 wire at 1 GHz to be 5.33 x 10-° m2. The 


ohmic resistance is then 


420 = Chapter 8. Antennas 
ee 


Since the radiation resistance is 73.2 Q, we have 


a 
73.2 240485 Q 


and a gain of 


G nax = €D max = (0.993)(1.640) = 1.63 


max 


This antenna is clearly more efficient with a higher gain than the short dipole of Example 8.2. 


CARRIE E N g 
E KARAF E Oo 


E 


Suppose a 0.4851 dipole transmitting antenna’s power source is a 12-V amplitude voltage in series 
with a 25-Q source resistance as shown in Figure 8.23a. We want to determine the total power radi- 
ated from the antenna with and without insertion of a matching network. 

Referring to Figure 8.23b, we have 


E. Le ee 
Ry +Ring 98.2 


Then, 
eae list = =(122 mA)*(73 Q) =547 mW 


With matching in place as shown in Figure 8.23c, we have Z,, = 25 Q and the current in the network is 


[gee oan 
50.Q 





V= 
(b) 
V;=12V . 
i Impedance 
V= matching Raa = 73Q 
network 
(a) i 
(c) Zin = Z2 = 25Q 


Figuve £23 (a) A 0.485A dipole antenna driven by a 12-V amplitude source with R, = 25 Q is modeled in (b) by its 
antenna impedance. In (c), a matching network is added. 
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The power entering the matching network is all radiated: 
] 
Paa = 5 (240 mA)” (73 Q)=2.1 W 


Thus, for this particular example, insertion of a matching network results in almost a quadrupling of 
the radiated power. 





Drill S$.” Suppose a A/2 dipole antenna is used in the previous problem. Recalculate the 
radiated power with and without the matching network. (Answer: 459 mW without 
matching, 2.1 W with matching) 


Bd MONOPOLE ANTENNAS 


Let us consider the construction of a half-wave dipole antenna for an AM radio station broad- 
casting at | MHz. At this frequency, a wavelength is 300 m long and the half-wave dipole 
antenna must be 150 m tall. We can cut this length in half, and save considerable expense, by 
employing image theory to build a quarter-wave monopole antenna that is only 75 m tall. 

Following a brief description of image theory, we will look at the radiation pattern and 
antenna properties of a quarter-wave monopole antenna.®> 


Image Theory 


Consider the pair of charges, +Q and —Q (termed an electric dipole as described in Example 
2.20) in Figure 8.24a. The dashed line shows the location of a zero-potential surface. The 
field lines are normal to this surface. If we slide a conductive plane over the zero-potential 
surface, we see in Figure 8.24b that the field lines in the upper half-plane are unchanged. 
Conversely, the field for a charged object over a conductive plane appears exactly the same 
as if the plane were removed and a mirror image of opposite charge were inserted. 

Figure 8.25a shows some charge +Q distributed in the shape of a tilted letter “A” over 
a conductive plane. The field above the conductive plane is exactly the same as the field 
above the zero-potential surface of Figure 8.25b, where the opposite charge image has been 


Figure 8.24 (a) The zero-potential surface 


(2) between a pair of opposite but equal 
charges can be replaced by a conductive 
(a) (b) plane, as shown in (b). 


8.5Such an antenna is sometimes referred to as a “Marconi antenna.” 


422 - Chapter 8. Antennas 


+Q 





a ny 


Figure 8.25 The charge over a conductive 


n ti a surface shown in (a) can be modeled in (b) 
ow : by replacing the conductor with a mirrored 
(a) 7 (b) image charge of opposite polarity. 


inserted as shown. Note that the charge can be in any distribution (point charge, line charge, 
surface charge, or volume charge), and the image charge is a mirror image of opposite 
polarity. 


Antenna Properties 


A monopole antenna is excited by a current source at its base. By image theory, the current 
in the image monopole will be in the same direction as the current in the actual monopole. 
The pair of monopoles thus resembles a dipole antenna. 

A monopole antenna placed over a conductive plane and half the length of a corre- 
sponding dipole antenna will have identical field patterns in the upper half-plane. The most 
common realization of this type of antenna is the quarter-wave monopole antenna, shown 
in Figure 8.26. 

For the upper half-plane (0 < @ < 90°), the time-averaged power for the quarter-wave 
monopole is exactly the same as for the half-wave dipole (8.79), with the same maximum 
power density and normalized power density. However, the pattern solid angle is different. 
Since the normalized power density P,(@) = 0 for 90° < 8 < 180°, the pattern solid angle 
found by 


Q, = ff P,(6)dQ 


Figure 8.26 Quarter-wave monopole 
antenna. 
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integrated over all space will be half the value of Q, for the corresponding half-wave dipole. 
So for the quarter-wave monopole antenna we have Q, = 3.829. The directivity is therefore 
doubled, or 

4 


=— =3.28 


max 
Qp 


D 


Finally, recalling the relationship between Q, and R,,4 in (8.79), we see that the radiation 
resistance is halved: 


30 
Rag =— Q, = 36.6 QO 
d n P 


Ta 


The reactive part of the antenna impedance is also halved, so for a quarter-wave mono- 
pole antenna we have 


Z = 36.6 + j21.25 Q 


Like the half-wave dipole, a slight decrease in the monopole length will result in a zero 
reactive component with little effect on Rag: 


a Heer em 


Let’s find the pattern solid angle, directivity, and radiation resistance for a 5A/8 monopole antenna. 
This monopole has the same field and radiation pattern as a 1.25 dipole antenna for 0 < 0 < 90°. 
We can execute ML0804 to find 


2| 0. 4, = 3-828 
1.251, dipole 


The monopole will have half this value: 


Q,| =1.914 
0.6254 monopole 


The directivity is then calculated as 
D rax = 8-67 


or twice the value of the corresponding dipole antenna. 
Calculating the radiation resistance requires that we know the maximum power, given by 


_1si2 


F; max — mr max 


where F.,,, for the 0.6254 monopole is the same as for the 1.25A dipole and is equal to 2.914 from 
ML0804. Then, from the relation 


1 
Pad = Pas = 5 lo Red 
we find 


30 
Read = — Fup = 53:3 Q 
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(a) 


Fgure 827 Shortening a monopole antenna 
by using (a) an inductive coil and (b) a top- 
(b) hat capacitor. 


Practical Considerations 


aS 


The best operation of a monopole antenna is achieved when the ground beneath it is highly 
conductive, a condition well met by damp ground. A buried grid of wires can also be used 
to improve the conductivity. If the antenna is remote from actual ground (for instance, on 
top of a building), a conductive screen of diameter roughly twice the antenna height (called 
a counterpoise) may be placed under the antenna. For best operation this counterpoise must 
be isolated from true ground. 

Monopole antennas have been widely used for hand-held devices. Making these anten- 
nas shorter is desirable for such applications. A problem that arises with antennas shorter 
than a quarter wavelength is that the input impedance becomes highly capacitive, which 
reduces efficiency. One approach to solving this problem is to place an inductive loading 
coil at the base of the monopole, as shown in Figure 8.27a. This series inductance offsets or 
tunes out the capacitance of the monopole. However, the coil may suffer from significant 
resistive losses. Also, the current amplitude will be highest at this end of the monopole. This 
doesn’t necessarily help our monopole’s radiated fields since the inductive coil doesn’t radi- 
ate in the same direction. 

Another approach is to place a capacitive plate atop the monopole, as shown in Figure 
8.27b. This is sometimes referred to as a top-hat monopole. The plate appears as a series 
capacitance to the capacitive reactance of the monopole, thus lowering the total capacitive 
reactance. Also, the capacitor prevents current amplitude from going to zero at the end of 
the wire and that improves radiation. 

Table 8.1 provides a summary of the key parameters for four types of simple antennas. 


ANTENNA ARRAYS 


The antennas we have studied so far have all been omnidirectional—there has been no vari- 
ation with ọ. A properly spaced collection of antennas, such as the Ka-band array shown in 
Figure 8.28, can have significant variation with , leading to dramatic improvements in 
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Figure 8.28 A Ka-band array. Courtesy of 
Harris Corporation. 





directivity. An antenna array can also be designed to give a particular shape to the radiating 
pattern. Moreover, control of the phase and amplitude of the current driving each array ele- 
ment, along with spacing of the elements of the array, can provide beam steering capability. 

It should be understood that advanced arrays can be and are constructed using different 
antenna elements driven by current of varying phase and amplitude and that the main beam 
can be pointed in practically any direction. However, to simplify our treatment of arrays we 
will consider the following: 


1. All antenna elements in the array are identical. 
2. The current amplitude is the same feeding each element. 
3. The radiation pattern lies in the x-y plane only (0 = 1/2). 


We will then control the radiation pattern by 


_ L. controlling the spacing between elements and/or 
2. controlling the phase of the current driving each element. 


Typically, a common current source is equally divided and fed into each element. Also, each 
feed line may contain a microwave component called a phase shifter for control of the cur- 
rent phase. 

As a simple example, consider a pair of dipole antennas driven by in-phase current 
sources and separated by A/2 on the x-axis as represented by Figure 8.29a. We assume each 
antenna radiates independently, and in fact the radiation pattern for a single dipole element 
is shown by the dashed circle around the origin. 

At a far-field point along the x-axis (point P), the fields from the two antennas will be 
180° out of phase owing to the extra A/2 distance traveled by the wave from the farthest 
antenna. The fields cancel in this direction. But along the y-axis (point Q), the fields are in 
phase and thus add. The electric field intensity is then twice that of a single dipole, and a 
doubling of the field results in a four-fold increase in the power. This is a simple example 
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figure 829 A pair of dipole antennas are oriented in the z direction and separated by 4/2 in the x direction. The radiated 
power pattern in the x-y plane (8 = 7/2) is shown for current sources that are (a) in-phase and (b) out of phase by 180°. 


of a broadside array, so called because the maximum radiation is directed broadside to the 
axis containing the elements of the array. 

We can modify this example by now driving the pair of dipoles with current sources 
that are 180° out of phase. Then, along the x-axis the fields will now be in phase and along 
the y-axis they will be out of phase. The resulting beam pattern will appear as in Figure 
8.29b. This is a simple example of what is termed an endfire array, since the maximum radi- 
ation is directed at the ends of the axis containing the array elements. 

We will begin by deriving the pattern functions for a pair of Hertzian dipoles. This will 
be accomplished simply by adding the electric field intensity for each dipole, and then find- 
ing the power. The result is then applicable for a pair of any arbitrary length dipole anten- 
nas. Then we will look at n-element linear arrays. 


Pair of Hertzian Dipoles 


We recall from (8.50) that the far-field value of the electric field resulting from a Hertzian 
dipole at the origin is 
1,68 e} 


Ess = Mo la p 








sin ð ag 


Since we are confining our discussion to the x-y plane where 8 = 7/2, we have 


14B e ® 


os — 0 4n 








ag (8.86) 


T 
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Figure 8.39 A pair of z-oriented 
Hertzian dipole antennas separated by 
a distance d on the x-axis. 





Now consider a pair of z-oriented dipoles separated by a distance d on the x-axis as 
shown in Figure 8.30. The total field is the vector sum of the fields for both dipoles: 











I. £8 -jpn L. £8 ,~sBn 
=E,,, +E = jn S4 Be + jn S2 Be 


OS 0 An 


Ey Ag (8.87) 


a 
tot) tái 9 É An I5 
where r, and r, are as shown in Figure 8.31a. In accordance with our simplifying assump- 
tions, we will keep the magnitudes of the currents the same but will insert a phase shift œ 
between them. We have 


(8.88) 
Is, = l,e?” 
To further develop our total field equation, we assume that since the far-field observation 
point is far away, the distance vectors can be accurately modeled as parallel lines as shown 
in Figure 8.31b. We can therefore assume 


9, =9~, (8.89) 
We can further assume 

n=r=r (8.90) 
for the distances in the denominator of (8.87), since a small difference will have very little 
effect on the resultant magnitude. But the exponential term represents a phase, and small 


differences in distance can result in sizable differences in phase. By inspection of the geom- 
etry we see that 


d d 
ñ a rh A (8.91) 
Inserting (8.88), (8.89), and (8.91) into (8.87) we now have 


z jibe = | a eee 
1,€B e jr jaN? (B30) | [Bzcoser5 


AT 


Eo 5(t0t) 3 No e ag (8.92) 
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Figure 8.2% (a) Parameters used to evaluate the far fields in the x-y plane for a pair of Hertzian dipole antennas. (b) 
Expanded geometry near the dipoles. 


The exponentials inside the brackets are converted using Euler’s identity to give us 


ee ee ot d a 
E os(tot) = Fos(tot)#0 = Mo cae 2e ? cos BZcosp+ ©) ag (8.93) 


This is the expression for the total electric field at a far-field observation point resulting 
from our two-element Hertzian dipole array. 
It is then a simple matter to find the radiated power using 


2 
T bin 1 *]_ 1 Ess(tot)2r 
P{r.£.0)=3 Re[B, XH] => i 


We then have 


LANL AA l í d s) 
e(-2.0)-| R Jees P a, (8.94) 


This expression for radiated power can be written 


(8.95) 





Ze) F Fnit array 


where the radiated power is divided into a unit factor F nı and an array factor Faray, The 
unit factor F,,,;, is the time-averaged power density for an individual antenna element, or 


unit, at 6 = 1/2: 
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0) 5). 
WREE 
Finit | ee l (8.96) 
The array factor Faray 1S 
fo = scos? £) (8.97) 
array 5) 
where 
y= Bd cos > + a ` (8.98) 


This is the pattern function resulting from an array of two isotropic radiators. It only 
depends on the separation between the antenna units and the relative current phases driving 
them. In other words, we can use this particular array factor for any pair of identical arbi- 
trary length dipoles. 

As evidenced by (8.95), the resulting radiation pattern for an array of identical ele- 
ments is the product of the unit factor and the array factor. This is called the principle of pat- 
tern multiplication. 


EXAMPLE $7 


Let’s use the principle of pattern multiplication to find the far-field radiation pattern for a pair of half- 
wave dipole antennas as shown in Figure 8.32a. The A/2-long antennas are driven in phase and are A/2 
apart. Also we’ll find the maximum power density | km away from the array if each antenna is driven 
by a 1-mA amplitude current source at 100 MHz. 

At 100 MHz, A = 3 m, so 1 km away is definitely in the far field. For a half-wave dipole, we have 


from (8.80) 
2(x 
1572 \ cos (žcos6) 
P(r,8)= P(r,8)a, =| —2 | —— = 
(r8) =i 0e (=) sin? 0 F 
Here, the unit factor is found by evaluating P(r8) at 0 = 7/2, or 


1572 
Fnit = 2 
mr 


Now, for a pair of dipoles we evaluate F,,,,, from (8.97), where d = 2/2 and æ = 0 (since the 
antennas are driven at the same phase). This gives us 


Foray 4008" (= cos 6) 
For the array, we now have 
60 
P(r,0 = £6) = Fait Pacey = —F-008"( Fos) 


The normalized power function is 


which is plotted in Figure 8.32b. 
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(a) (b) 


Figure 832 (a) A pair of half-wave dipole antennas separated by A/2, (b) The resulting radiation pattern in the x-y plane. 


The maximum radiated power density at 1000 m is 





The @ location of nulls in the radiated power pattern can be analytically determined by 
finding the values of that make cos(/2) = 0. Likewise, the ọ locations of maximum radi- 
ation are found where the derivative with respect to ọ is zero, that is, 


dọ 


=0 


N-Element Linear Arrays 


The procedure for the two-element array can be extended for an arbitrary number of array 
elements. We make the following additional simplifying assumptions: 
1. The array is linear, meaning the antenna elements are evenly spaced along a line. 
2. The array is uniform, meaning each antenna element is driven by the same mag- 
nitude current source, with constant phase difference between adjacent elements. 


Figure 8.33 shows a general uniform linear array of N elements along the x-axis with 
spacing d between each element. The phase increases by & for each element, so 
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tn Figure $33 A uniform linear array. 


2 I TEA 7 =] ei(N-l 
Is, = I, Is, = Te!™, Is, = Pere... Is. = Leite 
Summing the contributions to the far-field electric field intensity, we have 


LIB e 


E os(tot) -|i TE 








Jier +¢l?¥ pep fly, 


where again 
w=Bdcoso+a 


Manipulation of this series eventually gives 


Determining Fray at the limit as y approaches zero yields a maximum value 
(Fray max = N? 


The normalized power pattern for these elements is therefore 


(8.99) 


(8.100) 


(8.101) 


(8.102) 


(8.103) 
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EXAMPLE 8.8 


Let’s verify that (8.101) for a pair of Hertzian dipoles reduces to (8.97). 
For N = 2, (8.101) becomes 
w? 
T sin y 
sin? (*) 
2 
The numerator can be written as 
sin?y = 1 — cos*y = (1+ cosy)(1 — cosy) 


and the denominator can be written, via the half-angle formula for the squared sine (see Appendix D), as 


. 2/ Y 1 
ad laiii 
sin (£) 3 cosy) 


Dividing, we have 
Fray =2(1 + cosy) 


Now, using the half-angle formula for a squared cosine, this becomes 


Farray = 4cos? (») = seos? B cosg + z) 


EXAMPLE 8.9 


Let’s plot the normalized radiation pattern for five antenna elements spaced A/4 apart with progres- 
sive phase steps of 30°. The antennas are assumed to be a linear array of z-oriented dipoles on the x- 
axis, and we want the normalized radiation pattern in the x-y plane. 

To find the array factor we first evaluate y as 


w=Pdcoso+a 


2n À T ace) T T 
= ——cos+ 30°} —— |=—cos6+— 
A 4 è 180° y 


2 6 


Inserting this ratio into (8.101) we have 


4 12 

Faray = 2{ 7% T 
sin [Zcoso+ Z) 

4 12 


and 


of 57 5r 
———e +- 
A i sin? (ŽE coso m 
r= 
a sin’( Zcoso+ = | 
4 12 


This is plotted via MATLAB in Figure 8.34. 


— ee ..00€@0—0—00 EO ——— hr OO 
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Figure 8.34 x-y plane radia- 
tion pattern versus @ for the 

i five-element dipole array of 
270 Example 8.9. 





Parasitic Arrays 


Not all the elements in an array need be directly driven by a current source. A parasitic 
array features typically one driven element and several parasitic elements. The parasitic 
elements are indirectly driven by currents induced in them from the driven element. 

The best-known parasitic array is a linear one called the Yagi-Uda antenna, shown in 
Figure 8.35. On one side of the driven element is a reflector, whose length and spacing are 
chosen to cancel most of the radiation in that direction and to enhance the radiation in the 
forward, or main-beam, direction. Several directors (typically four to six) may be added 
that help focus the main beam in the forward direction. The Yagi-Uda antenna features high 
gain and is fairly easy to construct. Many rooftop television antennas are of this type. 

Parasitic elements tend to pull down the radiation resistance of the driven element. For 
instance, the radiation resistance of a half-wave dipole antenna would drop from 73 Q to 


CEERI GAEE NAANA E AAAS AE AAAA OA 








A i Driver Directors 
REA Figure 835 The Yagi-Uda antenna. 
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about 20 Q when used as the driven element in a Yagi-Uda antenna. Since a higher radia- 
tion resistance is more efficient, often a half-wavelength folded dipole antenna is used as the 
driven element as it has roughly four times the radiation resistance of the half-wave dipole. 
The folded dipole antenna will be described in Section 8.8. 





Antennas are used in communications systems to both transmit and receive electromagnetic 
energy. How well the energy is exchanged is quantified by the Friis transmission equation. 

Consider a pair of horn antennas as shown in Figure 8.36. A horn antenna is a transi- 
tion element that launches electromagnetic energy from a waveguide into space. The par- 
ticular antennas in Figure 8.36 are shown aligned with each other and with the same 
polarization so that power transmission for a particular separation distance R is maximized. 
The radiated power density from horn | at the location of horn 2 is 


T 
P (R,0,ġ)= ap? Dm (8.104) 


The power received by horn 2 is a product of this power density and the cross-sectional 
area, or capture area, A,, of the second horn. This received power is written 


Dax, A, 
Prec, = P (R,9,ġ)A, = Frad; Fog (8.105) 
We could also see how much power is received at horn 1 resulting from power emitted 
by horn 2 and by similar arguments arrive at 
Ai 


Pag = Pag, A 


Tec] radz ANR? ` (8.106) 


When we were first introduced to antennas in this chapter, it was pointed out that the 
transmission pattern of a reciprocal antenna is the same as its receive pattern. Another con- 
sequence of this reciprocity property is that the ratio of received power to radiated power 
will be the same regardless of which of the pair is transmitting and which is receiving. In 
other words we have 


Free = Frees (8.107) 
Fad, Fead 


Figure 835 Pair of horn antennas aligned for 
maximum power transfer. 
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which leads to the relation 


Dro = DA (8. 108) 
or 
Drax, An Dax. 
Ay Ay l (8.109) 


Now, since the directivity and area of one antenna are independent of any second antenna, 
the ratio in (8.109) must be equal to a constant. This constant is found to be 


Aw wit? (8.110) 


The capture area of a horn antenna can be considered equivalent to its physical cross- 
sectional area. But what can we say about the capture area for a dipole antenna? If in this 
case the capture area is the dipole length multiplied by the very small wire diameter, the 
capture area will be very small and these types of antennas will be useless. However, these 
antennas have an effective area A, that is much larger than the physical cross section.®-© The 
definition for effective area is then the received power divided by the power density at the 
receiver, or in terms of the effective area of the second antenna, from (8.105) we have 


e 
° B(R,8,6)(W/m?) ean 


EXAMPLE 8.10 


Let’s find the effective area of a A/2 dipole antenna. 
Recalling that the directivity of a half-wave dipole antenna is 1.64, we can manipulate (8.110) 
to find 


Bk 


2 
AS ee _ = 0),19)2 
4n 


For the half-wave dipole antenna, we can model the effective area as a rectangle of height 0.5À and 
width 0.26A (from 0.13A7/0.5A) as shown in Figure 8.37. 
a l eee 


iwi What is the effective area of a 4/2 dipole antenna operating in air at 2.4 GHz? 
(Answer: 20 cm?) 


For the more general communication situation of Figure 8.38, we find 





P 
Po = ra D,(0,0) A, (8, 0) (8.112) 


8.6The effective area is also called the effective aperture or the receiving cross-section. 
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Figure 8.37 Conceptual view of the effective area of a 
half-wavelength dipole antenna. 


_ where the t and r subscripts indicate values for the transmitter and the receiver, respectively. 
The ratio of (8.110) is also valid even if the antennas are not in line, so that you have 


0,6) 4 
aah 2- a | (8.113) 


where both the directive gain and the effective area depend on the direction of interest. 
Using (8.113), we can replace A,(0,6) to get 


B (4 i 
== /D) (6, D, (0, (8.114) 
lek el 9) 2 4nR 
Pres | Pout 
9 R 
Pin Figure 8.38 The general 
ae . . . 
case of a communication 
| — Prag . link not oriented for max- 
imum power transfer. 
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= eP and Pout = é,P,.., and that G, = e,D, and G, = e,D,, we 


Finally, considering that P 


rad 


have 


(8.115) 





This is the general form of the Friis transmission equation. It relates the power transfer 
ratio, P,,/P;,, to the antenna gains, wavelength, and separation distance. It assumes a 
matched impedance condition between the transmitter circuitry and the transmitting 
antenna (i.e., none of the power P,, is reflected) and between the receiver circuitry and 
receiving antenna. It also assumes the antenna polarizations are aligned. We will see how 
the Friis equation can be modified to account for polarization differences, but first let’s 
work a couple of examples. 


EXAMPLE 3.94 


Consider a pair of half-wavelength dipole antennas, separated by 1.0 km and aligned for maximum 
power transfer as shown in Figure 8.39. We drive the transmission antenna with 1.0 kW of power at 
1.0 GHz. Assuming the antennas are 100% efficient, we want to find the receiving antenna’s output 
power P.,,.. 
For 100% efficiency and antennas optimally aligned, the Friis equation becomes 





2 
ot = r) D 5) 
P max, “max, 4nR 


For the )/2 dipole antennas we have D max, = Dmax, = 1-64, and at 1.0 GHz À = 0.30 m. Therefore, 


2 
Pout -022 ) m A 
P 4n1x10° m W 


in 





In terms of decibels, we have 


“ait (AB) = 10log(1 5x 10°) = -88 di 


in 
Finally, 

Poy = (1.5 x 10°) (1 KW) = 1.5uW 
a 


{rili H9 What is the output power for Example 8.11 if we double the separation dis- 
tance? (Answer: 0.38 uW) 


| 
Pam 
P 
rA = 
= i 
@ 1.0GHz ~~ Prag | 
H 


Figure 8.39 A pair of 4/2 dipole antennas for 
Example 8.11. 
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EXAMPLE 8.12 


Consider a pair of half-wavelength dipole antennas, separated by 1.0 km and with identical polariza- 
tions. The transmitter is fixed at the origin and aligned with z; the second antenna remains 1.0 km dis- 
tant but makes an angle O = 60° with respect to the transmitter. The situation is well represented by 
Figure 8.38. If we drive the transmission antenna with 1.0 kW of power at 1.0 GHz and assume the 
antennas are 100% efficient, what is the power received? 

In this case we have 





and we need to find D,(@ = 60°) = D (0 = 120°). From (8.13) and (8.14) we have 
D(®) = DnP (0) 


max n 


where D nax = 1.64 for a A/2 dipole antenna. 
The normalized power from (8.82) is 


P (žcos6) 
cos cos8 
P (0 =60°)=——2 _* = 0.667 
al ) sin? 0 
so 
D(® = 60°) = (1.64)(0.667) = 1.11 


` Now we can calculate the power ratio as 


~y 





out — 680 x107!? 
Di 


or 


“2st (aB) =-92 dB 


m 


The output power is then P u = 680 nW. 





Polarization Efficiency 


Maximum power transfer between a pair of antennas requires that the main beams of the 
pair are pointing at each other. But the incident wave must also have the same polariza- 
tion as the receiving antenna. Here we note that the polarization of an antenna is always 
referenced to its transmitted wave. Loss associated with mismatched polarization can be 
included as a factor in the Friis Transmission Equation. Calculation of this polarization 
efficiency for the general case of the elliptic polarization is most conveniently done via the 
Pioncare’ Sphere, a graphical tool upon which the polarization state of incident wave and 
receiving antenna are plotted. While the Poincare’ Sphere technique is beyond the scope 
of this text, we can consider two special, but useful, cases that demonstrate the concept of 
polarization efficiency. ; 

In the first case we consider a pair of linearly polarized antennas. Maximum polariza- 
tion efficiency will result if the transmit and receive antennas have the same tilt angles 
(recall Section 5.6). If the angles differ by 90 degrees, then the polarization efficiency will 
be zero and no power will be transferred. The linear polarization efficiency e, for this case 
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is a function of the difference between the transmitting and receiving antenna tilt angles, 
n, and 7, respectively: 


ae cos?(r, -r,) m (8.116) 
This term can be inserted in the Friis Transmission Equation, giving 
2 
Put À 
— = epG, (0,6) G,(, 6} —— 8.117 
at = 656, (0,6)G,(0.8)| 7 @.117) 


The second special case to consider is a pair of antennas aligned such that their main 
beams are pointing at each other. In this case, the polarization efficiency can be expressed 
in terms of the transmitting and receiving antenna polarization vectors: 
|2 


e= lana (8.118) 


As an example, consider the case of a transmitting antenna that radiates a right-hand cir- 
cular polarized wave with polarization vector ag, =(a, + ja, } V2. A receiving antenna 
must have this same polarization in order to receive maximum power. 


EXAMPLE 8.13 


Suppose we have a pair of antennas, aligned with their main beams pointing at each other. 
Radiation from the transmitting antenna is left hand circular polarized, or . 
A half-wavelength dipole antenna, oriented as shown in Figure 8.40, receives this radia- 
tion. We want to determine the polarization efficiency for this case. 

Using (8.118), and observing that ag,=a,, we have 


(a, +ja,) 


l 
n po k TTI 


So we see that half the power (3 dB) is lost because of polarization mismatch. It is interest- 
ing to note that the polarization efficiency for this case is independent of the orthogonal 
orientation of the dipole antenna. 





Figure $40 A helical antenna transmits 
circular polarized radiation to a dipole 
antenna for Example 8.13. 


8.6 The Friis Transmission Equation ~ 441 


Psu 2.4° Consider the pair of antennas of Example 8.11. Determine the receiving an- 
tenna’s output power if the transmitting antenna’s position is shifted by 30° in a plane or- 
thogonal to the direction of the main beam (i.e. it has a 30° tilt angle). (Answer: 1.1 uW) 


Receiver Matching 


In Example 8.5 we saw how the addition of an impedance matching network offered 
improved radiation for a transmitting antenna. Because of the reciprocal nature of most 
antennas, the same matching network will also improve receiver performance. 

Figure 8.41a shows an impedance matching network between the receiving antenna 
and the load. A consequence of the matching network is that Z,, = Z,,, (see Problem 8.49). 
The power received by the antenna appears as an open-circuit voltage amplitude V in 
series with the antenna impedance, as shown in Figure 8.4 1b. V is related to the received 
power calculated from the Friis equation by 





Pig 2 
po amke (8.119) 
(Za I Zin ) 4Rrad 
Since the receiver is matched, half the received power is dissipated in the load: 
1 ve 
= Pree = = 8.120 
p rec 2\Z,| ( ) 


The value of V, is related to the P e calculated from the Friis equation assuming a 
matched load, but it is itself independent of the matching condition. With the impedance 


matching network removed, as shown in Figure 8.41c, we have 


Zant 
m A 
Rad KXant 


Impedance 
matching 
network 


Impedance 
matching 
network 





(a) - = lo 
Fegere 241 The antenna in the receiver circuit of (a) can be modeled as a voltage V,,. in series with 
the antenna impedance in (b). In (c), the matching network has been removed. 
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V (8.121) 








EXAMPLE 8,14 


In Example 8.5, a 0.485A dipole antenna was used as a transmitter powered by a 12-V source with a 
25-Q impedance. Now suppose we receive our signal 2.0 km away using an identical 0.485A dipole 
antenna with a 25-Q load. We want to find the voltage amplitude across this load when the transmit- 
ter is impedance matched and both antennas are aligned for maximum power transfer ratio. We'll 
assume a 300-MHz frequency. 

We can apply the Friis transmission equation to find 


Pee n 
P. = (Dmax) E 


trans 


Each antenna’s directivity is approximately that of a half-wavelength dipole, or Dmax = 1.64. With the 
impedance-matched transmitter of Example 8.5 emitting 2.1 W of power, we have P = 8.9 nW. 
From (8.119) we solve for V as 


Voc = 4 Rraa Pree = 4(73 Q(8.9x10° W) =1.61 mV 


Without impedance matching, we find from (8.121) 


250 
ge iE N 
wos oo) j 





i1731 8.1} Calculate the voltage across the 25-Q load of Example 8.14 if a matching 
network is in place. (Answer: 470 uV) 


RADAR 


Radar (the term derived from radio detection and ranging) was invented primarily by the 
British in the Second World War and led to their victory in the Battle of Britain. In addition 
to numerous military applications, today radar has uses in a variety of commercial areas 
including meteorology (weather radar), law enforcement (speed guns), air traffic control, 
automobile collision avoidance, and astronomy (space-imaging radar). 

Figure 8.42 depicts the operation of a monostatic radar system, where the transmitter 
and the receiver are at the same location. In Figure 8.42a, the radar antenna transmits a 
pulse of electromagnetic energy toward a target. Some of this energy is reflected, or scat- 
tered, by the target. As Figure 8.42b indicates, the scattering is assumed to be isotropic, 
radiating equally in all directions. Some of the scattered energy, the echo signal, is received 
at the radar antenna. The direction of the antenna’s main beam determines the location of 
the target (azimuth and elevation). The distance (or range) to the target corresponds to the 
time between transmitting and receiving the electromagnetic pulse. The speed of the target, 


T/R 
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l © 
Ree 
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Figure 842 A monostatic radar system. (a) A 
radar antenna transmits a signal to the target. (b) 
The target scatters this signal, some of which is 
(b) y - received by the radar antenna. 


relative to that of the radar antenna, can be determined by observing any frequency shift in 
the electromagnetic energy (i.e., the Doppler effect). 

This description of radar operation can now be put in mathematical terms by first find- 
ing how much power is incident from the radar antenna to the target. If P,.g, is transmitted 


` by the radar antenna, then the radiated power density P,(R,8,o) at the target, a distance R 


away, is 





Fra 
P(R,0,6) = ae D(6,6) (8.122) 


The amount of power reflected by the target (i.e., scattered isotropically by the target) is 
determined by its radar cross section, or O (m°). Note that an object’s radar cross section 
may not necessarily correspond to the object’s size. A stealth aircraft, for instance, has a 
large surface area but tends to absorb the radar energy rather than reflect it, so its radar cross 
section is extremely small. The power scattered by the target is then 





P aa, = OP (R, O, Q) (8.123) 
This scattered power results in a radiated power density at the radar antenna of 
PẸ 
P,(R,0,0) == “aly =6,—““, D(0,6) (8.124) 
4nR? (anr?) 


The amount of this power received at the radar antenna is then 
Prec, = P2(R, 9, OA, (8.125) 


where A, is the antenna’s effective area. Manipulating this equation and using (8.113) we 
find the radar equation, 
F Tec; oO, 42 
rey 
Fead (an ) R* 





sr (0,9) (8.126) 


1 
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A more popular expression (again using (8.113)) in terms of an effective area of the 
radar antenna is 





(8.127) 


The strongest received power will of course occur when the antenna’s main beam is 
pointing at the target, that is, when D(6, >) = Dmax The received power must also be 
detectable over the noise in the system. A minimum detectable power is therefore specified 
for a radar system. 


EXAMPLE 813 


A radar system with minimum detectable power specified as 1 pW is 1 km distant from a target with 
a 1 m? radar cross section. Operated at 1 GHz the antenna has a directivity of 100. We want to deter- 
mine how long it will take a pulse to travel to the target and back and to find how much power must 
be radiated to enable detection of the target. 

First, the round-trip travel time for an electromagnetic pulse in air is 





=——.— = 6.7 
c 3x108 m/s 7 
Next, we solve the radar equation in terms of Pid: 
(4n)'R* 1 
Prd, = Pece —5— 
rad recy oA? D? a 


At 10 GHz we have À = 0.3 m. Solving for Prag,» WE get 


3 4 
(4m) (1000 m)* 1 ay 


Frad, =(10-? w) (1 m? \(0.3 m)? (100)? = 





bell s12 Repeat Example 8.15 if the target is 2 km distant. (Answer: 13 us, 35 W). 


Prill g.13 What is the effective area for the antenna of Example 8.15? Recalculate the 
required Paa, using (8.126). (Answer: 0.72 m?, 2.2 W) 


8.8 ANTENNAS FOR WIRELESS COMMUNICATIONS 


In this section we describe several types of antennas that find use in wireless communica- 
tions. Analysis is generally beyond the scope of this text. Students interested in seeking 
more information about these and other antennas are directed to the references at the end of 
this chapter. 


8.8 Antennas for Wireless Communications > 445 


Parabolic Reflectors 


One of the most recognizable types of antenna is the parabolic reflector, like the one in 
Figure 8.43, widely used for satellite communications owing to its very high directivity. 
Figure 8.44 shows one version of this type of antenna. Operation is based on the geometric 
optics principle that a point source of radiation placed at the focal point of a parabolic 
reflector will radiate the energy incident on the dish in a narrow, collimated beam. The high 
directivity is exhibited by gains in excess of 30 dB and beamwidths less than 2°. 


Figure 8.43 A parabolic dish 
antenna. Courtesy of Harris 
Corporation. 





Feed 





Figure 844 Parabolic reflector antenna. 
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Cassegrain reflector antenna. 


For the most efficient operation, the dish must be significantly larger than the radiation 
wavelength, and the feed element itself must be directive. Ideally, all of the radiation from 
the feed element would be incident on the dish, but there is a compromise between illumi- 
nating the entire dish (some radiation spills over) and reflecting all of the radiation. Horn 
antennas are routinely used as feed elements for parabolic reflectors. 

A slightly different version of this antenna is the Cassegrain reflector, shown in Figure 
8.45. Here the feed element is located in a hole in the middle of the parabolic reflector and 
its radiation is reflected off of a hyperbolic subreflector. 

The reflective dish need not be a continuous conductor. Excellent performance can be 
achieved with a meshed conductor. 


Patch Antennas 


The microstrip patch antenna as shown in Figure 8.46 is very simple to construct using con- 
ventional microstrip fabrication techniques. It is commonly a very thin square patch of 
metal approximately A/2 on a side supported by a thin, low-loss, low-permittivity substrate. 
Here À is the wavelength calculated in the dielectric. Although square and rectangular 
patches are the most prevalent, other shapes such as circles, triangles, and annular rings 
have also been used. 


OO] Figure §45 An edge-fed patch antenna. 
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(a) 


Slot Antennas 





Coaxial 
probe feed Figure 847 (a) A probe-fed patch antenna 
(b) and (b) its cross section. 


The patch antennas can be excited using an edge feed (Figure 8.46) or a probe feed 
(Figure 8.47). The exact location of the feedpoint for a probe-fed patch antenna is chosen to 
provide an impedance match between the cable and the antenna. Substrate parameters, 
size of ground plane, and location of nearby structures are all considered in choosing this 
feedpoint. 

Patch antennas are relatively narrow band devices, typically with bandwidth 10% of the 
resonant frequency; they also have relatively poor radiation efficiency. Accurate prediction 
of performance requires significant computer analysis. But patch antennas are still popular 


‘ because they are so easy to fabricate and are compatible with integrated-circuit fabrication 


techniques such that electronics can be easily integrated with the antenna. Large arrays of 
patch antennas may be cheaply fabricated with support electronics (such as phase shifters) 
placed on the other side of the ground plane where they don’t interfere with the radiation. 


A complementary structure to the half-wavelength dipole antenna is the half-wavelength 
slot, cut in a conductive sheet as shown in Figure 8.48. By complementary, we mean that 
the pattern and impedance of a dipole antenna can be used to predict the pattern and imped- 
ance of a slot antenna. The slot antenna oriented as shown in Figure 8.48 generates a, polar- 
ized radiation in the a, direction. 


Figure 8.48 A slot 
antenna. 
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A/2 





Figaro 3.4% The two-wire folded dipole antenna. 


There are a variety of ways to feed a slot antenna, including the coaxial feed arrange- 
ment of Figure 8.48. The feed may be off-center to provide an impedance match between 
the cable and the slot. An array of slots may also be cut into the walls of rectangular wave- 
guide to achieve a particular radiation pattern. 


Folded Dipole Antennas 


Twin-lead T-line such as the kind commonly used for FM and VHF receivers has an imped- 
ance of close to 300 Q. Although the conventional half-wave dipole with its input imped- 
ance of around 73 Q can be impedance matched to the twin-lead T-line, perhaps a better 
way is to use a variation of the half-wavelength dipole antenna called the folded dipole, as 
shown in Figure 8.49. Here, a pair of half-wavelength dipole elements are joined at the ends 
and fed from the center of one of the pair. If the two A/2 sections are close together (d on the 
order of 4/64), analysis reveals an impedance four times greater than that of a regular A/2 
dipole antenna, or ~288 Q. The directivity is the same as the A/2 dipole antenna, but the 
bandwidth of the folded dipole antenna is significantly broader. 

These antennas are very easy to construct by stripping about a wavelength of insulation 
off of the end of a twin-lead cable, soldering the ends together, and stretching the wire out 
to get the shape shown in Figure 8.49. 

Folded dipoles may also be made with other lengths and with more than two wires. 


Table 8.2 lists the common terms and their units for 
parameters relating to antennas. 

The radiation pattern, or shape of the radiated field, is 
viewed in the far field. The far-field radius r is related to 
the length L of the radiating element and the radiation 
wavelength À by 


where L> A. 


The time-averaged power density of an electromagnetic 
wave is found via the Poynting theorem as 


I * 
P(r,8,) = sR. x Hi; | 
and the total power radiated by the antenna is 
Paa = § P(r,0,0)- dS 


The normalized power function is 


©: 
7,(0.9)=e#) 


For an antenna that radiates equally in all directions (an 
isotropic antenna) 
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Parameter Units 
P(r,8,0) W/m? 
Pes W 
P,(8,0) — 
POD) = 
Po W/m? 
Q, Sr 
D(8,0)8 dB 
bet dB 
Zat Q 
Rant Q 
X Q 
Riad Q 
Raiss Q 
P diss W 
e ae 
G(8,o)? dB 
Gna dB 
6, m? 


Definition 


Time-averaged power density vector 
Total power radiated 

Normalized power function, or normalized 
radiation intensity 

Average normalized power function 
Maximum time-averaged power density 
Pattern solid angle 

Directive gain 

Directivity 

Antenna impedance 

Real part of Zm 

Imaginary part of Zym 
Radiation-resistance 

Ohmic resistance 

Power dissipated by resistive losses 
Efficiency 

Power gain 

Maximum power gain 

Radar cross section 


2D(8,0), D nax. G(8,0), and Gmax are unitless fractions that may be represented by dB or dB;. 


P (0, ®)iso = 1 


Prod Riad 


A measure of an antenna’s ability to focus its main Fead + Faiss  Rrad + Raiss 
beam in a particular direction is the directivity Dmax 


which is related to the pattern solid angle Q, by 


Here, the pattern solid angle is given by 
Qp = Jf P,(8,0)dQ 


where dQ = sin® dO dọ. 


The directive gain is related to the time-averaged power 


function by 


D(9, 0) = DinaxP (8; Q) 


The total power radiated from an antenna is given by 


1 
Poet PQ) = 5 lo Ree 


The efficiency of an antenna is the ratio of the radiated 


power to the total power fed to the antenna, or 


and the antenna impedance is 
Zant = Ram + JXam = (Rraa + Raiss) + IXant 


e Based on the current distribution of a radiating element, 
we can determine the retarded, or time-delayed, vector 
magnetic potential A... Then, magnetic field intensity is 
found by 


l 
Hos = TN X Áps 


and the electric field intensity is 
Ess =—-1,4, X H, 


e If a differential length line of current known as a 
Hertzian dipole is placed on the z-axis, the far-field 
value of the electric field intensity is 





LB eI 
Es = JN a 


sinĝa 
° An r 3 
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and the time-averaged power density vector is 


The directivity of the Hertzian dipole is D,,,, = 1.5, and 


the radiation resistance Rg is 


e 2 e 
Read = 80n°(= | 


° The small loop antenna of area S << }? located at z= 0 
in the x-y plane has 


OTSE 1.SB sine! Pray 


E. = 
= 4nr 


and 


2,,2 72 ¢2R2 
peoa SER fimo, 
Nour 


It has the same directivity as a Hertzian dipole antenna, 
and it has a radiation resistance D 


2 
S 
Rad = saor ( 5) Q 


e An L-long dipole antenna with phasor current 
distribution 


he” sing #-z) for 0<z< L/2 i 
I,(z)= 
I ce sinf = +z) for - L/2<z <0 


has in the far field 
jl. eo iBr cos F cosa) cof BE) 
Hog = Hosa TS O NESE) 
ave (a r sin® "o 
and 
Ess = NH osa 


The time-averaged power density vector is 


Ej 
nr? 


P(r,8)= 





2 F(6)a, 


where the pattern function F(8) is given by 


cos FE cos o) = cos E£) 


B= 
ai ` sin@ 


For an antenna of length L (in À), numerical analysis is 
employed to find Q, and Dmax 


The time-averaged power density for a half-wave dipole 
antenna is 


157? cos? (Z coso] 
P(r,0)=| —>- | —— 


wr sin? 0 


with a directivity D max = 1.64 and antenna impedance 


Z 


ani 


1 = 73.2Q + j42.5 Q 


A dipole slightly shorter than a half wavelength (L = 
0.485A) has a resonant condition where the reactive 


‘portion of Z,,, is zero and R, is approximately 73 Q. 


From image theory we find that a monopole antenna, 
where a linear antenna is placed over a ground plane 
and is excited at its base, has the same radiation 
characteristics in the region above the ground plane as a 
dipole antenna twice its length. Its impedance is halved, 
so for a quarter-wavelength monopole antenna 


Zan = 36.6 + j21.25 Q 


Beam shaping and focusing is possible by arraying 
antenna elements. For radiation only in the x-y plane (0 
= 7/2), the time-averaged power density vector is 


Mi 
Pir. 
( 2 = 
where the unit factor Fn is the radiated power for an 


antenna element and Fray is the array factor. For an N- 
element linear array 


sin () 

eo o 
sin (£) 

2 


F nr. 


unit array &r 


where y = Bd cos 6+ a. 


A parasitic array, such as the Yagi-Uda antenna, can 
have a single driven element and several undriven 
parasitic elements. 


e The Friis transmission equation quantifies how well 
energy is transmitted between antennas and is expressed 
as 


Pags wY 
T -G,(0.8)6,(0.0) a 


in 


A factor can be included in the Friis equation to account 
for differences in polarization. Given polarization unit 
vectors a, and a, for the transmitted and the received 
waves, respectively, the factor is 


ey lee, at, | 


e The Friis transmission equation can be adapted to yield 
the radar equation 


Balanis, C., Antenna Theory, 2nd ed., Wiley, 1996. 

Godara, L. C., ed., Handbook of Antennas in Wireless Communi- 
cations, CRC Press, 2002. 

Johnson, R. C., and Jasik, H., eds., Antenna Engineering Hand- 
book, 3rd ed., McGraw-Hill, 1992. 


8.1 General Properties 
&.1 In free space, a wave propagating radially away from 


“ an antenna at the origin has 


=f 
H, = — cos% 0 ag 
r 


where the driving current phasor J, = 1,e}*. Determine (a) 
E,, (b) P(r; 9, 9), and (c) Raa: 

8.2 What is the pattern solid angle and the directivity for 
(a) an isotropic antenna and for (b) a semiisotropic antenna, 
which radiates equally in all directions above 6 = 1/2 but is 
zero otherwise? 

8.3 Sketch an appropriate cross section of the radiation 
pattern and determine the beamwidth BW, pattern solid 
angle, and directivity for the following normalized radia- 
tion intensities: 

(a) P,(8, 6) = cos 6 for 0 < 6 < 0/2, 0 otherwise; 

(b) P,(0, >) = cos? @ for 0 < 0 < 7/2, 0 otherwise; 

(c) P,(8, 0) = cos? 8 for 0 < @ < 7/2, 0 otherwise. 

3.4 Sketch an appropriate cross section of the radiation pat- 


tern and determine the beamwidth, pattern solid angle, and 
directivity for the following normalized radiation intensities: 
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where ©, is the radar cross section of the target and A, is 
the radar antenna’s effective area. The round-trip travel 
time of an electromagnetic pulse determines the range 
of the target, and the location is discerned using a highly 
directive beam. 

e In addition to dipole and loop antennas, other popular 
antennas include parabolic reflectors, patch antennas, 
slot antennas, and folded dipole antennas. The patch, 
slot, and folded dipole antennas may be fabricated 
cheaply using printed-circuit techniques. 


Kraus, J., and Marhefka, R. J., Antennas, 3rd ed., McGraw-Hill, 2001. 

Skoinik, M. 1., Introduction to Radar Systems, 3rd ed., McGraw- 
Hill, 2001. 

Stutzman, W. L., and Thiele, G. A., Antenna Theory and Design, 
2nd ed., Wiley, 1998. 


(a) P,(8, >) = sin 8; 
(b) P,(8, ọ) = sin? 0; 
(c) P,(8, 6) = sin? 8. 
8.5 You are given the following normalized radiation 
intensity: 
sin? @ sin? ġ forO<o<n 
P,(8, >) = { ; 
0 otherwise 
Find the beamwidth BW, pattern solid angle, and directivity. 


8.6 You are given the following normalized radiation 
intensity: 


P, (8,6) = sin” osin? 


Determine the beamwidth, direction of maximum radia- 
tion, pattern solid angle, and directivity. 


8.2 Electrically Short Antennas 
8.7 Use the phasor form of Ampére’s circuital law, 
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to find E from (8.46) without assuming the far-field con- 
dition. Then, show that this value of E, „ reduces to (8.50) in 
the far field. 


*.5 Suppose, for a particular antenna in free space, 
Ay = Hu dea, 


Find H,,., E,,, and the time-averaged power density vector P. 


‘Os? 


~ 8.9 Suppose a Hertzian dipole antenna is 1.0 cm long and 


` is excited by a 10.-mA amplitude current source at 100. 


MHz. (a) What is the maximum power density radiated by 
this antenna at a 1.0-km distance? (b) What is the antenna’s 
radiation resistance? 

8.10 A 1.0-cm-long, 1.0-mm-diameter copper wire is 
used as a Hertzian dipole radiator at 1.0 GHz. (a) Find R,,,. 
(b) Estimate Raiss by considering the skin effect resistance 
of the wire. (c) Find the efficiency e. (d) Find the maximum 
power gain Gmax 

%.11 Evaluate the curl of A, for the smal! loop antenna 
(8.59) to find H- Now apply a far-field approximation to 
verify (8.60). 

8.12 Neglecting resistive losses in the wire, how much 
current must drive a loop antenna of radius 2.0 cm at 60 
MHz to radiate 1.0 W of power? Repeat for a 20-turn loop. 


8.13 Suppose in the far field for an antenna at the origin, 





where I, = I,e/*. What is the radiation resistance of this 
antenna at 100 MHz? 


8.14 Suppose in the far field for a particular antenna at 
the origin, the electric field is 


e Jr 


tr 





E,, = No I, sin® ag 
What is the radiation resistance of this antenna? 


8.15 Derive the expressions for radiated power (8.64) and 
radiation resistance (8.65) for a small loop antenna. 


8.3 Dipole Antennas 

%.16 Develop a routine to calculate the beamwidth for a 
dipole antenna of arbitrary length between 0.1, and 1A. 
8.17 How long is a 1.5A-long dipole antenna at 1.0 GHz? 
Suppose this antenna is constructed using AWG#20 (0.406- 
mm radius) copper wire. Determine Riss €, and G max 


8.18 Find the half-power beamwidth of a 2/2 dipole 
antenna. 


8.1% A 2.45-GHz A/2 dipole antenna is driven by a 2.0-A 
amplitude current source. Find the maximum power den- 
sity at a distance of 1.0 km. 

*%,2% Given a z-polarized half-wave dipole antenna at the 
origin, and a driving current i(t) = 10cos(27 x 1071) A, find 
the instantaneous electric and magnetic fields at a point 2.0 
km distant and angle @ = 60°. 

8.2) Modify MATLAB 8.4 to calculate directivity and 
radiation resistance for an arbitrary length dipole antenna. 
Evaluate these properties for a 0.75A dipole antenna. 


Find a 3.0-m-long dipole antenna’s directivity and 
radiation resistance if it is operated at (a) 250 MHz, (b) 500 
MHz, and (c) 750 MHz. 

8.23 A 50-Q impedance line is terminated in a 3.0-m- 
long dipole antenna at 50 MHz. What is the VSWR looking 
into this antenna? Design a shorted shunt-stub network to 
impedance match the antenna to the 50-Q line. 


8.24 Use MATLAB 8.2 to generate plots like those of 
Figure 8.19 for a dipole antenna of length 3A. 

8.28 A 0.485) dipole antenna is constructed for opera- 
tion at 4.0 GHz. (a) How long is the antenna? (b) What 
impedance is required of a quarter-wave transformer to 


match this antenna to a 50-Q impedance line? 


8,26 Modify MATLAB 8.3 to run the movie from 0.1A 
up to 4A. 


5.27 Using MATLAB 8.4, generate data of the pattern 
solid angle versus number of increments N to see the func- 
tion convergence. Consider a 1.25A dipole. Try N = 2, 4, 8, 
16, 32, 64, and 128. 


8.4 Monopole Antennas 


8.2% Consider a 1.0-nC charge at (0.0, 0.0, 5.0 m) above 
a conductive sheet occupying the x-y plane at z = 0. Use 
image theory to find the electric field intensity at the point 
(0.0, 5.0 m, 5.0 m). 
I Find the half-power beamwidth for a quarter-wave 
monopole antenna. 


8.30 Devise a routine to give a polar plot of the normal- 
ized power radiated for an arbitrary length monopole 
antenna. Use your program to generate the polar plot for a 
half-wave monopole. 


8.31 Determine the pattern solid angle, directivity, and 
radiation resistance for a half-wave monopole antenna. 


8.32 How long is a 0.754 monopole antenna at 1.0 GHz? 
Suppose this antenna is constructed using AWG#20 (0.406- 
mm radius) copper wire. Determine R,,,., e, and Grax 
Compare your results with the 1.54 dipole antenna of 
Problem 8.17. 








4 











8.33 What is the VSWR looking into a quarter-wave 
monopole antenna if the feed line has a 50-Q impedance? 
Design an open-ended shunt-stub matching network to 
match this antenna to the line. 


_ 8.24 Given a 1-GHz quarter-wave monopole antenna at 
“” the origin, excited by a 1.0-A amplitude current, find the 
amplitudes for the electric and magnetic field intensities at 
a point 1.0 km distant at an angle 6 = 80°. 


8.5 Antenna Arrays 
. 8.35 Find and plot the far-field radiation pattern at 0 = 1/2 


T S for a two-element dipole antenna array given the following: 


1. The dipoles are driven in phase. 
2. Each dipole is 1A in length oriented in the z-direction. 
3. The pair of dipoles are 1A apart on the x-axis. 


Also find the maximum time-averaged power density, in 
watts per square meter, 1.0 km away from the array if each 
antenna is driven by a 1.0-A amplitude current source at 
1.0 GHz. 


8.36 Repeat Problem 8.35 if the dipoles are 180° out of 
phase. 


8.37 Repeat Problem 8.35 for the case where the dipoles 
are 90° out of phase, 1.5 in length, and separated by A/2. 


8.38 Two z-polarized A/2 dipole antennas are spaced A/4 
apart, centered at the origin on the x-axis. (a) If the dipole 
located at x =~/8 is driven by I, = I,e/°", what phase shift 
œ would you employ on the other dipole (/,, = /,e’) to get 
maximum power at a far-field point on the +x axis? (b) If the 
dipole antennas are each driven by 1.0-A amplitude currents 
at 500 MHz, with the phase shift from part (a), find the 
time-averaged power density vector at 2.0 km on the x-axis. 


8.39 Two small loop antennas, each oriented in the x-y 
plane, are centered at +A/2 on the x-axis. They each have a 
1.0-cm radius and are driven in phase by a 10.-mA current 
source at 500. MHz. Find and plot the radiation pattern at 8 
= 7/2 and determine the maximum time-averaged power 
density at a distance 100. m from the array. 


%.40 Given a pair of dipole antennas separated by A/4 and 
driven in phase, determine, for @ = 7/2, (a) the values for ọ 
at the nulls in the radiation pattern and (b) the values of ọ 
where the radiated power is maximum. 

8.41 Create a movie to plot the radiated power pattern in 
the x-y plane for the pair of dipoles in Example 8.7 as the 
separation distance varies from 4/10 to 4A. 

$.42 Plot the normalized radiation pattern at 0 = 1/2 for 
three dipole antenna elements spaced A/2 apart with pro- 
gressive phase steps of 90°. 


Problems — 453 


*.4* A particular broadside antenna array consists of ten 
)/2 dipole antenna elements spaced A/2 apart with all cur- 
rents driven at the same phase. Plot the radiation pattern, 
and find the maximum broadside power density (i.e., at 0 = 
= 1/2) at a distance of 10. km if the antenna is driven by 
10.-A current sources at 2.45 GHz. 

%.44 A particular endfire antenna array consists of ten A/2 
dipole antenna elements spaced A/2 apart with a progres- 
sive phase shift of 90° to each antenna. Plot the radiation 
pattern, and find the maximum endfire power density (i.e., 
at 0 = 1/2 and ġ = 0°) at a distance of 10. km if the antenna 
is driven by 10.-A current sources at 2.45 GHz. 


8.6 The Friis Transmission Equation 
8.45 Consider a pair of half-wave dipole antennas operat- 
ing at 2.45 GHz, separated by 50. m and aligned for maxi- 
mum power transfer. If the output power must be at least 
-35 dB,, to be detectable, calculate how much power is 
required to drive the transmitting antenna. Assume the 


antennas are 100% efficient. 


8.46 A half-wave dipole transmitting antenna is centered 
on the z-axis oriented in the z direction. Show in a sketch 
where you would place a small loop antenna, 100 m dis- 
tant, to receive the maximum power. (Hint: Consider both 
radiation pattern and polarization to achieve maximum 
power transfer.) Calculate the power transfer ratio for the 
maximum power transfer case at 800 MHz if the small loop 
antenna has a 2.0-cm diameter. 


8.47 A pair of z-polarized dipole antennas with lengths 
indicated is shown in Figure 8.50. If the 3.0-m dipole is 
driven by a 50.-MHz source, calculate the power transfer 
ratio. 


8.48 Consider a pair of half-wave dipole antennas operat- 
ing at 1.0 GHz and separated by 100. m on the y-axis. 
Initially, both antennas are aligned in the z direction for max- 
imum power transfer. To test the effect of polarization, the 
antenna at the origin is allowed to rotate an angle 8 in the x-z 
plane as shown in Figure 8.51. Plot the power transfer ratio 
versus 8 from 8 = 0° (maximum transfer case) to 8 = 90°. 


8.49 Design an open-ended shunt-stub matching network 
to match a half-wave dipole transmitting antenna to a 
source with 50-Q impedance. Now suppose this antenna 
network is to be used as a receiver. Use a Smith Chart to 
determine the impedance looking into the matching net- 
work from the antenna. 


8.5 Referring to Figure 8.52, suppose a source voltage 
with amplitude 12. V and source resistance 50 Q drives a 
half-wave dipole transmitting antenna at 500 MHz. An 
identical receiving antenna, 100. m away and aligned for 
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Figure DË Pair of different length dipole antennas for 
Problem 8.47. 


maximum power transfer, is coupled to a 50-Q load resist- 
ance. Clearly neither antenna is impedance matched to the 
transmit and receive circuitry. Calculate the voltage ampli- 
tude across the load resistor. 





8.51 Design open-ended shunt-stub matching networks 
for both the transmitter and receiver of Problem 8.50. Now 
recalculate the voltage amplitude across the load resistor. 


8.7 Radar 
Manipulate (8.126) using (8.113) to arrive at (8.127). 


£.53 Suppose a 2-GHz radar antenna of effective area 6.0 
m? transmits 100 kW. If a target with a 12 m? radar cross 
section is 100 km away, (a) what is the round-trip travel 
time for the radar pulse? (b) What is the received power? 
(c) What is the maximum detectable range if the radar sys- 
tem has a minimum detectable power of 2.0 pW? 


&.84 A half-wave dipole antenna is used in a radar sys- 
tem to determine range to a target that has a 1.0 m? radar 
cross section. Consider that 1.0 kW is available to drive the 
antenna at 300 MHz. What power is received if the target 
is (a) 100 m distant and (b) 1.0 km distant? 


8.55 Suppose a 10-GHz radar antenna of effective area 
100 m? is to be used to determine the distance to the moon. 
The moon, with radius 1.74 x 10° m, has a measured radar 
cross section of 6.64 x 10!! m?. A 27-pW echo signal is 
received 2.56 s after transmission. (a) What is the distance 
to the moon, and (b) approximately how much power was 


radiated? 


RAD 


Figure £51 Friis transmission with mismatched 
polarities for Problem 8.48. 


Figure $52 Transmitting and receiving 
antennas for Problems 8.50 and 8.51. 





Electromagnetic 
Interference 


Learning Objectives 


Define the sources of noise that lead to electromagnetic interference 


Develop circuit models to account for nonideal behavior of conductors, resistors, 
capacitors, and inductors 


Use Fourier series to determine the frequency components present in a digital signal 
Define electrical grounds and provide guidelines for their design 


Use shields and filters to decrease electromagnetic interference 


We saw in the previous chapter how to design efficient radiators of electromagnetic energy. 
But any circuit component containing a time-varying current will radiate, and conversely it 
will also receive unintentional radiation. Unintentional signals received by a circuit are 
termed noise. Noise can arise from other circuit components or systems or from natural 
phenomena such as lightning or sunspots. If the intercepted noise degrades operation of the 
circuit or system, it is termed interference. 

We can define electromagnetic interference, or EMI, as the degradation in the per- 
formance of an electrical circuit or system resulting from electromagnetic noise. An elec- 
trical circuit or system has achieved electromagnetic compatibility, or EMC, if it can 
function in an electromagnetic environment without being susceptible to noise and without 
causing interference in other circuits. 

For EMI to exist requires a source that generates the noise, a coupling path to transmit 
the noise, and a receptor that is susceptible to the noise. This simple concept is represented 
by the block diagram of Figure 9.1. In designing for EMC, we can avoid interference by 
reducing noise emissions at the source, by blocking the transmission path, and by rendering 
the receptor less susceptible to the noise. Reducing the source noise emission in a circuit or 
system has the reciprocal benefit of rendering the circuit or system less susceptible to noise. 

From a cost standpoint, it is far less expensive to take action at the design and proto- 
typing stage of product development to prevent and reduce EMI than it is to correct prob- 
lems in postproduction. 







Coupling path 
me Receptor 





Figure 9.1 EMI block diagram. 
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Lightning 





EMI in digital circuits is of particular concern for two reasons. First, high-speed digi- 
tal signals with short rise times generate a broad spectrum of noise that can lead to interfer- 
ence. Compounding the problem is the lower threshold voltages in modern digital logic that 
renders digital circuits more susceptible to noise. 

We begin this chapter by looking at common sources of noise responsible for EMI. 
Then, in Section 9.2, we’ll look at high-frequency models for commonly used passive cir- 
cuit elements (resistors, inductors, and capacitors). These circuit elements are routinely 
used in high-speed circuits, but as frequency increases their performance can degrade, lead- 
ing to interference problems. In particular, high-speed digital signals comprise frequency 
components much higher than one might expect given a particular clock speed, so we’ll 
examine the spectral content of digital signals in Section 9.3. Then in Section 9.4 we’ Il take 
a look at how circuits are tied to ground. Improper grounding can lead to serious EMI. 
However the interference is generated, it may be controlled somewhat through the use of 
shields and filters, the topics of Sections 9.5 and 9.6. 


There are a host of potential sources for EMI, as evidenced from Table 9.1. The sources 
range from natural, transient phenomena such as lightning strikes to manufactured, continu- 
ous emissions such as those from fluorescent lights. The interference may result from inten- 
tional emissions, such as those from cellular phones and radio transmitters. It may originate 
within the system being interfered with, or it may have an origin external to the system. 

Many of these sources feature a sudden change in current, for instance from lightning 
strikes, electrostatic discharge, or the sharp rise and fall times of digital signals. These sud- 
den changes, or transients, produce a spectrum of frequency components that may cause 
interference. The transients may be analyzed via Fourier analysis or using Laplace trans- 
forms to ascertain the amplitude of the frequency components in the generated spectra. In the 
case of digital signals, frequency components can be measured with a spectrum analyzer. 

This section briefly describes some of the sources of EMI, namely lightning, electro- 
static discharge, power source disturbances, and radio transmitters. 


A bolt of lightning can involve the rapid transfer of over 20 C of charge with stroke current 
in excess of 50 kA. A direct strike can often prove fatal to a piece of electrical equipment 
(or to an unfortunate but dedicated golfer). The rapid current pulse rise time (typically ! us) 
is responsible for spectral components ranging from several hertz to over 100 MHz that can 
induce interference in nearby electrical equipment. 


Electrostatic Discharge 


We are perhaps most familiar with electrostatic discharge from shuffling our feet on carpet 
on a cold, dry day and touching a metal doorknob. The zap we see and feel is a dramatic 
instance of electrostatic discharge, or ESD. When two materials are rubbed together, posi- 
tive charge accumulates on one material and negative charge on the other. The degree to 
which this occurs is a function of the material and can be gleaned from the triboelectric 
series shown in Table 9.2. 
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For instance, suppose you are wearing nylon-soled shoes as you shuffle across an 
acrylic carpet. Considerable charge can be transferred to the shoes and hence to your body 
(a fairly decent conductor). Then, when you come in contact with a circuit board or piece of 
electrical equipment, the sudden release of charge can cause serious damage. Wearing shoes 
with a sole made from a material closer to acrylic in the triboelectric series, rubber for 
instance, can help reduce the severity of ESD. 

Since ESD from humans is a primary culprit in damage to sensitive electronic compo- 
nents, manufacturers of such components have stringent guidelines in place to reduce ESD. 
One requirement is the use of ground straps worn by technicians as they handle the electron- 
ics. Other precautions include use of ionizing fans, shoe-grounding straps, and anti-ESD mats. 


Power Disturbance Sources 


Have you ever seen the lights dim briefly when the air conditioner or other large appliance 
switches on? A sudden change in the power load can cause the voltage to drop, or sag, 
briefly. Likewise, sudden removal of a large load can result in a temporary swell in the 


TABLES.1 Common Sources of EMI - TABLE3.2 The Triheelectvic Series 
Lightning strikes : More electropositive 
Fluorescent lights Air 
- Radar transmitters Skin 
Radio and TV transmitters Glass 
Cellular telephones Mica 
Computers Human hair 
Computer peripherals Nylon 
Power supplies Wool 
Power lines Silk 
Motors Aluminum 
Electrical relays Paper 
Cotton 
Wood 
Steel 
Rubber 
Copper 
Silver 
Gold 
Acrylic 
Polyester 
Polyethylene 
PVC 
Silicon 
Teflon 


More electronegative 





Source: Adapted from W. K. Kimmel and D. D. 
Gerke, Electromagnetic Compatibility in Medical 
Equipment, IEEE Press, 1995. 
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power level. The sags and swells of the power supply can cause interference in an electrical 
component. 

Sometimes power substations will switch large voltage levels. The resulting transient 
may contain frequency components in excess of 200 MHz. These components can cause 
interference in equipment tied to the power line. 

The power network is increasingly used for certain kinds of communications, where 
the signal rides on the same lines as the lower frequency power. An example of this is a 
home signaling system that communicates within different locations in a home via the 
power lines. These mains signaling systems are another source of potential interference 
from the power source. 


Radio Transmitters 


There is obviously considerable intentional emission of electromagnetic waves from a host 
of radio transmitters including radio stations, cellular phones, and wireless local area net- 
works (WLANs). Bands of frequencies have been allocated for specific use (see Table 9.3), 
but emission will also include harmonics of the fundamental frequency that can lie well out- 
side the intended band. In this way, for instance, radio transmission may interfere with cell 
phone reception. 

Radio transmitters are generally designed to curtail the emission of harmonic frequen- 
cies. A 70-dB drop in the harmonic power level compared to the fundamental frequency is 
not uncommon. 


TABLES.3 Some Frequency Bands of Interest 








Frequency band Application? 
148.5-283.5 kHz a broadcasting 

526.5—1606.5 kHz l AM broadcasting 
13.533-13.567 MHz . ISM 

26.957-27.283 MHz ISM 

27.6-28 MHz Citizen’s band 

54-88 MHz TV: lower VHF 

88-108 MHz FM broadcasting 

174-216 MHz. TV: upper VHF 

470-806 MHz TV: UHF 

886-906 MHz ISM 

824-894 MHz Advanced mobile phone service 
902-928 MHz WLAN 

931-932 MHz US paging 

934-935 MHz Citizen’s band 

1.71-1.88 GHz Personal communication services 
2.400-2.484 GHz ISM and WLAN 

5.725—5.850 GHz : ISM and WLAN 


eee 
“Acronyms: ISM, industrial, scientific and medical bands; UHF, ultra high frequency; VHF, very high 
frequency; WLAN, wireless local area network. 


Source: Adapted from D. M. Pozar, Microwave and RF Design of Wireless Systems, Wiley, 2001. 
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A local oscillator (LO) is routinely employed at the receiving end of radio transmis- 
sion. The LO signal is mixed with the received RF signal to down-convert the received sig- 
nal to a more manageable, controlled frequency. Adjustment of the LO frequency also 
allows for tuning of the radio. However, the LO will also generate harmonics of the funda- 
mental frequency and can interfere with its own nearby electronics. 


$ ~ 
N f 


Resistors, inductors, capacitors, and connecting wire are considered passive circuit ele- 
ments to distinguish them from active elements such as transistors. Passive elements are 
used for a wide variety of reasons. For EMI control, for instance, inductors and capacitors 
are used in filters to remove undesirable frequency components from a signal. Passive ele- 
ments are also used in lumped-element matching networks (to be discussed in Chapter 10), 
where inductors and capacitors replace the tuning stubs described in Chapter 6 for imped- 
ance matching. 

At low frequencies, passive elements are considered ideal since they behave as expected, 
but as frequency increases, nonideal behavior is encountered. For instance, an inductive coil 
has ohmic resistance along its length as well as capacitance between its windings. At high fre- 
quency, such unintentional (or parasitic) effects can render the element useless. 

In this section we will account for the element parasitics in simple circuit models. From 

_ these models the useful frequency range for a given element can be determined. 


Despite what we remember from our circuits classes, conductive wire and conductive traces 
connecting circuit elements are really not perfect conductors of negligible length. The wires 
have some finite amount of resistance. Moreover, at high frequencies, since the current is 
mostly carried near the surface of the conductor, resistance becomes even higher. 

For a length £ of wire with radius a and conductivity ©, the DC resistance is 





ke (9.1) 
At high frequencies we can consider the current to be carried near the periphery of the wire, 
through an area 276, where the skin depth 6 is 
1 


{fis 


If 5 << a, the AC resistance is then given by 


tes (9.2) 


a T S2nað 


Next, we want to find the inductance for a wire conductor. We saw in Chapter 3 that the 
internal inductance for a length € of wire is given by 


_ he 
E 
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The inductance is based on current equally distributed over the wire’s cross-sectional area, 
clearly not the case at high frequency. In fact, as frequency increases the current gets con- 
fined more and more to the periphery of the conductor and the internal inductance 
decreases. This is approximated by 


ne (9.3) 


Equation 9.3 is accurate for 6 << a. 

Whereas the internal inductance may be negligible at high frequency, the external 
inductance certainly is not. Calculating this inductance accurately requires being able to 
identify the complete loop traveled by the current. Not knowing this loop, we can still esti- 
mate the external inductance for a segment of wire using the equation 


L=2x 1077( 2) n() a | (9.4) 
m a 


This formula is based on a “partial inductances” concept, a subject beyond the scope of this 
text. 

The wire length is of special concern, since as frequency increases even a short length 
of wire can become a significant fraction of a wavelength and must then be treated as a 
transmission line. Also, as an approximation, when wire lengths reach 4/20, antenna behav- 
ior can be assumed. 


EXAMPLE 9.4 


Let us find the impedance for a 1.00-cm length of AWG24 copper wire operating at 1.00 GHz. 
If we consider the AC wire resistance in series with the wire’s external inductance, the imped- 
ance will be 


Z=R,, + joL 


From Appendix E, we see that AWG24 wire has a 20.10-mil diameter, corresponding to a radius a = 
0.255 mm. The skin depth is calculated as 


s- or om [ori 5x10? aa) =2.09x10 m 


where we use the unit conversion factors V-s = H-A and Q-A = V. Then, from (9.2) we calculate R 
51.5 mQ. This is considerably larger than the DC resistance for the wire segment, calculated an 
(9.1) as Ry. = 0.85 MQ. 

Now we can use (9.4) to calculate the external inductance for this wire segment. We find L = 6.7 
nH, and therefore our impedance is 





Z=0.0515Q + jan{ 10° 167 x10? DES Ga 22) 0.05+ j42 Q 
l s V-s V 


The inductive behavior of the wire at this frequency clearly overshadows the resistive behavior. 
It may be noted that at 1 GHz, the wavelength is 30 cm. The wire is short enough so that antenna 
behavior can be safely ignored. 


esse 


Resistors 
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a E Figure 2.2 A DIP component is shown 
Fe along with a number of SMT (surface mount 
~ ‘9 technology) components. 


ea a 


Dril 9.1 Find R,., L, and Z for a 2.0-cm length of AWG20 copper wire at 500. MHz. 
(Answer: R = 46 mQ, L = 14 nH, Z = 0.046 + j45 Q) 


Most of the wire used in electronics is copper with an insulative sheath. The insulation 
is nonmagnetic (u, = 1); hence it has no effect on the magnetic field properties of the wire. 
Conductive traces on circuit board are often realized in copper, though other metals are 


` also used. Sometimes copper traces are electroplated with a very thin layer of gold to pre- 


vent oxidation. Another popular circuit-board metallization approach is to use screen- 
printed conductive inks.?:! Trace resistance for these inks tends to be at least an order of 
magnitude greater than that of solid conductors, however. 

At high frequency or high clock speeds, it is very important to minimize connector 
inductance by keeping the connections as short as possible. For instance, a surface mount 
component offers shorter, flatter leads with much less inductance than the wires of a larger 
DIP (dual-in-line package) component (see Figure 9.2). 


The three general types of resistors are wire wound, carbon composite, and film. 

Wire-wound resistors are made by taking a specific length of fine wire, often nickel, 
and winding it to make it compact. The DC resistance is very accurate, but at higher fre- 
quencies such a resistor has severe parasitics. After all, its construction resembles that of an 
inductive coil. 

Carbon-composite resistors, as shown in Figure 9.3, are routinely used and are typi- 
cally accurate to within 10%. They are typically made from densely packed carbon gran- 
ules. These resistors are visually the same as wire-wound resistors. 

For high-frequency applications, films of resistive material (such as nichrome or tanta- 
lum nitride) are available as chip resistors. Typical chip resistors are shown in Figure 9.3. 
Figure 9.4 shows a cross-sectional view of a chip resistor made with resistive film. Chip 
resistors are usually specified by their length and width dimensions in mils. For instance, an 
“0804” chip resistor is 8 mils long by 4 mils wide. 


9.\Recent developments allow use of conductive inks to be dispensed from standard ink-jet printers. 
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figure $3 A surface mount 
chip resistor shown between a 
dime and a pair of '/,-W 
carbon composite resistors. A 
section of surface mount 
resistor reel is shown. 





A disadvantage of thin-film resistors is their susceptibility to damage from high volt- 
age levels, such as those encountered from ESD. Carbon-composite resistors are much 
more robust. 

Film resistors may also be fabricated directly on or within the circuit board. Fairly long 
traces of resistive film can be meandered to fit in a small space, and these films can achieve 
high, precise values of resistance. These meandering (or serpentine) resistors, as repre- 
sented by Figure 9.5, have considerable inductance along with capacitance between the 
traces; they are therefore impractical except at low frequencies. 

The equivalent circuit model for a resistor is shown in Figure 9.6. Here, the parasitic 
element inductance L, arises because current is present through some length of resistor. This 
is often considered negligible except when dealing with wire-wound resistors. The parasitic 
element capacitance C, arises from charge separation (a voltage drop) across the resistor. 
This is typically 1-2 pF for carbon-composite resistors and may be as low as 50 fF for chip 
resistors. Additional parasitic lead inductance L, is also present and is represented by a total 
lumped value at one end of the resistor. This is typically 10-20 nH for carbon-composite 
resistors. The much smaller leads of chip resistors reduce L, to about 0.4 nH. 


Epoxy coating 


Resistive film 


Ceramic 


Figure 9.4 Detail of a typical resis- 
tive film SMT chip resistor. 
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Figure $5 Top-down depiction of a ser- 
pentine resistor made with a meandering 
line of resistive film between two contact 
pads. 





Figure 9.6 Resistor equivalent circuit 
x ; ! model. 


MATLAB 9.1 


Suppose a 200-Q carbon-composite resistor operated at 1.00 GHz can be characterized 
as having negligible element inductance and 2.00 pF of element capacitance. It has 1.00- 
cm leads at each end, giving it a total lead inductance of 13.4 nH at 1.00 GHz (from 
Example 9.1). Assuming C, and L, remain fixed from 10 MHz up to 10 GHz, use MAT- 
LAB to produce a plot of the magnitude of the impedance versus frequency. 

First, because we will be calculating parallel impedances in a number of circuits in 
this section, let’s create a function to do this: 
function y=parallel(A,B) 
% Calculates the parallel combination of a pair of 


% impedances, A and B. 
y=(A.*B)./(A+B); 


Notice that we are using the “.*” and “./” operations so we can use this function in array 
calculations. This function will also handle complex numbers used in the following rou- 
tine for finding impedance for the resistance model. 


% M-File: MLQ901 

% 

%  Z-f plot for the equivalent circuit of a resistor. 
% 

% Wentworth, 12/2/02 

% 

% Variables 

% R resistance (ohms) 

% LX element inductance (nH) 
% LL lead inductance (nH) 

% CX ; element capacitance (pF) 


(continued) 
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% fw freq and ang freq (1/s) 

% XLX,XLL,XCX element impedances 

% Z overall impedance 

% Zmag impedance magnitude 

clc . %clears the command window 
clear %clears variables 


% Initialize variables 
R=200; 

LX=@; 

LL=13.4; 

CX=2; 


% . Perform calculations 
f=10e6:10e6:10e9; 

w=2*pi*f; 
XLX=complex(0,w*LX*1e-9); 

XLL=complex(@,w*LL*1e-9) ; 
XCX=complex(@,-1./(w*CX*1le-12)); 
=XLL+paral lel (R+XLX, XCX) ; 
Zmag=abs (Z) ; 

% Generate plot 
loglog(f,Zmag) 

grid on 

xlabel('frequency (Hz)') 
ylabel('Z magnitude (ohms) ') 


The plot for this example is given in Figure 9.7. In this particular case we see that 
the 200-Q resistor has an impedance magnitude of only about 30 Q at the stated fre- 
quency of operation, 1 GHz. 


10? bs 


Z magnitude (ohms) 











101 L S TESE J 
10 108 10° 10 Figore 9.7 Plot for the resis- 
Frequency (Hz) tor circuit of MATLAB 9.1. 


Inductors 
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As we have seen, a simple length of conductor can function as an inductor. Increasing 
inductance is accomplished by lengthening the conductor and creating loops or coils. 
Figure 9.8 shows some of these approaches. Planar loops can form inductors by wrapping 
them in a spiral pattern. But the highest inductance is achieved by wrapping loops around a 
ferromagnetic or ferrite core, as shown in Figure 9.9. 

Inductors find use as tuning elements and high-frequency chokes.?:? They may be used 
in EMC as series elements in wires where they can choke off noise currents. 

Figure 9.10 shows an equivalent circuit model for a typical inductor. Parasitic resist- 
ance, R, arises from ohmic losses in the wire. If a magnetic core is used, R, also accounts 
for hysteresis and eddy-current losses. The parasitic capacitance, C, arises from electric 
fields established between the windings. Notice the absence of lead inductance in this 
model. Since the component is intended as an inductor, the element L will most likely be 
much larger than any lead inductance. 





í 4 
( Ż 


Figure 9.8 Several types of inductors: (a) ferrite- 
rod inductor, (b) ferrite toroidal inductor, (c) single- 
loop inductor, and (d) spiral inductor. 





i : yeh os eee Finare 29 Inductive coils used as fil- 
(b) ` ter elements. Courtesy of Coilcraft, Inc. 





9.2 An inductor appears as an open circuit at high frequency and is said to choke or restrict high-frequency signals. 
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“gure 2.49 Inductor equivalent circuit model. 


` Analysis of the circuit in Figure 9.10 shows that the impedance of an actual inductor is 
B R, + jab 
1-—w*LC, + joR,C, 


in 


=a Zin le” l (9.5) 


The self-resonant frequency (SRF, or fsgr) occurs when œ? LC, = 1, or 


| l 
fsrF = INA (9.6) 


As a suggested practice, an inductor or capacitor should be operated at no more than half of 
its SRF. 

The values of R, and C, are largely determined by the details of construction. 
Increasing L by increased windings also increases C,, thus lowering the SRF. Typically, a 
1-H air-core inductor has a SRF on the order of 100 MHz. A way to increase the induc- 
tance without requiring numerous windings is to employ magnetic materials. It is usual 
practice to use wire-wound inductors for frequencies below 50 MHz and change to ferrite- 
core inductors for higher frequencies. One potential drawback of the ferrite inductors is the 
tendency of the magnetic-material to saturate, or reach a maximum field value, at high cur- 
rent levels (as described in Chapter 3). 

Open magnetic circuits (using an air or ferrite-rod core for instance) generate magnetic 
fields and are also good receivers of such fields. In fact, AM radio antennas often consist of 
open magnetic circuits (ferrite-core antennas). In contrast, closed magnetic circuits (ring 
cores) generate little and receive very little magnetic field. The closed magnetic circuits are 
more prone to saturation, however. 

One ferrite material often chosen for EMI use is NiZn, because it is actually very lossy 
between 100 and 400 MHz. 


EXAMPLE 9.2 


An inductor is formed by evenly wrapping 20 turns of AWG30 insulated copper wire around a 300- 
mil-long Teflon rod of diameter 0.50 cm, as shown in Figure 9.1 1a. Neglecting the wire resistance, 
estimate the coil’s inductance and its self-resonance frequency. 

The inductance equation from Chapter 3 for an N-turn coil is 


2. 2 
pee 
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fee Ae Š = 
is = z 
(b) i en i 


Figure 8.1% (a) Coil inductor. (b) Close-up of a pair of windings to find C, 


which is valid when the coil core radius a is much less than the core length h. In our case, a 0.5-cm 
core has about a 100-mil radius. With a core length of only 300 mils, we do not really have the case 
of a << h. Nevertheless, we will use the given inductance equation as an approximation. 

Since the Teflon rod is nonmagnetic, we calculate 


432 
Don (4x x107 #\20)%(x Lomi ee Ain) | =1.3 nH 
m 300 mil mil 10° um 








Calculating the SRF requires an estimate of the interwinding capacitance C,. 
For a short section of a pair of the coil windings, as shown in Figure 9.11b, we can estimate the 
capacitance as that of a parallel-plate capacitor: . 


eS 
d 


We can estimate the gap d between the windings by considering the relationship between the height h 
of the rod, the number N of windings, and the wire diameter t: 





h=Nt+(N-1)d 
or 
q- 
N-1 


For AWG30 wire, t = 10 mils. so d = 5.3 mils (0.130 mm). The surface to consider for the short sec- 
tion is estimated as AS = tA€@. For the total surface we estimate 


S = t(2na)(N - 1) 


or approximately 120 x 10° mil? (77 x 10% m?) for our case. 
The dielectric between the windings is mostly air, although a significant portion of the field 
will cut through the £, = 2.2 Teflon material. Still, we will assume £, = 1 for this estimate and find 


(= |ee m? 
oleae 


———__— |=5.2 pF 
36n m Å 130x10% | i 
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Capacitors 


The SRF is then calculated as 
I 


Ne E 
2n (13x10 H)(5.2x10-? F) 


S srr = 


Drill 9.7 Recalculate L, C, and fop, if the AWG30 wire for the coil of Example 9.2 is 
replaced with AWG28 wire. (Answer: L is unchanged, C, = 14 pF, fogr = 38 MHz) 


Capacitors are charge storage devices realized in a variety of configurations. Electrolytic 
capacitors can achieve very high capacitance (1—1000 uF) but only at low frequencies. 
Multilayer ceramic capacitors as shown in Figure 9.12a are capable of much higher fre- 
quency operation, but they have more limited capacitance (typically 5 pF-1 uF). Still higher 
frequency operation, with even further limited capacitance, is afforded by interdigitated 
capacitors as shown in Figure 9.12b. These are often used as tuning elements in high- 
frequency circuits. 

In typical amplifier circuits, coupling capacitors (for DC blocking), bypass capacitors, | 
and feedback capacitors are routinely used. For EMC, capacitors are widely used for filter- 
ing and for power decoupling. They are also used as local charge reservoirs in digital cir- 
cuits to help overcome the problem of A/ noise. This problem occurs because, during 


Figure 9.42 (a) A ceramic multilayer 
capacitor consists of multiple layers 
of metal electrodes and ceramic 
dielectric. (b) Top-down view of an 
interdigitated capacitor. 
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RI 
Zn C 
N Figure 9.13 (a) Equivalent electrical 
L circuit for a capacitor. (b) Circuit 
(b) neglecting the typically very small Rs. 


switching, relatively large currents must pass through the input/output (I/O) ports of the dig- 
ital integrated circuit (IC). The connecting wire inductance causes a temporary voltage drop 
for this current feeding the IC. Sufficient voltage drop can result in an erroneous reading by 
the IC. Local capacitors placed very close to the I/O pads act as charge reservoirs to mini- 
mize this source of noise. 
An equivalent circuit model for the typical capacitor is shown in Figure 9.13a. Here R, 
. is an equivalent series resistance that can be several ohms for an electrolytic capacitor but 
is practically negligible for ceramic capacitors; L, is primarily inductance from the leads, 
which should be kept as short as possible; and the resistance R; is related to the dielectric 
loss tangent as 


l 


R; = ————— 9.7 
5 wC tan C2 


For good dielectrics and typical capacitance values, R; is very large and can be ignored, as 
shown in the circuit model of Figure 9.13b. Input impedance for this model is 


2 
{ @°L,C-1 
Zin = Ry +f He! (9.8) 
and the SRF is given by 
one 1 
SRF ~ app 
1 ee (9.9) 


In some EMI situations, it is desired to shunt a noise frequency to ground using a 
capacitor. In such a case selecting capacitance such that the SRF matches the noise fre- 
quency attains the lowest impedance. 


EXAMPLE 93 


Suppose we have a 2.2-nF mica capacitor with a pair of 0.50-cm-long AWG26 copper leads. We want 
to compare the estimated performance of this capacitor with and without inclusion of the element 
resistance R;. For simplicity, we will assume a constant R, = 0.010 Q. 
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104p 
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101 


Magnitude of Z (ohms) 


100! 








mE - E E E = (ee eile a figuye 944 Plot for the 
10 . 108 10 10 capacitor circuit of Example 
Frequency (Hz) 9.3. 


For a total 1.0-cm length of AWG26 copper lead, we can use (9.4) to determine L, = 7.2 nH. The 
impedance is 


: j 
Z=R, + jal, -—~ 
x nt OC 


A plot of the magnitude of this Z versus frequency is given as the bold line in Figure 9.14. The dashed 
line represents an ideal capacitor with no parasitics. 

For inclusion of R, we find from Appendix E that tan 8 = 0.0003 for mica. and use (9.7). For 
the low loss tangent of mica there is no discernible difference in the plots with and without inclusion 
of Rẹ a j 





MATLAB 9.2 


The following routine is used to generate Figure 9.14. 


XC, CRC, XL element impedances 
Z1 mag of ideal impedance (ohms) 


%  M-File: MLQ90@2 

% 

% plot for the capacitor equivalent circuit of 
% Example 9.3. 

% 

% Wentworth, 12/2/02 

% 

% Variables 

SEÇ: capacitance (F) 

% LL lead inductance (H) 

% Rx series resistance (ohms) 

% Rd . diel loss resistance (ohms) 
% tand dielectric loss tangent 

% fw freq and ang freq (1/s) 

% 

% 
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% Z2 mag of impedance with RL Cohms) 
tees mag of impedance without RL 
clc - %clears the command window 
clear %clears variables 

% Initialize variables 

C=2.2e-12; 

LL=7.2e-9; 

Rx=0.01; 

tand=0.0003; 


% Perform calculations 
f=10e6:10e6:10e9; 

w=2*pi*f; 

Rd=1./(w. *C*tand) ; 
XC=complex(@,-1./(w.*C)); 
Zl=abs (XC) ; 
XRC=parallel (Rd, XC); 
XL=complex(@,w.*LL); 
Z=RxX+XL+XRC; 

Z2=abs(Z); 

Z=Rx+XC+XL 5 

Z3=abs(Z); 

% Generate plot 
loglog(f,Z1,'-k',f,Z2,'k', f,Z3) 
grid on 

xlabel('frequency (Hz)‘) 
ylabel('magnitude of Z (ohms) ') 


pD:alt 9.3 Calculate the self-resonance frequency for a 4.7-nF mica capacitor with a 
pair of 0.50-cm-long AWG26 copper leads. (Answer: 27 MHz) 


92 DIGITAL SIGNALS 
In Section 9.1 we mentioned that transients or short rise and fall times in digital signals can 
generate a broad spectra of frequency components that may cause interference. Higher fre- 
quency signals in particular tend to couple or radiate to nearby components and cause inter- 
ference. Wire connections may appear as transmission lines at high frequency, generating 
reflections and establishing standing waves that make the line more radiative. Moreover, 
circuit components, such as capacitors, only perform as expected well below their self- 
resonant frequency. 

In this section, the frequency components of a digital signal are determined using 
Fourier series. It will be seen that the frequency component amplitudes are functions of rise 
and fall times. The shorter the rise and fall times, the greater the amplitude of higher fre- 
quency components. 

A digital pulse can be represented by a linear superposition of its Fourier components. 
Consider a digital signal of the form shown in Figure 9.15. For simplicity, we let the rise 
time t, equal the fall time tẹ, where t; = t, — t,. Also, the rising and falling voltages are a 
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Àe Figure 9.45 A typical digi- 
o t tal pulse modeled as a 
trapezoidal function. 





linear function of time. We align the signal with the time axis to give us even-mode sym- 
metry. The equations for the Fourier coefficients (see Chapter 6 Section 6.8) derived for this 
case are 


a, =—*(t, +t) : (9.10) 
oO 
and 
2V, 
a, = zo )—cos(nw,t )) (9.11) 
The voltage function is 
v(t)=a, + È (a, cos(nw,t)) (9.12) 


n=l 


This function is evaluated in MATLAB 9.3. 


We want to model a digital signal like the one in Figure 9.15 using (9.10-9.12) in a 
MATLAB routine. Here, we will adjust the rise and fall times by modifying the state- 
ments for ¢, and ft, within the program. We will plot the digital signal over one period and 
add a second plot that shows the amplitudes for each harmonic. 


% M-File: ML@903 

% 

% Decomposes a realistic digital signal into its 
% Fourier components. 

% 

% Wentworth, 12/2/02 

% 

% Variables 

% N upper limit on Fourier components 
% fo fundamental freq. (Hz) 

% wo fund angular freq. (rad/s) 

% To period (s) 

% Vo max voltage level (V) 

% 


fel, t2 times to determine tf (s) 
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% tf fall time(s), equal to rise time 
% a first coeff. 

% a(i) ith coeff. 

elle %clears the command window 
clear %clears variables 


% Initialize variables 
N=80; 

fo=10e6; 

wo=2*pi*fo; 

To=1/fo; 

Vo=1; 

t1=0.20*To; 

t2=0.30*To; 

tf=t2-tl1; 


% Determine the coefficients 
a@=(Vo/To)*(t1+t2); 
for i=1:N 
nCi)=i; 
3 a(i)=C((2*Vo) / (pi *wo*tf*iA2)) * (cos Ci *wo*t1) -cos(i *wo*t2)); 
en 


% Determine the function components 
for j=1:1000 
t(j) =j*To/1000; 
for i=1:N 
Fn(i)=aCi) *cos(Ci*wo*t(j)); 
end ; 
F(j)=a0+sum(Fn) ; 
end 


% Generate the plot 
subplot(2,1,1) 
plot(t,F) 
xlabelC'’time(sec)") 
ylabel('voltage(V) ') 


grid on 
subplot(2,1,2) 
m=1: 40; 
b=a(m) ; 
bar(m,b, '-k") 
xlabel('n') 


ylabel(C'an') 


The values shown in this program were used to generate Figure 9.16a. Note that N, the 
number of Fourier components, can be increased if needed to more accurately portray a 
digital signal. This was in fact done in Figure 9.16b, and the program was slightly mod- 
ified to only show the frequency components out to n = 40 for comparison purposes. 


Using MATLAB 9.3 we generate the results shown in Figure 9.16. Here, we choose a 
fundamental frequency of 10 MHz and compare the frequency components for a 10-ns rise 
time (Figure 9.16a) with the components for a I-ns rise time (Figure 9.16b). These values 
were chosen since they are fairly typical for digital clock rates. In the first case, significant 
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Figure 8.16 One period of a digital signal and its 


corresponding frequency components are plotted 
using MATLAB 9.3 for two cases where the fun- 
damental frequency is set at 10 MHz. In (a) t= 
t,= 10 ns, and in (b) t,= t,= 1 ns. 
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frequency components are observed out to about the 7th harmonic. However, in the second 
case, significant components are seen to exist beyond the 20th harmonic! 
A general approximation relating rise time to the spectral bandwidth is 


BW = 1 (9.13) 


ty 

Using this rule, we estimate a bandwidth of 100 MHz for the 10-ns rise time and a 1-GHz 

bandwidth for the 1-ns rise time. Although this rule significantly overestimates the spectral 

content shown in Figure 9.16, it does give the engineer a quick estimator of the bandwidth. 
Several general rules may be used to minimize potential EMI problems from the 

source. First and foremost, the lowest possible operating frequency with the longest possi- 

ble rise time should be chosen to achieve a given task. This is, however, counter to the direc- 
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tion of technology. Clock rates at present exceed 3 GHz and will continue to increase. 
Second, minimizing the changes in voltage and current during switching will reduce the 
amplitude of the frequency components. Here, the semiconductor industry is aiming for 
1.5-V supply voltages. And third, in multiple-frequency systems, care should be taken in 
choosing frequencies that have dissimilar harmonics. 

One approach used to minimize EMI problems has been to employ spread-spectrum 
techniques such as frequency hopping. In this approach, transmission at a particular fre- 
quency only occurs for a very short time before a different frequency is used, resulting in 
far fewer problems with interference. 


94 GROUNDS 


Bond Wires 


When we speak of electrical ground we are actually talking about a path for current to 
return from some load back to the source. A ground to earth (a ground at earth potential) is 
required of most electrical equipment to protect against shock hazard. Without this safety 
ground, the equipment frame could unintentionally be at a high voltage, and an unfortunate 
person could touch the frame to provide the conductive path for current to ground. 

But proper grounding is also extremely important for minimizing EMI problems. If done 
well, grounding along with judicious use of shields (Section 9.5) can eliminate most noise and 
EMI problems without our having to resort to relatively expensive filters (Section 9.6). 

A signal ground is often needed on a circuit board to provide a reference for the signal 


voltage. What is desired here is an equipotential reference for the signals. However, ground 


wires, planes, or grids are not perfect conductors, and as they must conduct current, poten- 
tial differences will be present. The goal then of a good signal ground is to maintain a low 
impedance over the entire frequency range of interest to minimize differences in the refer- 
ence potential. 

Several types of grounds are indicated by the circuit symbols shown in Figure 9.17. 
The first one, in Figure 9.17a, is acommonly used symbol for signal or earth ground. Figure 
9.17b shows the symbol for a connection made to the chassis of a piece of electrical equip- 
ment. The chassis ground itself may be tied to earth ground. Figure 9.17c shows a special 
ground symbol that may be used for DC power ground or perhaps a common connection 
that is isolated from earth or chassis ground. Too often, circuit schematics contain such 
symbols without indicating their physical location. For EMI reduction, however, it is cru- 
cial that we know the current paths. 


The circuit or system is connected to ground using bond wires or straps. Here it is impor- 
tant to keep the leads short (preferably less than /20 at the highest frequency of interest) 
and to keep the impedance low. We saw in Section 9.2 that conductors of circular cross sec- 
tion can have considerable impedance at higher frequency owing to inductance. Using (9.4) 


= 777 | 77 l Figure 17 Standard ground symbols: (a) signal ground, (b) 
(a) (b) (c) chassis ground, and (c) special ground. 
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in Example 9.1, we saw that a 1-cm length of AWG24 copper wire at 1 GHz would have an 
impedance Z = 0.05 + j42 Q. Even at lower frequency, impedance can be considerable for 
lengths of wire typically used for connecting to ground. 

Lower inductance is attained using flat, wide-cross-section conductive straps. The 
impedance of a strap with a length to width ratio of five or less can have less than half the 
impedance of a similar length of wire. 


In creating a signal ground (or reference ground) we want to create a low-impedance return 
path between loads and sources. The variation in potential over a good reference ground 
will be insignificant compared to the signal potential. 

Figure 9.18 shows signal grounding arrangements for three parallel circuits. The 
ground is connected in a single-point arrangement in Figures 9.18a and 9.18b. The reason 
single-point ground should be used can best be described with the aid of Figure 9.19. The 
facility ground may not be equipotential. A large ground current J, initiated perhaps by a 
lightning strike, can cause significant difference in the ground potentials for the two signal 
lines of Figure 9.19a. The presence of uneven ground potentials can establish a ground 
loop. Ground loops can especially be a problem in audio or video equipment if multiple out- 
lets are used to plug in interconnected electronic equipment. The difference in potential at 
the various grounds can result in some of the 60-Hz current returning through the audio sys- 
tem, resulting in a loud hum. The problem can be avoided by tying the grounds together at 
a single point so that all the signal grounds will be at the same potential. This approach is 
represented by Figure 9.19b. 


Source 


Circuit . Circuit Circuit 
1 2 3 






(a) 


Circuit 
_ (b) 3 





Source 


Circuit Circuit | Circuit Figure 9.18 Signal ground topologies: (a) 
1 2 3 series-connected single-point, (b) parallel- 
connected single-point, and (c) multipoint 


arrangements. 
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(a) Incorrect 


= Facility fizsre 31% The motivation for single-point 
(b) Correct ground connection. 









Facility 
ground 





The series-connected single-point approach of Figure 9.18a is very commonly used. A 
problem with this method is that the bond wire between circuits | and 2, and that between 
circuits 2 and 3, can see a potential difference at the ground level that can affect operation 
and cause EMI problems. For this reason, the bond leads must be kept as short as possible. 
Despite this shortcoming, this daisy-chain approach is widely used for convenience. 

The parallel-connected single-point configuration of Figure 9.18b offers much better 
EMI control. Still, the circuit operates best at low frequency where the wire inductance 
- (from the circuits to the single-point ground) is low. At high frequency the ground wires will 
have high impedance and may also act as antennas. Finally, the parallel-connected single- 
point approach can require an excessive amount of wire for a large system. 


EXAMPLE 94 


In Figure 9.20a, AWG24 copper wire is used to interconnect three circuits in a series-connected 
single-point arrangement. If each circuit is feeding 1.0 mA of 100-MHz current to ground, we want 
to determine the voltage at points A, B, and C. 

Using (9.4) we find for each 4.0-cm section of bond wire a 38-nH inductance. At 100 MHz this 
corresponds to an impedance j24 Q. Calculating the skin depth (6.6 um) and AC resistance (7.6 mQ) 
shows that the impedance can be considered entirely reactive. 

The equivalent circuit is shown in Figure 9.20b. Here it is easy to see that the voltage amplitudes 
at A, B, and C are, respectively, 72, 120, and 144 mV. 





Circuit 1 Circuit 2 Circuit 2 





c i242 p j24Q 4 


C 
(a) = (b) 


Fignre 92% (a) Series-connected single-point ground arrangement for Example 9.4. (b) The equiv- 
alent circuit. 
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Loop Area 


Circuit 1 Circuit 2 Circuit 2 


Figure 9.71 Parallel-connected single-point ground 
arrangement for Example 9.5. 





Drill 94 Find the voltage amplitudes at points A, B, and C in Example 9.4 if the fre- 
quency is 500 MHz. (Answer: V, = 360 mV, Vs = 600 mV, and Vç = 720 mV) 


EXAMPLE 95 


In Figure 9.21, AWG24 copper wire is used to interconnect three circuits in a parallel-connected 
single-point arrangement. If each circuit is feeding 1 mA of 100 MHz current to ground, we want to 
determine the voltage at points A, B, and C. 

Again using (9.4), we find the wires to A, B, and C have inductances of 38, 87, and 140 nH, 
respectively. At 100 MHz, and continuing to neglect the small AC resistance, we then have imped- 
ances j24, j55, and j88 Q, respectively, for the three bond wires. This leads to voltage amplitudes Va 
= 24 mV, Vp = 55 mV, and Vc = 88 mV. 





Dril 9.5 Find the voltage amplitudes at points A, B, and C in Example 9.5 if the fre- 
quency is 500 MHz. (Answer: V, = 120 mV, V, = 270 mV, and Vo = 440 mV) 


A better approach at high frequency utilizes the multipoint connection shown in Figure 
9.18c. Here it is critical that the ground leads from circuit to the common ground plane be 
as short as possible, preferably less than 2/20. For circuit boards, it is typical to use a ground 
plane on the component side of the board with the signal traces on the other. Holes, or vias, 
are placed in the board to connect the component side to the trace side. The ground plane 
used in the multipoint topology is itself tied to the board’s single-point ground, 

The multipoint approach works best for frequencies above 10 MHz. For lower fre- 
quency, higher power situations the reference plane may have too much potential variation 
and should be avoided in favor of a single-point connection. 


A circuit containing a source, connecting wire, load, and ground creates a current loop that 
resembles a loop antenna. It can serve as an unintentional source of radiated emissions and 
is also susceptible to reception of incident fields, for instance from radio transmitters. 
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+5V Smaller 


loop area Figure 9.72 Pair of identical circuits 





Loop Ic with the topology of (b) having a 
area smaller loop area than the topology of 
(a). 
Adapted from C. Paul, Introduction to 
= Electromagnetic Compatibility, Wiley, 
(a) (b) 1992, p. 750, Figure 13.41. . 


Recall from Chapter 8 that radiated power from a loop antenna is proportional to the loop 
area squared. Care should therefore be taken to minimize the area enclosed by these current 
loops to reduce EMI. 

As an example, consider the pair of circuit topologies shown in Figure 9.22. The circuit 
functions are identical, but the loop area is significantly smaller in Figure 9.22b. 
Consequently, this second topology is preferred for reducing EMI. 


qn Sees 
Some circuits, such as AM and FM transmitters, are bound to radiate and cause interference 
with other devices. Other circuits, such as receivers, may be very sensitive to interference. 
_In such cases it may be necessary to block radiation using shields. A shield can be a metal 
or metal screen box placed around a circuit, or it can be a metal or metal braid wrapping 
around a cable or connector. It is common practice to tie the zero reference of the shielded 
circuit to a single point on the shield. 

As depicted in Figure 9.23, a shield can attenuate an electromagnetic wave and can 
reflect waves at both interfaces. What is sought is a negligible amount of transmitted radia- 
tion. The performance of a shield is given by its shielding effectiveness, defined as the deci- 
bel reduction in radiated power or field strength resulting from the shield: 


S 


SE= toog 2 (9.14) 


where P, is the transmitted power with no shield in place and P, is the transmitted power 
with the shield. Equation (9.14) can also be written in terms of electric and magnetic fields as 


Shield 
material 


Figure 9.22 Some of a field Ei 
incident on a shield will be 
reflected at the air—shield bound- 
ary, some will be transmitted and 
attenuated within the shield, some 
will be reflected at the shield—air 
boundary, and finally some will be 
transmitted as Et. 
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a. Ens| | _ asl | 9.15 
se = 204 E] =20log H. (9.15) 


Typically, 40-60 dB of shielding is sufficient for most EMI problems. 








SAREEN P Ge 
EXAMPLE G$ 


The amplitude of the electric field incident on the source side of a shielded enclosure is measured as 

6.0 V/m. On the outside, near the shield, the electric field amplitude is measured as 1.0 mV/m. We 

want to look at the power levels on both sides of the shield and determine the shielding effectiveness. 
The power density is related to the field amplitude and media impedance by 


Since air is assumed on either side of the shield, we have 


v 2 
2 120% Q 


and 


2 
ymvV 
a = 10 Ya) = 1.33 nW 
2 120nQ 
The shielding effectiveness is found by comparing power levels just inside to just outside of the 
shield, or 


R 


SE =10lo 2.) 1010 ga 


1.33 nW 





)=76 ap 


o 


This is equivalent to taking the field levels on each side of the shield as 


(Ya) 


SE = zoos =+) = 20log| ————-- |= 76 dB 


3 (iy) 





Derili Sh The field amplitude on the source side of a shield with a shielding effective- 
ness of 40 dB is 8 mV/m. What is the electromagnetic power density outside the shield? 
(Answer: 8.5 pW/m?’) 


Attenuation, or absorption, converts the electromagnetic energy to heat in the shield 
material. A material with high permeability, such as steel or iron, makes an especially good 
absorption material at high-frequency since 


a=/n fpo (9.16) 
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Although higher u, materials are available (e.g., mumetal) they are expensive and can be 
difficult to handle. Fortunately, adequate absorption is also accomplished using cheap, ver- 
satile conductors such as copper and aluminum. 

For reflective shielding, any good metal will do. Conductive spray paints may even be 
used over plastic. This paint is typically 80% metal (copper, nickel, or silver flakes) with 
20% binding material. Even a thin coating (50 um or so) can provide adequate shielding for 
most purposes. 


EXAMPLE 97 


Let us evaluate the shielding effectiveness by using a T-line analogy for a typical aluminum shield of 
10.-um thickness. For simplicity, we assume the electromagnetic wave is a 1.0-GHz steady-state sinu- 
soidal signal that is normally incident on the shield. 

The situation is shown in Figure 9.24a. In our T-line analogy we can represent the fields E', E', 
and Et by voltages vÍ, v", and vt, respectively. The intrinsic impedances n, and n, are represented by 
characteristic impedances Z, and Z,. The result is the T-line model for our problem shown in Figure 
9.24b. To find the shielding effectiveness, we need to find the ratio vi/. 

There are two approaches to solving this problem. The exact.method uses the complete circuit 
approach described in Chapter 6 Section 6.3. An approximate method ignores rereflections within 
the shield. 


_Exact Method Using the complete circuit approach, we must find the voltage wave v,* at the shield 
side of the shield—air boundary. From Section 6.3 we find 
_ Zin +t ap p 
y= v =v |e" +T e 
d ZZ: s a o ) 
Solution of v,* in terms of v, requires that we calculate Z,,, Y, and T. From (6.55), we have 


Z, + Z tanh(yd) 


7 Sg a eee 
in C1 Z +Z, tanh(yd) 


The propagation constant is calculated from the constitutive parameters of the shield and the fre- 


quency as 
y = jou(o+ joe) =3.87x10° + j3.87x10° -= 


Likewise, the characteristic impedance is calculated as 


Z, = |E =144e!" ma 
o+ jue 


Given these values, and with Z, = 120m Q and d= 10 um, we find 
Z,,= 14.465 mO 


The reflection coefficient seen by the wave going from the shield to air is 
S Zo T Zi 


= 0.9999 — j0.0001 
DAZ 


o 
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E i pe ae P Figure 9.24 The shield 
Äi T a et a problem of (a) is mod- 
nai eled by the T-line of (b). 
Ty | (c) Model used in the 
(c) | approximate method. 


Now we can solve for v,*, finding 


+ Zin 1 ; =) 
Vo Za +Z, eY +T,e@ ( J ) S 
The voltage transmitted into the air is then 

v= tvt=(1+T,)vt =2v* =-(1592 + j90) x 10v, 


The incident voltage wave vi calculated with no shield in place is simply 


The shielding effectiveness is then calculated as 


hn 


Vos 
v 


SE = 20 











i 
Hno dB 
v 


s 
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Approximate Method First we can calculate how much of v' is transmitted into the shield at x = —d. 
Referring to Figure 9.24c, we’ll call this value v{; we see that it is related to v’ by the transmission 
coefficient at x = —d, so 


vi = tav =(1+T,)v' [7 j 
in o 


With the value of Z, calculated before, we find 
1, = 764s 10 ee 
As the transmitted voltage propagates through the shield, it attenuates such that at x = 0 we have 
vit = vied 
The amount transmitted into free space is the v' we are looking for: 


QZ, 
VY =t = ( Z, er b: = 2v7 





Putting all of these equations together, we arrive at the following formula for the ratio vi⁄t: 


| l 


< 


vio tyt,e 
. The shielding effectiveness is then 
SE =-20 log{ | tat, | ) = 110 dB 
Even though we have ignored rereflections, this is the same result found using the exact method. The 
approximate method shows that most of the attenuation (82 dB) comes about from reflection on the 


interior surface of the shield, and another 34 dB arises from attenuation in the shield. A voltage gain 
is actually seen going from the shield to the outside air. 





MATLAB 9.4 


This program carries out the calculations described by Example 9.7. The losses due to 
reflection and attenuation are broken out. 


M-File: ML0@904 
Shield analysis using T-line analogy. 
Wentworth, 12/02/02 


Variables 

shield thickness (m) 

S shield conductivity (S/m) 
ur rel permeability 

uo free space permeability 
er rel permittivity 

eo free space permittivity 
fw freq. and ang. freq. (1/s) 


SL a a B BS I I Bl se ae al ae ae ae 
a 


(continued ) 
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% C speed of light (m/s) 

% Zo free space impedance (ohms) 
% A,B,C calculation variables 

% prop propagation constant (1/m) 

% Z1 impedance (ohms) 

% taud transmission coeff at z = -d 
%  taoð trans coeff at z = @ 

% ratio power ratio 

% Serefd SE from front face reflection 
%  Seabs SE from atten in shield 

% SEref@ SE from back face reflection 
% Setot total shielding effectiveness 
cle -> ~ %clears the command window 
Clear %clears variables 


% Initialize variables 
d=10e-6; 
s=3.8e7; 
ur=1; 

er=1; 

f=1e9; 

eo=8 .854e-12; 
uo=pi *4e-7; 
c=2.998e8; 
w=2*pi*f; 
Zo=120*pi; 


% Perform calculations 

A=i *w*ur*uo; 

B=s+i *w*er*eo; 

prop=sqrt(A*B) ; 

Zl=sqrt(A/B); 

C=tanh(prop*d); 

Zin=(Z1* (Z0+Z1*C)) /(Z1+Zo*C) ;sW 
taud=2*Zin/(Zin+Zo); 
tau@=2*Zo/(Zo0+Z1); 

ratio=abs (taud*tau@*exp(-prop*d)); 


SErefd=-20*10g10(abs (taud)) 
SEabs=-20*10g10(abs (exp(-prop*d))) 
SEref@=-20*10g10(abs (tau) ) 
SEtot=-20*10g10(ratio) 


In the command-line window we have, upon program execution, 


Erefd = 
82.3294 


SEabs = 
33.6423 


SErefo = 
-6.0204 


SEtot = 
109.9513 
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Pet's" Calculate shielding effectiveness in Example 9.7 if the aluminum is replaced 
by nickel of the same thickness. (Answer: SE = 562 dB, mostly coming from absorp- 
tion loss) 


Obviously, shielding effectiveness depends on the composition and thickness of the 
shield. It also depends on the radiation frequency, the shape of the shield, and any disconti- 
nuities that may exist in the shield. Openings in the shield are required to run signal, power, 
and ground connections. Small holes are often placed in the shield for ventilation. Also, 
portions of the shield are joined together at seams, which may not be perfect seals. These 
breaches in the shield often compromise the shield integrity. 

Ventilation holes must be small compared to the wavelength of the highest frequency 
being shielded. Feed-through holes should be minimized, and in no case should slotted 
openings be made in the shield. E 

Slots can be very efficient radiators (see Chapter 8 Section 8.8 for a brief description of 
slot antennas) and may be unintentionally formed at the edges if the shield box is not held 
together well. Shielding tape (made, for instance, out of embossed copper with a conduc- 
tive adhesive backing) can be used to seal the seams in shield boxes. 


yp my g npag piy gaa 
qg FH FERS 


Even after care is taken to reduce emitted noise at the source, it still may be necessary to 
block or reduce the remaining noise using filters. A filter, consisting most generally of 
inductors and capacitors, is designed to block or reflect some frequencies and pass others. 
If the filter is to block noise at high frequencies, the passive element parasitics mentioned 
in Section 9.2 should be considered. 

Reducing passed noise is the job of EMI filters. These are much less demanding than 
the more exotic filter varieties, such as Chebyshev filters, encountered in the next chapter 
on microwave engineering. Filters may be designed to reflect the noise, attenuate the noise, 
or both. We will first look at reflective filters that present a sharp impedance discontinuity 
to the targeted noise frequency. Then we’ ll look at ferrite chokes. 


Reflective Filters 


A reflective filter presents a large impedance discontinuity to the targeted noise frequency. 
The most common type of EMI filter is the low-pass filter used to decrease high-frequency 
noise. The simplest version of this is the shunt capacitor shown in Figure 9.25a. 

A common way to characterize a filter is by its insertion loss IL. The insertion loss is 
the ratio, in decibels, of the power to the load without the filter element in place, P,, to the 
power to the load with the filter element in place, P, p that is, 


IL= oros A) j (9.17) 
Fis 


We can also write the insertion loss in terms of voltage as 
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(a) 


Figure 3.25 Low-pass filters using (a) a shunt capac- 
(b) itor and (b) a series inductor. 


= Pl 
IL = 20 log el (9.18) 
Lf 


where v,, is the voltage across the load resistor with the filter element in place. 
In Figure 9.25a, where the load and source resistances are of equal value R, we find 


IL = 10 log (1+( fRC)?) (9.19) 


The simple shunt capacitor is seen to work best for large source and load resistances. 


EXAMPLE 9.8 


Let’s derive the ZL expression of (9.19). 
With the capacitor removed from the circuit it is easy to see that 
is Ieee: 


vs R+R 2 


We now reinsert the capacitor to find v; /v;. The parallel impedance of the load resistance and 
shunt capacitance is 


AR 
1+ jaRC 
and 
Vif = Z 
Vs Z+R 


This can be manipulated to find 
Lr M ee 
vs- 2+j@RC 2\1+jnfRC 

Dividing v,/v, by v; v; gives us 


—L=1+ jn fRC 
Vif 
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or 


Then we have 


IL= 2010g( 1+(n RCF ) = 10log{1 +(n ARC) | 


Whereas it is apparent that a good low-pass filter can be created using a shunt capaci- 
tor when the source and load resistances are large, if they are small then a series inductor 
may be used as shown in Figure 9.25b. The insertion loss for this case is calculated (see 


Problem 9.21) as 
“(nfl 2 
IL =10log 1+(22) (9.20) 


jy ©.8 Suppose component values in Figure 9.25 are given as R = 100. Q, C= 0.10 
nF, and L = 10. nH. Determine the insertion loss at 1.0 GHz for (a) the shunt capacitor 
filter and (b) the series inductor filter. (Answer: (a) 30 dB, (b) 4 dB) 


Reflective filters work by presenting a large impedance mismatch to the high- 
frequency noise. A high-impedance source or load should therefore see a shunt capacitor 
whereas a low-impedance source or load should see a series inductor. Sometimes the 
impedance level is not well known, in which case it is common to use a T-filter (Figure 
9.26a) or 1-filter (Figure 9.26b). If the source is of low impedance and the load is of high 
impedance, use can be made of an L-filter (Figure 9.26c), which presents a shunt capacitor 
to the high impedance side and a series inductor to the low-impedance side. 

Recalling our discussion in Section 9.2, we see how critical it is for any shunt capaci- 
tor used in one of these EMI filters to have the shortest possible leads. Nonetheless, the fil- 
ters will be characterized by a resonance frequency at which the transmitted noise can be 
greater than if no filter were present at all! 

Reflected noise can still cause problems if, for instance, it is radiated out of some com- 
ponent or section of conductor. Adding a lossy component or some resistance to the reflec- 
tive filters can attenuate this noise. A good dissipative filter is a short section of coaxial 
cable made with lossy ferrite material. Lossy ferrite beads can often be placed on the signal 
line to attenuate high-frequency noise. 


EXAMPLE 9.9 


An L-filter as shown in Figure 9.27 is inserted between a source with 50. Q impedance and a load 
with 10. kQ impedance. Our task is to plot the insertion loss versus frequency from 10 MHz to 10 


GHz. 
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(c) L-filter 


Figure $26 Other types of reflec- 
tive filters: (a) T-filter, (b) n-filter, 
and (c) L-filter. 


The parallel combination of R, and C gives us an impedance 


Ru 


| eager se aoe 
€ 1+j@R C 


The series combination of R, and L gives us an impedance 


Z =R, + jal 


Figure 9.27b shows the simplified circuit with Z, and Z, in place. Here 


Vig Ze 


Vg g Zc +Z 





(a) (b) 





Pape 9327 (a) The L-filter circuit for Example 9.9. (b) The simplified equivalent circuit. 
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With the filter removed from the circuit we would have 


1. ie 
Vs Rl T Rs 
Dividing v,/v, by v; /v, gives us v,/v, ;. Taking the magnitudes we find insertion loss from (9.18). 


Inserting the given values, we are able to generate the /L versus f plot shown in Figure 9.28. MATLAB 
9.5 provides the program details. 


MATLAE OS 


Example 9.9 and Figure 9.28 are realized with the following routine. 


% M-File: MLQ905 
% 
% This routine plots the insertion loss versus 
% frequency for the simple L-filter of Example 9.9. 
% 
% Wentworth, 12/2/02 
% 
% Variables 
% RS source resistance (ohms) 
- % RL load resistance (ohms) 
% L = inductance (H) 
S.C = Capacitance (F) 
% fw freq. and ang. freq. (1/s) 
*% Zc,ZL - cap & ind impedance 
% vLf,vL load voltage with, without filter 
% IL insertion toss (dB) 
clc i %clears the command window 
clear. %clears variables 
% Initialize variables 
RS=50; 
RL=10e3; 
L=10e-9; 
C=47e-12; 
f=.0@1e9: .01e9:10e9; 
w=2*pi*f; 


%. Perform calculations 
Zc=RL./Ccomplex(1,w*RL*C)); 
ZL=complex(RS,w*L) ; 
vLf=abs(Zc./(Zc+ZL)); 
vL=RL/(RL+RS) ; 
IL=20*10g10(vL./vLf); 


% Generate plot 
loglog(f, IL) 

xlabel(‘ frequency (Hz)’) 
ylabel(‘IL (dB)”) 

grid on : 
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Ferrite Chokes 


10! a 





10-1 
Figure 9.28 Plot of insertion 
10-2 C eh LOLO Lii loss as a function of fre- 
107 - 108 10° 10'° quency for the low-pass 


Frequency (Hz) L-filter of Example 9.9. 


Ferrite chokes are often placed on power lines entering EMI-sensitive equipment. One type 
in particular, the common-mode choke, is used on cable assemblies to kill common-mode 
currents. Some background is in order. 

Consider the currents i, and i, on a pair of parallel conductors as shown in Figure 
9.29a. The currents will consist of a common-mode current i, and a differential-mode cur- 
rent i, such that 


isigi Dei (9.21) 


In ideal operation only the difference-mode currents would be present. The radiated fields 
for this mode mostly cancel since the parallel lines are in close proximity. 

Common-mode currents are undesirable because their radiated fields add. A way to 
eliminate or at least greatly reduce these currents is to use common-mode chokes as shown 
in Figure 9.29b. The lines on these chokes are oppositely wound on toroidal ferrite cores as 
shown in the figure. If we assume that the flux is entirely confined to the ferrite core, then 
the inductance L of one of the windings will equal the mutual inductance M between the 
pair of windings. As Figure 9.29c shows, the common-mode choke has little effect on the 
differential-mode signal since L and M cancel. But as shown in Figure 9.29d, the choke can 
present considerable inductance to the common-mode currents. 

The windings on the core are kept separate from each other to reduce interwinding 
capacitance that can lead to a resonance-frequency problem. It may be noted that a 
differential-mode choke could be made by making the windings go the same direction. 

The toroidal ferrite cores are usually made with mixtures consisting of either man- 
ganese zinc (MnZn) or nickel zinc (NiZn). Manganese zinc has a higher relative perme- 
ability at low frequencies, reaching a maximum at about 100 kHz and then dropping 
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L+M=2L 
L+M=2L 
“igs 3.29 Operation of a 
(d) common-mode filter. 


rapidly. Although NiZn has a lower relative permeability, this value continues to increase 
and even surpasses that of MnZn at around a couple of megahertz. 

As compared to the common-mode choke, ferrite beads placed on lines will attenuate 
both common-mode and differential-mode currents equally. 


CLIR ARA ADAY 
SUMMARS 


Electromagnetic interference, or EMI, occurs in a 
circuit or electrical system when unintentional signals, 
called noise, degrade the operation of the circuit or 
system. Sources of interference include lightning, 
electrostatic discharge, power source swells and sags, 
and radio transmitters. 


The nonideal behavior of passive circuit elements 
(connecting wire, resistors, capacitors, and inductors) is 
modeled using parasitic circuit elements at high 
frequency. These parasitic elements are unintentional 
resistance, capacitance, and inductance that can 
adversely affect component performance. 


- Connecting wire at high frequency may have appre- 
ciable skin-effect resistance, but this is generally 
overshadowed by the wire’s self-inductance, esti- 


mated by 
L=2x107 (2) n(24)- | 
m a 


where € and a are the wire length and radius, 
respectively. 

Resistors suffer from both parasitic inductance and 
capacitance, as well as inductance in the connecting 
leads. For high frequencies, small, surface-mount chip 


resistors made with films of resistive material provide 
the best performance. 


A number of inductor types are available, with varying 
degrees of parasitic resistance and capacitance. Using 
multiple loops in a coil or spiral arrangement will 
increase the inductance at the expense of increased 
capacitance. The increased capacitance results in a drop 
in the self-resonance frequency (SRF). Using a limited 
number of loops around a toroidal ferrite core can 
achieve high inductance while maintaining a high SRF. 


Electrolytic capacitors offer the highest capacitance but 
at limited frequencies. Ceramic capacitors consisting of 
metallic layers separated by high-permittivity, low-loss 
dielectric can achieve high capacitance and can operate 
at fairly high frequencies. The SRF is mostly limited by 
connecting lead inductance. At very high frequencies, 
interdigitated metallic fingers are used for modest 
values of capacitance. 


Passive components should be operated at frequencies 
below half their SRF, unless their performance at 
resonance is required. 


A transient or periodic signal may be represented by a 
Fourier series of frequency components. Analysis 
reveals that very short rise and fall times in a digital 
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signal result in a broad spectra of frequency 
components. As a rough approximation, the spectral 
bandwidth is related to rise time by 


¢ EMI from the source can be minimized by using the 
lowest possible operating frequency with the longest 
possible rise and fall times, minimizing voltage and 
current changes, and choosing frequencies with 
dissimilar harmonics in multifrequency systems. 


e Anelectrical ground is a path for current to return from 
some load to a source. A safety ground ties electrical 
equipment to earth to prevent shock hazards. A signal 
ground on a circuit board is ideally an equipotential 
reference for signals. 


* Bond wire or bond straps connecting an electric circuit 
or system to ground must be kept short (<A/20) to keep 
impedance low. Flat, wide-cross-section conductive 
straps of minimal length present the least inductance. 


¢ Bond wires tying multiple circuits to ground from an 
electrical system should be as short as possible and tied 
together at a single point. In this way the multiple 
circuits see the same ground potential and ground loops 
are avoided. 


* At frequencies above 10 MHz, the leads connecting 
multiple circuits to a single-point ground can be 
excessively long. In this case it is common to connect 
multiple circuits to a common ground plane using short, 
multipoint connections. l “ 
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9.2 Passive Circuit Elements 
»» 9.4 Given a 2.0-cm length of AWG20 copper wire, (a) 
calculate R,,, (b) calculate R, at 800 MHz, (c) estimate L. 


9.2 Repeat MATLAB 9.1 for a typical 200-Q chip resis- 
tor (L, = 0.40 nH, C, = 50 fF). Compare the resulting plot 
with that of Figure 9.7. 


e A loop of current on a circuit board consists: of the 
source, load, ground, and connecting wire. The degree to 
which these loops radiate and receive radiation is 
determined by the area subtended by the loop. Therefore, 
current loops must be minimized to avoid EMI. 


e Radiation may be reflected or absorbed by shields, 
typically consisting of a thin sheet of metal or ferrite 
material. The shielding effectiveness is 


SE= ole 2 ) 
p. 


S 


where P, is the power transmitted when no shield is 
used and P, is the power transmitted with the shield 
in place. 


e Shields are most often compromised by cable feed- 
throughs, ventilation holes, and seams. 


e Filters are used to block noise at undesirable frequencies 
while allowing signals to pass through. The most 
common types are low-pass, high-pass, and bandpass 
filters. Reflective filters present a large impedance 
discontinuity to the noise, whereas absorptive filters and 
ferrite chokes act to attenuate the noise. 


e Filters are characterized by a plot of their insertion loss 
versus frequency. The insertion loss is given by 


ine 10og{ Z| 
Fr 


where P, and P,, are without and with the filter in 
place, respectively. 


Paul, C. R., Introduction to Electromagnetic Compatibility, Wiley 
Interscience, 1992. 

Weston, D. A., Electromagnetic Compatibility: Principles and 
Applications, 2nd ed., Dekker, 2001. 


9.3 Recalculate L, C,, and fygr if the AWG30 wire for the 
coil of Example 9.2 is replaced with AWG40 wire. 


9.4 Estimate L and the SRF if a 99.8% iron core is 
inserted inside the coil of Example 9.2. 


9.5 Consider a 99.8% iron toroidal core of inner diameter 
0.50 cm and outer diameter 1.0 cm wrapped with 20 turns 








THERE i 


9.9 


-9.10 


of evenly spaced AWG26 copper wire. Estimate inductance 
and the self-resonance frequency of this toroidal inductor. 

¥.6 Calculate the self-resonance frequency for a 47-nF 
mica capacitor with a pair of 1.0-cm-long AWG24 copper 


leads. 


9.7 A thin film capacitor is made by sandwiching a 0.10- 
m-thick layer of Teflon between copper conductive layers. 
Determine the capacitance per unit area and the maximum 
voltage that can be applied across such a capacitor. 

2.8 Ifthe 2.2-nF capacitor of Example 9.3 has an area of 
20. mm2, what thickness mica is used? What is the maxi- 
mum voltage that can be applied across this capacitor? 


Suppose a standard 300.-Q twin-lead T-line is con- 


“structed with AWG24 wire separated by a center-to-center 


spacing of 0.800 cm. If this line is terminated in a short cir- 
cuit realized using the shortest possible length of AWG24 
wire, calculate the reflection coefficient looking into this 
“short” at 100 MHz, 1 GHz, and 10 GHz. 


9.3 Digital Signals 


What is the spectral bandwidth for a 4.0-ns rise time 
signal, using (9.13)? What rise time is required to achieve a 
1-GHz bandwidth? 

9.11 Suppose a 1.0-GHz clock rate is assumed. What is 
the minimum spectral bandwidth calculated using (9.13)? 


9,12 Modify MATLAB 9.3 to look at a 1.0-GHz clock 
rate signal. Minimize the rise and fall times by letting the 
signal be a sawtooth wave. 


9.4 Grounds 
9,13 Repeat Example 9.4 using AWG22 wire and 200- 
MHz current. 


9,14 Repeat Example 9.5 using AWG22 wire and 200- 
MHz current. 


9.5 Shields 


9.18 The field within a shielded enclosure is 12 kV/m. 
What shielding effectiveness is required such that the field 
outside the shield is no more than 1.0 nV/m? 
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8.46 Compare the attenuation in decibels at 1.0 GHz for 
20 um-thick layers of (a) copper, (b) aluminum, and 
(c) nickel. 

937 A particular silver-filled paint is to be used as an 
absorptive layer. It has 6 = 1.0x10° S/m with u, and £, 
assumed equal to one. Calculate the attenuation of a 100- 
MHz wave propagating through a 50.-um-thick layer and 
compare with the attenuation through a pure silver layer of 
the same thickness. 

918 Shielding low-frequency magnetic fields often 
requires a magnetic shield. What thickness of 99.8% iron is 
required to give 20-dB attenuation of a 1.0-kHz magnetic 
field? 
9 f9 
paint shield of Problem 9.17 and compare the result with a 
pure silver shield of the same thickness. 

8.20 Consider a 10.0-um-thick copper shield. Plot the 
contributions to shielding effectiveness (and the total 
shielding effectiveness) from each of the reflective terms 
and from the absorption term from 1 MHz up to 1 GHz. 
Repeat for the same thickness nickel shield. 


9.6 Filters 


9,21 Derive the insertion loss expression (9.20) for the 
series inductor circuit of Figure 9.25b. 

9.22 Suppose an L = 100. nH inductor is used in the series 
inductance filter of Figure 9.25b. Determine the insertion 


loss at 200 MHz if (a) R = 10. Q and (b) R = 10. KQO. 


®.23 Suppose a C = 47. pF capacitor is used in the shunt 
capacitance filter of Figure 9.25a. Determine the insertion 
loss at 200. MHz if (a) R = 10. Q and (b) R = 10. kQ. 


9,24 Determine the insertion loss at 1.0 GHz for a T-filter 


inserted between a 10.-Q source impedance and a 10.-Q 
load impedance. Consider L = 10. nH and C = 47. pF. 


9.25 Determine the insertion loss at 40 MHz for a n-filter 
inserted between a 10.-kQ source impedance and a 10.-kQ 
load impedance. Consider L = 10. nH and C = 47. pF. 


Find the shielding effectiveness for the silver-filled 
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Microwave Engineering 


Learning Objectives 


Describe the microwave components of a transceiver circuit 
Design impedance matching networks using lumped elements 
Introduce scattering parameters for describing multiport networks 


Discuss common microwave circuit components such as circulators, combiners, cou- 
plers, filters, and amplifiers 


Microwaves are considered that part of the electromagnetic spectrum between 300 MHz 
and 300 GHz, although most microwave engineering takes place from 1 to 40 GHz. Table 
10.1 shows the microwave bands of most interest. Microwaves are employed in a host of 
applications including microwave ovens, wireless communications, and radar. Microwave 
ovens are powered by a 500- to 1500-W magnetron tube that provides the 2.45-GHz radia- 
tion. In wireless communications, a wide band of frequencies can be transmitted without 
the severe attenuation encountered at optical frequencies, for instance from clouds. For 
radar, microwave beams may be focused for target tracking. 

As mentioned in Chapter 1, electromagnetics is fundamental to the burgeoning field of 
wireless communications. Electromagnetic waves propagate on transmission lines or in 
space, where they are transmitted and received by antennas. Another aspect of high- 
frequency communications systems is the special circuit components required. The variety 


Table 10.1 IEEE Frequency Band Designations 
aS ne ee ee Kn 


Band Range (GHz) Common applications 
L 1-2 Global positioning satellites, personal communications 
S 2—4 Microwave ovens (2.45 GHz), personal communications 
C 4-8 Satellite communications 
x _ 8-125 Ground radar for aircraft navigation 
Ku 12.5-18 
K 18—26.5 Radar, point-to-point radio i 
Ka 26.5—40 


nL 
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_Fiemre 10.1 A typical transceiver configuration featuring the RF front end. 


of special components is perhaps best viewed by looking at an RF front end (or RF trans- 
ceiver) shown in Figure 10.1. 

Acting as a receiver, the antenna captures a weak electromagnetic wave and sends the 
signal to a low-noise amplifier (LNA) that will boost the signal without introducing much 
noise. Signals and noise outside the vicinity of the desired signal frequency are then 
removed using a bandpass filter (BPF). The next step is to mix the received signal with a 
similar frequency signal produced by a local oscillator. The output of the mixer contains a 
number of frequency components, but the primary one of interest is the difference frequency 
(or intermediate frequency, IF). The mixing operation to convert an RF signal to a lower IF 
signal is known as down-conversion. Down-conversion produces a relatively low frequency 
signal for which a very good IF amplifier can be constructed. The IF amplifier may be 
accompanied by a low-pass filter. The amplified signal passes to the analog-to-digital (A/D) 
converter, and then to the microprocessor where the information is acted upon in some way 
(passed to the speaker of a cell phone, for instance). 

Transmission occurs in the other direction. The microprocessor sends a signal to a 
digital-to-analog (D/A) converter, and an IF signal is mixed with the LO signal to produce, 
among other things, a summed signal. This is known as up-conversion. The up-converted 
signal is passed through a bandpass filter and then on to some amplifier stages required to 
boost the signal level. The signal is then transmitted out of the same antenna that does the 
receiving. To avoid having the strong transmitted signal be picked up by the more delicate 
receiving circuit, a duplex filter is often employed; such a filter can typically provide 100- 
dB isolation between transmitter and receiver. '°-! 


10.1fsolation /, in decibels, is a power ratio. If P, is the transmitter power into the duplex filter and P, is the unin- 
tentional power leaked to the receiver, then /= 10 log (P,/P,). 
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In this chapter we will study some of the various RF front-end components to gain a 
good overview of the field known as microwave engineering. Impedance matching, dis- 
cussed in Chapter 6 using T-line stubs, will be revisited in Section 10.1 with a lumped- 
element matching technique. In Section 10.2 we discuss the very important topic of 
scattering parameters (S-parameters). Design, testing, and understanding of microwave cir- 
cuits are all made easier through the use of S-parameters. Couplers and dividers are dis- 
cussed in Section 10.3, followed by filters in Section 10.4. These are all commonly used 
microwave components. Amplifiers, designed with the aid of S-parameters, are the topic of 
Section 10.5. The chapter concludes with a brief description of receiver design. 





In Chapter 6 Section 6.5 we employed the Smith Chart to impedance match a complex load 
to a lossless T-line.!°-2 We saw that, in addition to the reflection coefficient, the Smith Chart 
also allows plotting of either the normalized impedance or the normalized admittance. The 
object of the matching network is to move to the center of the Smith Chart where |T| = 0. 

Lossless T-line stubs provide pure reactance for matching networks. A disadvantage of 
these stubs is that they require a considerable amount of chip or board space. An option is 
to use lumped-element inductors and capacitors in the matching network. These elements 
can be much smaller than stubs, but care must be taken to operate them well below the com- 
ponent’s self-resonant frequency. !®-3 

In this section we study a Smith Chart approach for the design of lumped-element (or 
L-section) matching networks. Adding a series element will be done in the normalized 
impedance Smith Chart, whereas adding a shunt element will be done in the normalized 
admittance Smith Chart. 

To begin, Figure 10.2 shows a Smith Chart that has a rotated 1 + jx circle added to it. A 
point on the original | + jx circle (for example, point z in the figure) in a normalized imped- 


- ance Smith Chart has a corresponding point on the rotated circle (point y in the figure) for 


the normalized admittance chart. Likewise, an admittance point on the 1 + jb circle of a nor- 
malized admittance Smith Chart would be transformed to an impedance point on a rotated 
1 + jb circle. 

There are three basic matching situations. First, suppose the load impedance lies within 
the 1 + jx circle. Adding a series reactive element will not bring you to the | + jx circle, so 
a shunt element must be used. Figure 10.3a shows the basic steps. Consider the normalized 
load impedance at point 1. Its corresponding admittance is found at point 1’. A shunt ele- 
ment of value jb moves the admittance to the rotated circle (point 2’). Then, the correspon- 
ding impedance point is found (point 2). Finally, a series reactive element of value jx is used 
to reach the center of the Smith Chart. 

Now suppose the load impedance lies within the rotated 1 + jx circle. Figure 10.3b 
shows the basic steps. A series reactive element of value jx moves the impedance from the 
normalized load impedance at point 1 to the rotated circle at point 2. Then, the correspon- 


10.2A review of Sections 6.4 and 6.5 is highly recommended. 


10.34 general practice stated in Chapter 9 Section 9.2 was to operate the device at frequencies no higher than half 
the component’s SRE 
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Rotated 
1£jx 
circle -j0.5 > 

Figure 12.2 Smith Chart with rotated 1 + 

=f jx circle. 


ding admittance point is found (point 2’). Finally, a shunt reactive element zi value jb is 
used to reach the center of the Smith Chart. 
If the normalized load impedance lies outside both the 1 + jx and the rotated 1 + jx cir- 
cles, then either matching network configuration shown in Figure 10.3 can be used. 
Design of an L-section matching network is best illustrated by the following examples. 


EXAMPLE 10.1 


We want to design an L-section network to match a 250 — j250 Q load to a 50-Q line at 800 MHz. 

Our first step is to locate the normalized load, 5.0 — j5.0, at point 1 on the Smith Chart shown in 
Figure 10.4a. Since this is inside the 1 + jx circle, we use the matching network indicated in Fig- 
ure 10.3a. 

We will be adding a shunt element first, so we must convert the load impedance to a load admit- 
tance, which we find is 0.1 + 0.1, or point 1’ in the figure. Now we want to move along the 0.1 + jx 
circle until we intersect the rotated 1 + jx circle. The shortest path is up to the point 2’, or 0.1 + j0.3, 
requiring a shunt element value jb = j0.2. 

Next we’ll add a series element, so we need to convert the admittance 0.1 + j0.3 to an impedance, 
located at point 2, or 1.0 — j3.0. Adding a series element jx = j3.0 brings us to the matched condition 
at the center of the chart. 

To find the element values, we make use of Table 10.2. For the normalized admittance element 
jb =j0.2, a capacitor is needed. We have 


jb =joCZ, 
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Figure 410.3 The two L-section matching 
z networks: (a) network for z located within 
ira (a) the 1 + jx circle. 


and solving for C we find 





De (0.2) FQ)_ 
 @Z, (2n)(800x108 TI s ) ead 


For the normalized impedance element jx = j3.0, Table 10.2 shows that we need an inductor. We have 


pa nag 
ag 


oO 


or solving for L, we get 


Daz, ___ (3.0500) (HY) _ . 
a o oE ta 


The final circuit is shown in Figure 10.4b. 
nn EEE 
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Figure 10.3 The two L-section matching 
networks: (b) network for z located within 
(b) the rotated 1 + jx circle. 


i!) 10.1 Rather than the shunt capacitor and series inductor in Example 10.1, we 
could have chosen another solution requiring a shunt inductor (jb = —j0.5) and a series 
capacitor (jx = —j3.0). Determine the values of these lumped elements at 800 MHz. 


(Answer: 25 nH, 1.3 pF). 


EXAMPLE 10.2 


Let’s design an L-section matching network for a 10.-Q load to be matched to a 50.-Q line at 1.0 GHz. 

Showing our work on Figure 10.5, we first see that the normalized load impedance is found at 
point 1: 0.2 + jO. We therefore follow the procedure suggested by Figure 10.3b and can go to either 
0.2 + j0.4 or to 0.2 —j0.4 to reach the rotated 1 + jx circle. In this example we’ll go to 0.2 — j0.4 (point 
2) and save the other solution for Drill 10.2. To make this move will require a series element of value 
jx =-j0.4, corresponding to a capacitor from Table 10.2. 
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30 nH 2- 1 


+0.80 pF = 250-j250 Q 
Figure 10.4 (a) Smith Chart and (b) final 


AESC (b) matching network for Example 10.1. 


TABLE 10.2 Normalized inductance and Capacitance Values 





chart chart 
L joL jZ 
Zo oL 
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aE Figure 10.9 (a) Smith Chart and (b) final 
N (b) matching network for Example 10.2. 


Next we add a shunt element, so we find the admittance point (2’) at 1 + j2.0. We will need jb = 
-j2.0 to reach the matched condition, and this corresponds to an inductor. 

Calculating the series capacitance and the shunt inductance values we find C = 8.0 pF and L = 
4.0 nH. This is shown in the L-section matching network of Figure 10.5b. 





Ppeiil 10.2 Find the alternate solution for Example 10.2. (Answer: Replace the 8.0-pF 


capacitor with a 3.2-nH inductor, and replace the 4.0-nH inductor with a 6.4-pF 
capacitor.) 
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Let’s modify ML0603 to include the rotated 1 + jx circle as shown in Figure 10.2. 
First we’ll create the new function, “rotcirc(r),” which is identical to “realcirc(r) 
except for a strategically placed sign change. 


29 


function [h]=rotcirc(r) 

*ROTCIRC(r) draws the rotated 1+jx circle; 
phi=1:1:360; 

theta=phi*pi/180; 

a=1/(1l+r); 

m=r/(r+1); 

n=0; 

Re=a*cos(theta)-m; 

Im=a*sin(theta)+n; 

z=Re+i*Im; 

h=plot(z,'k'); 

axis('equal') 

axisC'off') 

Then, in the Smith Chart routine of ML0603, we’ll insert the lines 


%add the rotated 1+jx circle 
rotcirc(1) 


just before the line 


%now add +/- x circles 


You may wish to save this new version of the Smith Chart routine as ML1001 to distin- 
guish it from ML0603. 

Running the program yields a Smith Chart with a rotated circle like the one shown 
in Figure 10.2. 


It is apparent that we often have more than one choice of L-section matching networks. 
The particular choice may depend on availability of the lumped-element components. Also, 
in some cases it may be desirable to bias the load through the matching network, in which 
case an L-section with a series inductor and shunt capacitor would be required. Finally, the 
different solutions may have significantly different bandwidths. 


Consider a circuit or device inserted into a T-line as shown in Figure 10.6a. We can refer to 
this circuit or device as a two-port network. The behavior of the network can be completely 
characterized by its scattering parameters (S-parameters), or its scattering matrix, [S], as 
shown in Figure 10.6b. Scattering matrices are frequently used to characterize multiport 
networks, especially at high frequencies. They are used to represent microwave devices, 
such as amplifiers and circulators, and are easily related to concepts of gain, loss, and 
reflection. 

In the present treatment, we will deal with simple S-parameters that have the same 
characteristic impedance (Z,) at all ports in the network. In such a treatment, the scattering 
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Z Zo 
Zo Zo 
Figure 12.6 A two-port network 
inserted into a T-line (a) may be 
represented by a scattering 
(b) matrix (b). 


parameters represent ratios of voltage waves entering and leaving the ports. Referring to 
Figure 10.7, we represent a voltage wave entering a port with a + superscript and that exit- 
ing a port with a — superscript. A subscript indicates the port number. Using this terminol- 
ogy V;* is the voltage wave entering port 1. 
Some of V;* is reflected at the port, contributing to the voltage wave exiting port 1, V;, 
and some is transmitted out of port 2, contributing to V>. Of the portion transmitted, some 
of this is reflected at the load and reenters port 2 as V}. Of this V+, some is reflected, con- 
tributing to V;, and some is transmitted, contributing to Vy. A graphical representation of 
the situation is given by Figure 10.8.!°-4 We see that V; consists of that portion of V+ that 
is reflected along with that portion of V; that is transmitted. This can be written in terms of 
the scattering parameters as 


Vr = Suai + SiV (10.1) 
Likewise, we can write V> as 


Vz = Sa V? + SV} (10.2) 


Figure 10.7 Two-port 
network to illustrate the 
voltage waves used to cal- 
culate the S-parameters. 





10.4Tt must be emphasized that the voltage waves entering and leaving the ports are doing so across the T-lines. In 
other words, it is incorrect to assume V,* entering from the top portion of the T-line and Vy leaving from the 
bottom portion. 
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Figure 10.2 Scattering matrix 
formulation. 





In matrix form this is written 
i o! Siz | vt (10.3) 
V j S2 Soo V 


[VI = [S][V]* (10.4) 


Here, [S] is a two-port scattering matrix. 
A scattering parameter S;; is defined as the fraction of the voltage wave entering port j 
that exits port i. From (10.1) we can solve for S,, if we set V} = 0, giving 


or in abbreviated form 


(10.5) 





Using our definition of scattering parameter, we have that S,, represents how much of a 
voltage wave entering port | exits port 1. Setting V;* = 0 in Figure 10.7 is a simple matter 
of terminating the line in a matched load (Z, = Z,). In such a case, S,, is the reflection coef- 
ficient looking into port 1. 

In general for a multiport network, 


(10.6) 





We can think of the jth port as the source of the voltage and the ith port as the destination of 
the voltage. We can also consider that a general scattering parameter has both a magnitude 
and a phase: 


S,= |S, | elu (10.7) 
EXAMPLE 10.3 


We see that if we terminate port 2 in a matched load then the reflection coefficient looking into port 1 
is simply equal to S,,. Now let’s terminate port 2 in a short circuit as shown in Figure 10.9 and evalu- 
ate the reflection coefficient looking into port 1. 

We know that the voltage across a short circuit is zero. So at the shorted port 2 we have the fol- 
lowing relation for V,* and V7: 
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Short 
Zo [S] 
— Figure 10.9 Finding the reflection coeffi- 
tn cient in terms of the scattering parameters 
D eacliall when port 2 is shorted for Example 10.3. 
Vi+V;=0 
or 
V>=-Vy 


We can insert this relation into (10.2), and solving for V,*, we get 


Vz = Sq Vi + SV =—-V7 
or 


vi = -Sa Vt 
1+ S22 


Inserting this into (10.1) gives a reflection coefficient of 


r eas a S128521 
vt 1+ S22 


Drit 10.3 Repeat Example 10.3 if port 2 is terminated in an open circuit. (Answer: r 


= Si + S1282 /(1 -Sy)) 


EXAMPLE 104 


Let’s calculate the S-parameters for the two-port network, consisting of a 100-Q resistor inserted into 


a 50-Q T-line, shown in Figure 10.10a. 
We can set V,* = 0 by terminating port 2 in a matched load. So that we won’t lose sight of the 


impedance on each port, we'll leave a tiny section of 50-Q line at port 2 before the termination, as 
shown in Figure 10.10b. Now the S,, scattering parameter is equal to the reflection coefficient T, cal- 
culated as 

W _ Z-Z, _(1002+509)-509 1 


T = — ee a M 
Vi ZL+Z, (1002+500)+50Q 2 


So we have S,, = 1/2. 
With port 2 terminated in a matched load such that V,* = 0, we can also calculate S,,. We find the 


transmission coefficient 


are 
2 
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502 502 
(a) 
—_ 100Q 
Vv Figure 16.10 For Example 
v 02 wu P 
iat d 5 10.4, we want to find [S] for 
a ` the two-port network shown 
i — in (a). In (b), we force Vt = 
to 0 by terminating port 2 ina 
meal (b) matched load. 


and realize that this is the amount of voltage dropped across the series combination of the 100-Q resis- 
tor and the 50-Q termination. To find S,,, we need to find how much of this voltage is dropped across 
the 50-Q termination. Thus we have 





s oa -{ 22 )-34-4 
a klea 10004500) 23 2 
+a 


From the symmetry of the problem we see that S,, = S,, and S,, = S,,. So we have 


Reciprocal Networks 


Notice in Example 10.4 that the transmission characteristics are the same in both directions 
(i.e., S,, = S12). We say that this two-port network is reciprocal. It is a property of passive 
circuits (circuits with no active devices or ferrites) that they form reciprocal networks. 

A network is reciprocal if it is equal to its transpose. Stated mathematically, for a recip- 
rocal network 


[S] = [S]! (10.8) 
where the transpose of a two-port scattering matrix is 
K a -| | - (10.9) 
S2 Sa S2 Sz2 


EXAMPLE 10.5 


Let’s evaluate the passive two-port network shown in Figure 10.11a and verify that it is reciprocal. 
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a N ee z 
J = Bi Hi 
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fe = | 
f ra fie? 
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(a) 
1 250 2 
4 T = al 1? 
p — —— -ve 7 1 1 K 
xs: Ss. j= 
502 ' | i 50Q 
i 
T tener" 4 (b) 
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Figure 12.11 For Example 
10.5, we want to find [S] for 
the network shown in (a). In 
sammen (b) we set V;* = 0 by termi- 
-= -/ nating port 2 in 50 Q, and in 
(c) we set V,* = 0 by termi- 
nating port 1 in 50 Q. 


1 
Tl 
cae | 

I 

t 

! 

i 

I 

L] 

1 

1 
wv 

1 

i 








(0) 


If we terminate port 2 in a matched load, V,+ = 0 and we can find $}, and S,,. Figure 10.1 1b 
shows this situation, where it is apparent that T = 0, and therefore S,, = 0. Also, t= 1 + = 1. To find 
how much of the transmitted voltage gets dropped across the 50-Q termination, we have a parallel 
combination of 50-Q resistors (50 Q//50 Q) in series with a 25-Q resistor. Evaluating the resistive 


divider circuit, we calculate 
950 
Fe (ono) -Lyi 





25 Q+50 Q||50 Q 
So we have 
V5 1 
Sie v = 
1 vz =) 


Finding S», and S,, requires terminating port 1 in a matched load as shown in Figure 10.1 1c. 
Now we calculate S,, = T = -—1/4, and t = 3/4. We then have 


25Q24+50Q) 2 


1 


and therefore 


z 
Sp = 
12 vs 





vt =0 


Chapter 10. Microwave Engineering 


Our scattering matrix for this two-port network is then 


oly 


Clearly this network is reciprocal. 





Lossless Networks 


A lossless network does not contain any resistive elements and does not attenuate the sig- 
nal. No real power is delivered to the network. Consequently, for any passive lossless net- 
work, what goes in must come out! 

In terms of scattering parameters, a network is lossless if 


[S}'[S]" = [U] (10.10) 
where [U] is the unitary matrix, given by 
1 0 
w)-|, i : (10.11) 


and [S]" is the complex conjugate of the [S] matrix. Each element of [S]* is the complex 
conjugate of each element of [S]. For instance, if S}; = Re + jIm, then S,," = Re —jlm and 
SuSa = [Si lz 

For a two-port network, the product of the transpose matrix and the complex conjugate 
matrix yields 


(suf +Saf) (Susi + S1822) 


[sfs] = 
(Sasi + SxS) (Sial +S P 


(10.12) 


EXAMPLE 10.6 


Let's look at the scattering matrix from Example 10.5 and determine if the network is lossless. 


We find 
1 1 
[sT ES] l4 few 


This network is clearly not lossless, nor should we have expected it to be so since it consists of resis- 
tive elements. 

As another way of looking at lossy networks, consider that because a scattering parameter rep- 
resents a voltage ratio, then a squared scattering parameter represents a power ratio. Suppose | W of 
power enters port 1 and we want to account for where this power goes. We see that S 1/7 of it is 
reflected, but since $,, = 0 in this example, 0 W is reflected. We also see that S,/? of it is transmitted 
out of port 2, or 1/4 W. That means that, of the 1 W entering, only 1/4 W leaves the network and there- 
fore 3/4 W is dissipated. 

SS eee 
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Return Loss and Insertion Loss 


Two-port networks are commonly described by their return loss and insertion loss. The 
return loss RL at the ith port of a network is defined as 


RL; = -20 log = -20 log|f;| (10.13) 





a 
v+ 


For a perfectly matched system where the reflection coefficient into a particular port is zero, 
the return loss will be infinite. If a port is completely mismatched, for instance presenting a 
short or an open circuit, then all of the signal will be returned (none will be lost) and the 
return loss will be 0. Consequently, here is a situation where we usually want the parame- 
ter to be a large value. 

The insertion loss /L defines how much of a signal is lost as it goes from a jth port to 
an ith port. In other words, it is a measure of the attenuation resulting from insertion of a 
network between a source and a load. Mathematically we have 


(10.14) 





With insertion loss, a small value is generally desired. The exception would be for fil- 
tering or attenuating applications. 
EXAMPLE 10.7 


Let’s find the return and insertion losses characterizing the scattering matrix of Example 10.5, assum- 
ing each port is connected to a 50-Q impedance. 
Looking into port 1, we have 


RL, = -20 log (0) = œ 


indicating no signal is returned. Looking into port 2, however, we find 


RL, = -2010 + =12 dB 


The insertion loss from port 1 to port 2 will be 
IL; = -2010+ ) =6 dB 


Because the network is reciprocal, /L,, = IL,,. 





EXAMPLE 10.8 


In the previous example we carried out calculations assuming the ports were impedance matched. A 
mismatched port requires a bit more effort. Let’s calculate the return loss looking into port 1 of the 
network in Example 10.5 (shown in Figure 10.11) if port 2 is terminated in a short circuit. 
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From Example 10.3, for a network with port 2 terminated in a short, we found 


Mig -Ssa 
vo «se 


So, for the scattering matrix of Example 10.5 we calculate 


» VAN) _ r 
= Tay, 


Then, finding return loss we have 


RL=—20log 





-= 9.5 dB 





Peal isd Repeat Example 10.8 if port 2 is terminated in an open circuit. 
(Answer: 14 dB) 


Shift in Reference Plane 


The scattering parameters are, in general, complex quantities that depend on the specific 
location of the ports (or port reference planes). To begin this discussion, let’s find the 
scattering matrix for a lossless length £ of T-line characterized by Z, and B, as shown in 
Figure 10.12. 

Since the line is impedance matched, we would correctly assume that the parameters Sy, 
and S,, are zero. Also, since the line is lossless we’d expect the amplitude of the wave enter 
ing a port to be equal to its amplitude leaving the other port. This tells us the magnitudes of 
Sz; and S,, must be unity. However, we also see that a phase shift must be involved. At any 
point along the T-line, the voltage V(z) is related to its value at z = 0 by the expression 


V(z) = Vte) (10.15) 
At port 2, where z = £, we have 
Vz = Vite de (10.16) 
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Figure 10.12 A matched T-line network. 
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Port Port Port Port 
1 f, 1 2 lz 2' 
b= i t T HE 
l | | 
I 
i Zo» B Zo, B | Figure 10.13 The scattering 
P : matrix for shifted reference 
Se | ; 8 planes is related to the origi- 
i i i i nal matrix by phase shifts. 
and therefore 
V a 
So, = i = 1e (10.17) 
l 


V+ =0 


By the symmetry of the problem we see that the scattering matrix for this section of line is 
0 e BE 
sil Sp i (10.18) 


Now suppose we have a scattering matrix [S] referenced to ports | and 2 as shown in 

- Figure 10.13. If we add €, and £, length sections of Z, T-line with phase constant B, then the 

scattering parameters at the shifted reference planes (ports 1’ and 2’) are related to the orig- 
inal scattering parameters by 


SS UGS cae. dane 
Sye P +22) Spe}? 


In these expressions, the phase term B£ is referred to as an electrical length. This is often 
expressed as a phase delay in degrees. 


fret! 10.8 To the two-port network of Example 10.5, append a 30° length of Z, line to 
port 1 and a 60° length of Z, line to port 2. Calculate [S] accounting for this shift in the 


reference plane. 
z 
i 


0 
Answer: [S =| _;; 1 a 
TA me 


The Vector Network Analyzer 


The most powerful laboratory instrument for performing microwave measurements is the 
vector network analyzer, or VNA for short. VNAs like the one in Figure 10.14 had their start 
in 1967 with Hewlett—Packard’s HP8410 Vector Network Analyzer. Present-day VNAs are 
capable of extremely accurate measurements of a device’s scattering parameters over a fre- 
quency range from 10 MHz up to as high as 110 GHz. The analyzer presents the data in a 
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Figure 10.14 A vector 
network analyzer. 
Courtesy of Agilent Inc. 





variety of ways, including a Smith Chart. The VNA can even determine the time-domain 
response (recall the discussion of time-domain reflectometry in Chapter 6), by calculating 
the inverse Fourier transform of the frequency-domain data. 

The VNA measures a device over a swept frequency range. At a given frequency, a sig- 
nal is sent out of port 1 of the VNA to the device under test (DUT). Some of this incident 
signal may be reflected back to port 1, some may be dissipated in the DUT (or radiated), 
and some may be transmitted to port 2. The VNA accurately measures the complex ratio of 
the reflected signal to the incident signal (S,,) as well as the ratio of the transmitted signal 
to the incident signal (S,,). Likewise, by sending a signal out of port 2 it is able to measure 
S2 and S,,. 

The VNA’s accuracy is due in part to a calibration procedure coupled with error- 
correction software. Calibration kits contain caref ully measured matched terminations, 
shorts, opens, and through connections. By using the calibration kits, the ports are virtually 
extended through the various adapters and connecting cables right up to the DUT. 


COUPLERS AND DIVIDERS 


Microwave couplers and resistive power dividers or combiners are commonly used 
microwave elements. In some cases the power from a single microwave power amplifier 
may be insufficient to power, say, a radar transmitter. In such a case, several power ampli- 
fiers may be used with their power added using combiners. Also, using microwave couplers 
allows construction of balanced amplifiers that feature constant gain over a relatively wide 
bandwidth and that can have very low VSWR. 

In this section we will describe three-port networks (circulators and resistive power 
dividers) and four-port networks (directional couplers and branch-line couplers). Our goal 
will be to introduce the terminology and common device types rather than to derive func- 
tional equations. Our focus will be on board level couplers and dividers rather than on the 
lesser used waveguide-type devices. 


Circulators 
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A typical circulator is a layered construct consisting of disks of ferrite and permanent mag- 
nets. These materials impart a directional nature to the electromagnetic fields, resulting in 
decidedly nonreciprocal performance. 

The schematic view of a typical circulator is shown in Figure 10.15. As indicated in the 
figure, microwave power entering port | will exit port 2, and power entering port 2 will exit 
port 3, and so on. For an ideal circulator, the scattering matrix is 


001 
[s]=]1 0 0 (10.20) 
01 0 


This circulator is ideal in that there is no power reflected at the ports (S,, = S,. = S;; = 0), 
with all the power coupled to the appropriate port (i.e., S,, = 1) and none to the isolated port 
(i.e., S;; = 0). 

An actual, nonideal, circulator is characterized by its insertion loss, isolation, and 
VSWR. Consider the three-port scattering matrix 


Sir S2 $3 
[S]=| S2 S2 $23 i (10.21) 
S31 S32 $33 


The insertion loss is measured between the input port and the desired through port. For 
instance, from port | to port 2 we have 


IL, = -20 log (|S |) (10.22) 


The isolation I is a measure of the amount of signal that makes it to the wrong port, or 
Jy, = -20 log (|S; |) (10.23) 





Port 
3 Figure 19.75 A circulator. 
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The amount of signal reflected at port 1 is measured by the voltage standing wave ratio 


1+|r,| 


(10.24) 
1-|F| 


VSWR= 


The standard assumption in calculation of insertion loss, isolation, and VSWR is that all 
ports are matched, in which case 


VSWR _ 1+ Bul (10.25) 
1-|s,,| 


For a symmetrical circulator, the scattering matrix is 


Sir S31 Spy 
[S]=| Sy, Su Sı (10.26) 
S31 Sy, Si 


The specifications for a symmetrical three-port circulator are given as 
IL = 1.0 dB 
I= 22. dB 
VSWR= 1.5 


We want to determine the magnitude of the scattering parameters. 
Let’s consider port 1 as our input and port 2 as our desired through port. We have 
IL= IL, =-20 log (| S,,|) = 1 dB 


Solving, we find |S, | = 0.89. 
Port 3 is isolated, and we have 


I=L, =-20 log (|S, |) = 22 dB 
Solving, we find | S,,| =0.079. 


To find | Si, | using the given VSWR, we assume that ports 2 and 3 are terminated in matched 
loads and have 


VSWR -1_ 
VSWR +1 
a a R 


ISul=]r;|= 0.20 


Prill 10.6 Calculate the return loss looking into port 1 of Example 10.9. (Answer: 
14 dB). 


Three-Port Dividers 


A study of the scattering parameters reveals that it is not possible to construct a three-port 
network, matched at all ports, that is both reciprocal and lossless (see Problem 10.20). We 
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Z/3 Z/3 
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Figure 7246 Resistive power 
divider. 


can, however, relax the lossless requirement and build resistive networks that are useful for 
splitting or combining power. 

Figure 10.16 shows a resistive divider. Analysis of this figure reveals the following 
scattering matrix: 


[S]= (10.27) 


flip 
=I 
2 

1 


1 1 
0 i 
1 0 

The resistive power divider is a symmetrical device. In some cases isolation may be 
desired between the output ports. A Wilkinson power divider, shown in Figure 10.17, evenly 


splits the transmitted power between the two isolated output ports. The scattering matrix for 
an ideal Wilkinson divider, although somewhat complicated to derive, turns out to be 





Figure 10.97 
! Wilkinson divider. 
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Couplers 


| 1l 
0 0 (10.28) 
0 0 


We notice that the Wilkinson divider also has only a 3-dB insertion loss compared to 6 dB 
for the resistive divider. 


The common circuit symbols for a four-port coupler are shown in Figure 10.18. A coupler 
will transmit half or more of its power from its input (port 1) to its through port (port 2). A 
portion of the power will be drawn off to the coupled port (port 3), and ideally none will go 
to the isolated port (port 4). If the isolated port is internally terminated in a matched load, 
the coupler is most often referred to as a directional coupler. 

Consider a four-port scattering matrix: 


Sir S2 M3 Sa 
S 
ier? (10.29) 
S31 
S41 Saz Sas Sa 


For an ideal coupler, this network will be reciprocal, matched at each port, and will have no 
power delivered to the isolated port. Applying these conditions, the scattering matrix 
becomes 
0 S51 i S31 0 
[Sx 9 O Sy 
a, 0 FOR Ss, 
O Sy Sy 0 


[S] (10.30) 


Port 4 Port 3 
(isolated) (coupled) 
O O 






O 
Port 2 
(Input) (through) 





Figure 10.18 Common circuits symbols for four- 
(b) port couplers. 
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There are two solutions for the ideal directional coupler. First, we have the symmetri- 
cal or 90° coupler characterized by 


0 a jp 0 
moe 0 0 E 

[S]= 0 0 « (10.31) 
0 jp a O 


where & and B are the transmission and coupling coefficients, respectively, for the coupler. 
For a lossless network, we have 


oe B= 1 (10.32) 
Inspecting (10.31) we see that power to the coupled port is 90° out of phase with power to 


the through port. 
The second solution is the antisymmetrical or 180° coupler characterized by 


oa B O0 
a 0 0 -f 

[S]= Bo oa (10.33) 
0 -Bao 


There are several terms used to characterize a coupler. First is the coupling C, also 
termed the coupling coefficient. The coupling relates the coupled power (P;) to the input 
power (P,), that is, 


P. 
C= -1010 2) (10.34) 
l A 


If all ports are terminated in matched loads, the coupling coefficient becomes simply 
C =-20 log (|S3,|) (10.35) 
The insertion loss between the input and through ports is sometimes referred to as main 


line loss. For matched ports we have 
IL = -20 log (|S,,|) (10.36) 


The coupler’s isolation is a measure of how much input power exits the isolated port. It 
is given by 
1=-20 log (|S, |) (10.37) 
and is ideally oo. 
A term used to characterize a coupler’s ability to direct energy only to the desired port 
is the directivity D. When all ports are matched, it is given by 


DS zoroa al) (10.38) 
[Sa 
or 
D=I-C (10.39) 


in decibels. 


518 


Chapter 10. Microwave Engineering 
EXAMPIE 10.90 
Suppose an antisymmetrical coupler has the following characteristics: 
C= 10.0 dB 
D=15.0 dB 
IL = 2.00 dB 
VSWR = 1.30 


We want to determine the scattering matrix. We’ll assume all the ports are terminated in matched 
loads. 
From (10.35) we can find S,, as a function of the coupling: 


| S5,| = 10-1920 = 0.316 
Then, from (10.36) we can find S,,: 
| s,,| = 10-229 = 0.794 


The scattering parameter S,, is related to VSWR by 


E | 0130 
VSWR +1 
Finally, to calculate $4, we need to know the isolation. Since we know D and C. we find 7 from 
(10.39) as : 
1=D+C=25dB 
and then 


| S,,| = 10-2529 = 0.056 
Neglecting phases, we can write the scattering matrix as 


0.130 0.794 0.316 0.056 
0.794 0.130 0.056 —0.316 
SI=| 316 0.056 0.130 0.794 
0.056 -0.316 0.794 0.130 


_-_ SSS 


Pet £07 Suppose 1.000 W of power is incident on port 1 of the four-port coupler of 
Example 10.10. Determine the power out of each port and the power dissipated in the 
coupler. (Answer: P, = 17 mW, P, = 630 mW, P, = 100 mW, P,=3 mW, Piss = 250 mW) 


Some of the more common four-port coupler types used in microwave circuits are the 
ring hybrid, the quadrature hybrid, and the Lange coupler. Top-down views of their 
microstrip patterns are shown in Figures 10.19-10.21. 

A ring hybrid coupler (also known as the rat-race coupler) is shown in Figure 10.19. 
As may be gleaned from a study of the figure, a microwave signal into port 1 will split 
evenly in both directions, giving identical signals out of ports 2 and 3. But the split signals 
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A/4 3A/4 


À/4 


4 Figure 19.19 Ring hybrid (or rat-race) coupler. 


are 180° out of phase at port 4, the isolated port, so they cancel and no power exits port 4. 
The scattering matrix for an ideal ring hybrid is 


0110 
Pa) 
Je 
Sse o on (10.40) 
See Ea 


Here we see that the ring hybrid is an antisymmetrical coupler. The insertion loss and cou- 
pling are both equal to 3 dB. Not only can the ring hybrid split power to two ports, but it can 
add and subtract a pair of signals. If a pair of signals is fed to ports 2 and 3, their sum 
(multiplied by -j/V2) will exit port 1 and their difference will exit port 4 (again multi- 


plied by —j/V2 ). 


Zo 
v2 
Zo Zo 
1 4 2 
| 
Zo 1/4 
1 
=~--)/4---1--------- - 
| 
Zs 
Zo Zo 
4 z 3 


Zo Figure 16.20 Quadrature hybrid (or 
v2 branch-line) coupler. 
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Another 3-dB coupler is the quadrature hybrid (or branch-line hybrid) coupler, shown 
in Figure 10.20. The quadrature term comes from the 90° phase difference between the out- 
puts at ports 2 and 3. Like the ring hybrid, the coupling and insertion losses are both equal 
to 3 dB. The scattering matrix is 


= = = Ss 
~~ Oo CO =. 
oN. = O 


(10.41) 


so the quadrature hybrid is a symmetrical coupler. 

Finally, a 3-dB coupler frequently employed in monolithic microwave integrated cir- 
cuits and microwave circuits is the Lange coupler, shown in Figure 10.21. This coupler con- 
sists of interdigitated narrow lines, with alternate lines tied together as shown, typically by 
wire bonds. Although construction is obviously more challenging than the ring or quadra- 
ture hybrid couplers, the Lange coupler can operate over a much broader bandwidth (an 
octave!®-5) than the others. It also tends to take up less space, since the interdigitated fingers 
can be very narrow. The length € = 1/4 is taken at the low-frequency limit of operation. 
Proper design must also consider the narrow finger width w and close spacing d, but these 
considerations are well beyond the scope of this text. The scattering matrix for the Lange 
coupler is the same as for the quadrature hybrid. 


EXAMPLE 10.17 


Suppose to port 1 of an ideal ring hybrid coupler we apply the appropriate frequency voltage 


Vit = 1e8O =v 
1 i 3 

a aa Oe) 

. 

—- W 
A/4 “~~, 

-~ 
4 ae ig Figure 10.21 A Lange coupler features 
(isolated) d (through) octave bandwidth operation. 


10.5An octave represents the range of a doubling of frequency. For example, 1-2 GHz and 2.4-4.8 GHz are 
octave bandwidths. 
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We want to find the voltage exiting the other three ports. 
Since the coupler is ideal, there will be no reflected voltage and no voltage exiting port 4, so 


V,=V,=0 
From port 2, we have 


7 jt, ey re a Oe 
Vz =SyV," [e J90 jen vari V 


V2 


V; will have the same value. 


fe i¢2 Repeat Example 10.11 for the quadrature hybrid coupler. 


(Answer: W = Vy =0, Vg =(1/V2)e!©'v, vy =(1/-/2)e v) 


ILTERS 


` Filters are two-port networks used to attenuate undesirable frequencies. As seen in Figure 


10.1, microwave filters are commonly used in transceiver circuits. The four basic filter types 
are low-pass, high-pass, bandpass, and bandstop. Ideal performance and circuit symbols 
for each filter type are shown in Figure 10.22. 

Of course, an actual filter doesn’t have ideal characteristics. A low-pass filter is char- 
acterized by the insertion loss versus frequency plot in Figure 10.23. Notice that there may 
be ripple in the passband (the frequency range desired to pass through the filter) and a roll 
off in transmission above the cutoff or corner frequency f,. Simple filters (like series 
inductors or shunt capacitors) feature 20 dB/decade roll off. Sharper roll off is available 
using active filters or multisection filters. Active filters employ operational amplifiers that 
are limited by performance to the lower RF frequencies. Multisection filters use passive 
components (inductors and capacitors) to achieve filtering. The two primary types are the 
Butterworth and the Chebyshev. A Butterworth filter has no ripple in the passband, whereas 
the Chebyshev filter features sharper roll off. 

The insertion loss for a bandpass filter is shown in Figure 10.24. Here a small passband 
ripple is desired. The sharpness of the filter response is given by the shape factor SF, which 
is related to the filter bandwidth at 3 dB and 60 dB by 


_ BWooap 


= (10.42) 
BW; aB 


SF 





As we saw in Chapter 9, a filter’s insertion loss relates the power delivered to the load 
without the filter in place (P, ) to the power delivered with the filter in place (Pp): 


m= 100a | : (10.43) 
Pir 
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IL(dB) IL(dB) 





a Gane 
“XS “xX 
Za EXA 
(a) (b) 
IL(dB) : IL(dB) 





Figure 10.22 Ideal perform- 
ance of the four filter types 


"Xo l ~Ne along with their circuit sym- 
Dy l ss bols: (a) low-pass, (b) high- 
pass, (c) bandpass, and (d) 
(c) == (d) bandstop. 


Figure 10.23 Typical performance for a 
¢ low-pass filter compared with an ideal 
one. 





10.4. Filters ~ 523 


IL(dB) 






Passband 
ripple 


f 


Figure 10) 24 


Typical filter performance 
BWeoas for a bandpass filter. 


Another way to represent the insertion loss is by using the power loss ratio, defined as 


Pir SS (10.44) 


where P, is the maximum power available from the source and P, is the power delivered to 
the load. The insertion loss becomes 


IL= 10 log (|Pygl) (10.45) 


The maximum power P, occurs when the source is terminated in a load impedance that 
is the complex conjugate of the source impedance, that is, 


Z,=Ze (10.46) 


For the case where source and load are real and both equal to R, we have 


2 
v 
2 (4%) 2 
or we a (10.47) 


O 


The power delivered to the load is calculated based on the particulars of the filter network. 

When the filter network is inserted in a system that has both a real source impedance 
and a real load impedance, as shown in Figure 10.25, we can also relate the insertion loss to 
the network’s transmission S-parameter as 


IL = -20 log (| S31) (10.48) 


Simple Filters 


Some simple lumped-element filter circuits are shown in Figure 10.26. Although these are 
most likely covered in sophomore-level circuits classes, it will be instructive to examine a 
couple of them. 
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Zs= R, l 





Figure 12.25 Filter network 
inserted in an R, impedance system. 


NO 2=—fe----- -- — 


In Figure 10.26a, the power delivered to the load is 


2 
y 
P = (10.49) 
= R, 
where 
vi R, (10.50) 


= Vs 
2R, + jal 
Manipulating these equations with (10.44), (10.45), and (10.47) we arrive at 


Peed 
2 o0 


IL=20 oe 








(10.51) 


A plot of this relation for a simple low-pass filter is shown in Figure 10.27. The 3-dB 
cutoff frequency, also termed the corner frequency, occurs where insertion loss reaches 3 
dB. Inspecting (10.51), we see that this occurs for the simple low-pass filter of Figure 
10.25a when 


Figure 10.26 Simple 
lumped-element filters: (a) 
and (b) low-pass filters, (c) 
and (d) high-pass filters, and 
a . ee. mel (€) a bandpass filter (a tank 
(c) : (d) (e) circuit). 
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© 
2 
= 
figure 10.27 Characteristics 
0 =a pepe = eaa EA for the simple low-pass filter 
10 10 o 10° of Example 10.12, generated 
Frequency (GHz) via MATLAB 10.2. 
sO 
R, 
=— 10.52 
fe =r ( ) 


EXAMPLE 10.42 


Let us design a low-pass filter for a 50.0-Q system using a series inductor. The 3-dB cutoff frequency 
is specified as 1.00 GHz. 
Rearranging (10.52) we find 


ite R.. R (+ )=159 nH 
nf n{1x10° 1/s)\Q-s 


The insertion loss, plotted in Figure 10.27, is from MATLAB 10.2. 





MATLAB 10.2 


We want to plot the insertion loss versus frequency for the low-pass filter of Example 10.12. 


% M-File: ML10@2 

% 

% This routine plots the insertion loss versus 

% frequency for the low-pass filter of Example 10.12. 
% 

% Wentworth, 12/2/02 

% 

% Variables 

% Ro real line impedance (ohms) 

% L inductance (H) 


(continued) 
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% f freq. (GHz) 

% w ang. freq. (rad/s) 

% PLR power loss ratio 

% IL insertion loss (dB) 

cle %clears the command window 
clear %clears variables 


% Initialize variables 
Ro=5@; 

L=15.9e-9; 
f=0.1:0.01:100; 
w=2*pi*f*1e9; 

%°~ Perform calculations 
PLR=abs (complex(1,w*L/(2*Ro))); 
IL=20*10g10(PLR); 

% Generate plot 

semi logx(f, IL) 

grid on 

xlabel (‘frequency (GHz)’) 
ylabel(‘IL(dB)’) 


Note again the use of the function “LOG10” to indicate base 10 log. 
The plot is shown in Figure 10.27. Notice the 20 dB/decade roll off in the low-pass 
filter response. 


Dili 30.9 Derive an expression for JL for a low-pass filter realized using a shunt 
capacitor. What capacitance value is needed for a 1.0-GHz cutoff frequency if R, = 


500? 
1r ea pF 
2 


[Answer IL= 2o1oe( 





Multisection Filters 


Multisection filters are capable of broad bandwidth and sharp roll off in the transmission 
characteristics. Two popular approaches are the Butterworth filter and the Chebyshev filter. 
We will focus on how to design a Chebyshev filter, sacrificing the flat passband of the 
Butterworth for the sharper roll off of the Chebyshev. 

Regardless of the type of filter desired (low-pass, high-pass, bandpass, or bandstop), 
Chebyshev filter design always begins with a low-pass filter, normalized with respect to fre- 
quency and impedance. This prototype filter is then frequency and impedance transformed 
to achieve the desired properties. 

A low-pass prototype filter circuit is shown in Figure 10.28a. The dual of this circuit is 
shown in Figure 10.28b. Both circuits feature identical performance. The order of the filter 
is the number n of elements used. The element values 8, tO g,,, are values normalized to the 
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Qo=1 Qe 
94 93 Qn+1 
(a) 
Qo=1 gı g2 
g2 Gna1 “igure 10.28 Two low-pass filter 
prototypes with elements normalized 
m with respect to resistance and fre- 
(b) quency. 


resistance or conductance of the source. They are also normalized to the cutoff frequency. 
The parameters are defined as follows: 


p [ source resistance (Figure 10.28a) 
c= 


source conductance (Figure 10.28b) 


inductance for series inductors 
& 1 to En = 7 z 
capacitance for shunt capacitors 


load resistance if g,, is a shunt capacitor 
Enri = 
load conductance if g, is a series inductor 


Values of the normalized elements are listed in Table 10.3 for three values of allowed 
ripple: (a) 0.1 dB, (b) 1 dB, and (c) 3 dB. 

The more elements that are chosen (higher n), the sharper the frequency response roll 
off will be. An odd number of elements is desired, as the terminating impedance will then 


be the same as the source impedance. 
The design procedure for a low-pass filter to be inserted in a system with known 


impedance is as follows: 

1. Determine the desired corner frequency and number of elements n. Also select 
the circuit type (Figure 10.28a or 10.28b) and the amount of ripple allowed in the 
passband (0.1, 1, or 3 dB). 

2. Select values of the normalized elements from Table 10.3 for the appropriate 
amount of ripple. 


3. Transform element values with regard to impedance. Here g, is replaced with the 
system impedance Z, = R, Likewise, if we’ve chosen an odd number of filter 
elements, then g,,,, is replaced with R, as well. 


For inductors, 
GLER, (10.53) 
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OOF MERE BORE eee aa Rie eT ne cee ee een acts en en EE re 
PALE WG .ienyshey filter Coeicisuts for the Low-Pess filter Peat GAYE 1G, mi,ni 





(a) 0.1 dB ripple 
n gl g2 g3 g4 g5 g6 g7 g8 g9 g10 gli 


l .3052 1.0000 

2 8430 .6220 1.3554 

3 1.0315 1.1474 1.0315 1.0000 

4 1.1088 1.3061 1.7703 0.8180 1.3554 

5 1.1468 1.3712 1.9750 1.3712 1.1468 1.0000 
6 

7 

8 

9 








1.1681 1.4039 2.0562 1.5170 1.9029 0.8618 1.3554 
1.1811 1.4228 2.0966 -1.5733 2.0966 1.4228 1.1811 1.0000 
1.1897 1.4346 2.1199 1.6010 2.1699 1.5640 1.9444 0.8778 1.3554 
1.1956 1.4425 2.1345 1.6167 2.2053 1.6167 2.1345 1.4425 1.1956 1.0000 
10 1.1999 1.4481 2.1444 1.6265 2.2253 1.6418 2.2046 1.5821 1.9628 0.8853 1.3554 


(b) 1-dB ripple 
a a ee eee 


n gl g2 g3 g4 g5 g6 gl 28 29 gio gil 
1 1.0177 1.0000 

2 1.8219 0.6850 2.6599 

3 2.0236 0.9941 2.0236 1.0000 

4 2.0991 1.0644 2.8311 0.7892 2.6599 

5 2.1349 1.0911 3.0009 1.0911 2.1349 1.0000 

6 2.1546 1.1041 3.0634 °1.1518 2.9367 0.8101 2.6599 

7 2.1664 1.1116 3.0934 1.1736 3.0934 1.1116 2.1664 1.0000 

8 2.1744 1.1161 3.1107 1.1839 3.1488 1.1696 2.9685 0.8175 *2.6599 

9 2.1797 1.1192 3.1215 1.1897 3.1747 11897 3.1215 1.1192 21797 1.0000 

10 2.1836 . 1.1213 3.1286 1.1933 3.1890 1.1990 3.1738 1.1763 2.9824 0.8210 2.6599 


(c) 3-dB ripple 


n gl g2 g3 g4 g5 g6 gi g8 g9 g10 gll 
1 1.9953 1.0000 

2 3.1013 0.5339 5.8095 

k) 3.3487 0.7117 3.3487 1.0000 

4 3.4389 0.7483 4.3471 0.5920 5.8095 

5 3.4817 0.7618 4.5381 0.7618 3.4817 1.0000 

6 3.5045 0.7685 4.6061 0.7929 4.4641 0.6033 5.8095 

7 3.5182 0.7723 4.6386 0.8039 4.6386 0.7723 3.5182 1.0000 

8 3.5277 0.7745 4.6575 0.8089 4.6990 0.8018 4.4990 0.6073 5.8095 


xo 


3.5340 0.7760 4.6692 0.8118 4.7272 0.8118 46692 0.7760 3.5340 1.0000 
10 3.5384 0.7771 4.6768 0.8136 4.7425 0.8164 4.7260 0.8051 4.5142 0.6091 5.8095 


Source: from G.L. Matthaei et al., Microwave Filters, Impedance-Matching Networks, and Coupling Structures, Artech House, 
Inc., 1980). 
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where L is the g value of the inductor and L’ is the inductor value transformed for 
impedance. 


For capacitors, 


C’ =— (10.54) 


where C is the g value of the capacitor and C’ is the capacitor value transformed 
for impedance. 
4. Transform element values with respect to frequency. 
For inductors, 
ea 
L” =— (10.55) 
0, 
where L” is the final inductance transformed with respect to frequency. For a cut- 
off frequency f., @, = 2 f,. 


For capacitors, 


c” = (10.56) 





where C” is the final capacitance transformed with respect to frequency. 


EXAMPLE 19.143 


To get an idea of how to use the Chebyshev design procedure, let’s design a simple first-order low- 
pass filter with 3-dB ripple and a corner frequency of 1.0 GHz in a 50.-Q system. The situation is 
shown in Figure 10.29a. 

From the problem statement, we have the desired corner frequency and the number of elements, 
so the next step is to select a circuit type and we arbitrarily choose Figure 10.28a. 

For 3-dB ripple, we find from Table 10.3(c) that g, = 1.9953. Including the normalized element 
values for source and load, our filter circuit appears as Figure 10.29b. 

Now the shunt capacitor is transformed with respect to impedance, 

Cg 9955 F 


C’ =— = ——— = 39.9 mF 
Z 50 


o 


Transforming with respect to frequency, we finally have 


EE. 6.4 pF 


Os  2n{1x10°) 


The final circuit is shown in Figure 10.29c. The filter response is identical to that of Figure 10.27. 


æ a a I Iaaaaaaaaaauauaaaualaaaauauluauluaalauaaaaaluaululsllt$5$$$$luluull$lliÃÂÃÂÃiÂil 


Peel £0.12 Rework Example 10.13 starting with Figure 10.28b and determine the 
value of the series inductance. (Answer: 16 nH) 
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50Q 


n=1 | 
low-pass 50Q 
filter 





(a) 





(b) 


509 


50Q 


Figure 18.29 A first-order Chebyshev 
] J low-pass filter with 3-dB ripple designed 
(c) for Example 10.13. 





EXAMPLE 10.14 


Now let’s design a third-order low-pass filter with f, = 2.0 GHz for a 50.-Q system where we will 
allow only 0.1 dB of ripple. 

We choose to use the configuration shown in Figure 10.28b. Consulting Table 10.3(a), we find 
the normalized element values as indicated in Figure 10.30a. 

The impedance transformation gives us 


L’ = LR, = (1.0315)(50) = 51.6 


and 


The circuit at this stage of design is indicated in Figure 10.30b. Now we perform the frequency trans- 
formation to get 


L” = —=—>—__=41 nH 


and 
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Qo=1 gy= 1.0315 gg= 1.0315 





Q4=1 
(a) 
50Q 51.6 51.6 
A 
(b) 
509 4.1 nH 4.1 nH 
A) 1.8 pF 502 
Figure 10.20 A third-order Chebyshev 
low-pass filter with 0.1-dB ripple 
(c) designed for Example 10.14. 


The resulting circuit is shown in Figure 10.30c. 
A plot of the insertion loss for this 0.1-dB ripple filter is compared with 1-dB and 3-dB ripple fil- 
ter responses in Figure 10.31. Notice that the flatter passband is sacrificed for sharper roll off. 


a 








IL (dB) 











Figure 10.34 Insertion loss 
for third-order Chebyshev low- 
pass filters designed with dif- 
Frequency (GHz) ferent ripple tolerances. 
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ie) 16.11 Repeat Example 10.14 using the circuit configuration of Figure 10.282. 
Denning the component values. (Answer: C, = C, = 1.64 pF, L, = 4.56 nH) 


High-Pass Filters 


We know that a low-pass filter using a series inductor becomes a high-pass filter if the 
inductor is replaced with a capacitor. We can transform the Chebyshev low-pass filter pro- 
totype into other filter types by making use of Table 10.4 in the frequency transformation 
step. We begin by designing a high-pass filter and then we will turn our attention to the 
bandpass filter. The bandstop filter will be left for the problems at the end of the chapter. 

As before, we start with the impedance transformation, using (10.53) and (10.54). In 
the frequency transformation to a high-pass filter, we see from Table 10.4 that 














oo z (10.57) 
O.L 
TABLE 104 Fiker Transformations 
Impedance ii 
transformed = 7 eS 
low-pass L= gR, Cz Ro 
prototype 1i 
Low-pass mits ! L C 
filter Wp : sl Oo 
High-pass | uig | ie 
filter | i WL’ | C 
| 
abe 
Bandpass BW,, $ BW, (e 
filter? BW, . ws C’ BW,, 
Te : 
r i 1 
Bandstop  4BW,L T i BW, C 
filter® 2 BWL: ; 
05 ot BW,,C 
7h ee 





“BW, =, -O,, ©, = 0 OL 


Source: Adapted from R. Ludwig and P. Bretchko, RF Circuit Design, 
Prentice-Hall, 2000, p. 238. 
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%=1 L=g; L=g3 


Q L=Q> g4=1 


(a) 
Ro C" c" 
l ia Ro 
Figure 3032 The prototype low-pass 
filter of (a) is frequency transformed to 
(b) the high-pass filter of (b). 


and 


(10.58) 





` Thus, the low-pass filter of Figure 10.32a is transformed into the high-pass filter of Figure 
10.32b. 


Let us modify Example 10.14 to design a third-order high-pass filter with 0.1-dB ripple and 2.0-GHz 


comer frequency. 
We proceed as before to Figure 10.30b. Now the frequency transformation gives us 


Ge! =. ee 


OL’ 2n(2x10°)(51.6) 





and 


[fe E ES 


OC’ 2r(2x10°)(0.023) T 


The final high-pass circuit is shown in Figure 10.33a along with the filter response in Figure 10.33b. 
ac ee Rt E 


Bandpass Filters 
Design of bandpass and bandstop filters requires specification of the filter bandwidth. The 
difference between an upper and a lower angular frequency (W, and œ, respectively) con- 
stitutes the bandwidth, 

BW, = ®, — OL (10.59) 
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502 1.5 pF 1.5 pF 


3.5 nH 50Q 





T 
= 
= 
Figure 19.32 (a) Third-order 
0 a O on ee Chebyshev high-pass filter cir- 
10° 10' cuit for Example 10.15. (b) The 
(b) Frequency (GHz) filter’s insertion loss. 


where the œ subscript indicates the bandwidth is with respect to angular frequency. The 
transforms also use a mean average angular frequency œ, given by 


0, = Joo, (10.60) 


As seen from Table 10.4, an inductor from the low-pass prototype is transformed into 
a series combination of an inductor and a capacitor. A capacitor from the prototype trans- 
forms into a parallel combination. 


EXAMPLE 10.16 


We want to design a third-order Chebyshev bandpass filter for a 50.-Q system. The passband is to be 
from 900 to 1100 MHz with only 1 dB of ripple allowed. 
To begin, we’ll arbitrarily choose the low-pass filter prototype of Figure 10.28a. From Table 
10.3(b) we find the element values as shown in Figure 10.34a. 
Next, impedance transformation yields 
gı _ (2.0236) 


C= SL. 0.0405 
Rio 50 


and 
L’ = g,R, = (0.9941)(50) = 49.7 
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1 0.9941 
@ 2.0236 2.0236 S1 
(a) 
500 49.7 
AJ 0.0405 0.0405 %50 
(b) 
502 40nH 0.65pF 


Figure 78.34 (a) The low- 
pass prototype for Example 
10.16. (b) The following 
impedance transformation. 
(c) The following bandpass 
frequency transformation. 
(d) The simplified circuit 
for finding IL. 





The prototype circuit after impedance transformation is shown in Figure 10.34b. 
Performing the frequency transform requires that we know BW, which is equal to (27)200 x 
106 = 1.257 x 10° radians/s, and the mean average angular frequency 


O, =2n,/@,01, = 2n,{(900 MHz)(1100 MHz) = 6.2510" radians/s 


We first convert each 0.0405 capacitor into a parallel inductance—capacitance combination, where 


‘od A C = 0.0405 T F 
BW, 1.257x10 
and 
9 
i = BW, z 1.257 x10 =0.80 nH 


27 2 
wC” (6.25x10°) (0.0405) 


The “C” subscript is used to indicate that the components are transformed from a capacitor. Next we 
convert the 49.7 inductor to a series combination, where 
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60 
SOE = = pe R | a -= x F eN 4 ee - A 
T 
= 
0 i i Nm Leen | Figure 10.35 Insertion loss 
05 06 07 08 09 1 11 12 13 14 #15 for bandpass filter of Example 
Frequency (GHz) 10.16. 
gr E 
BW» 1.257x10 
and 
9 
are BW,, 2 1.257 x10 = 0.65 pF 


oL” (6,25%10°) (49.7) 


These transformed values are shown in the bandpass filter circuit of Fi gure 10.34c. 

To plot the bandpass filter insertion loss, we can simplify the circuit as shown in Figure 10,34d 
by replacing the parallel LC combination with an impedance Z, and replacing the series LC combina- 
tion with an impedance Z,. We then define Z, = Z, || R, Z,=Z,+ Z,,Z,=Z, ||Z,, and Z,=Z,+ R. After 
some manipulation we arrive at 





and then 
IL = 10 log (|P,p 1) 


This is plotted in Figure 10.35 using ML1003. 


TT eee 


MATLAB 10.3 


% M-File: ML1003 
% 


% This routine plots the insertion loss versus 
% frequency for the bandpass filter. of Example 10.16. 
% 
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Wentworth, 12/2/02 


Variables 

R real line impedance (ohms) 

Le inductance (from cap) (H) 

Cc capacitance (from cap) (F) 

LL inductance (from ind) (H) 
Capacitance (from ind) (F) 

f freq. (GHz) 


w ang. freq. (rad/s) 
Zie ZC ZE ZCL 
element impedances 


BS D R SS Be SS Se BS BS BE BS BE Be L L 
A 
[ae 


Z1-Z6 impedance variables 

PLR power loss ratio 

IL insertion loss (dB) 
CIG %clears the command window 
clear %clears variables 


%. Initialize variables 
R=50; 

Lc=@.80e-9; 

Cc=32e-12; 

LL=40e-9; 

CL=0.65e-12; 
f=0.5:0.005:1.5; 
w=2*pi*f*1e9; 


% Perform calculations 
ZLc=1*w*Lc; 
ZCc=-i./(w*Cc); 

ZLL=i *w*LL; 
ZCL=-i./(w*CL); 
Z1=parallel(ZLc,ZCc); 
Z2=ZLL+ZCL; 
Z3=parallel(Z1,R); 
Z4=Z3+2Z2; 
Z5=parallel(Z1,24); 
Z6=Z5+R; 
PLR=(Z4.*Z6./(2.*Z3.*Z5)) .A2; 
TL=10*LOG10(abs(PLR)); 


% Generate plot 
plot(f, IL) 

grid on 

xlabel (‘frequency (GHz) ’) 
ylabel (‘IL(dB) ”) 


The Chebyshev design procedure is a powerful approach for desi gning filters realized 
using discrete circuit components. In microwave circuits, these components are often trans- 
formed into T-line sections. To see how this is done, the interested student is directed to the 
texts by Pozar and by Ludwig and Bretchko listed at the end of this chapter. 
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Microwave amplifiers are a common and crucial component of wireless transceivers. They 
are constructed around a microwave transistor from the field effect transistor (FET) or bipo- 
lar junction transistor (BJT) families. For high-frequency, high-speed operation, several 
special transistor types have been developed including silicon germanium heterojunction 
bipolar transistors (SiGe HBTs), gallium arsenide field effect transistors (GaAs FETs), and 
GaAs high electron mobility transistors (GaAs HEMTs). 

The task of an amplifier is, of course, to amplify a signal. The degree of amplification 
is given by the gain G, which relates the output power Pw to the input power P, as 


G= 10to| Za ) : (10.61) 


nm 


In addition to gain, amplifiers are also characterized by their dynamic range, noise figure, 
and VSWR at each port. The dynamic range is represented by Figure 10.36. It is basically 
the range over which the amplifier’s gain is constant (i.e., the output is a linear function of 
the input). The range extends from the minimum signal discernible from the noise floor up 
to the 1-dB compression point, where the output has dropped 1 dB below its ideal value. 
Amplifier manufacturers most often cite the output power level as the 1-dB compression 
point (typically in dB,,).!°° The axes in Figure 10.36 are in terms of absolute power. Recall 
that dB,,, is referenced to 1 mW, so a 10-dB,, output power level would correspond to 


10 dBm = 10toe{ “a (10.62) 


or P,,, = 10 mW. 
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Minimum P. (dB) 
discemible n(dBm) Figure 10.36 Amplifier 
signal dynamic range. 


10-6To avoid confusion the term “1-dB output compression point” should be used in this case. 
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Figure 10.37 (a) A typical common- 
emitter amplifier circuit. The AC circuit 

- n TR resembles a two-port network (b) that can 
(b) (c) be represented by its S-parameters (c). 





The noise figure is an indicator of how much noise is introduced to the signal by the 
amplifier. It is the ratio of the signal-to-noise ratio (SNR) at the input to the SNR at the out- 
put. For very weak input signals, it is critical that the amplifier have a very low noise figure. 

The VSWR indicates how well the amplifier is impedance matched at the input and 
output. 

For descriptive purposes, an amplifier circuit based on a BJT is shown in Figure 
10.37a. The student is most likely familiar with the basic construction from a sophomore- 
or junior-level electronics course. Resistor values are chosen based on the desired DC oper- 
ating point, which determines the AC performance of the transistor. The emitter resistance 
R., placed in the DC circuit to provide a stable operating point, is shorted to ground in the 
AC circuit by the bypass capacitor C, to provide greatly improved gain. The input and the 
amplified output signals are coupled to the amplifier by Cin and C w (coupling capacitors). 

There is another element included in this circuit that is characteristic of microwave 
amplifiers: the RF choke (or RFC for short). The choke hides the DC biasing network from 
the high-frequency signals, making the AC circuit resemble the two-port network shown in 
Figure 10.37b. This two-port network can in turn be represented by a scattering matrix 
(Figure 10.37c), where the parameters are a function of the DC operating point and frequency. 

A general microwave amplifier can be represented by the two-port S-matrix network 
between a pair of impedance matching networks as shown in Figure 10.38. The matching 
networks are necessary to minimize reflections seen by the source and to maximize power 


to the output. 
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Some key parameters used in designing the matching networks and in calculating the 
amplifier gain are the reflection coefficients T}, Ts, liy, and Moy shown in Figure 10.38. 
The reflection coefficient looking into the transistor from the source matching network, Fiy, 
is related to the transistor scattering parameters and Tas 


Pin = SA eea (10.63) 
Likewise, 
SpIrsS 
our =en t set ( ) 
The amplifier gain is termed the transducer power gain, given by 
P 
Gr == (10.65) 
Pa 


where P, is the power delivered to the load and P, is the maximum power available from 
the source. In terms of decibels, 


G,(dB) = 10 log( G) (10.66) 


In a more advanced treatment on the subject matter, it can be shown that Gr is related to the 
two-port scattering parameters and the various reflection coefficients by the equation 


eal lalla (10.67) 
7 : 
|L- TnTs| I = Si, | 


One of the first steps in a rigorous microwave amplifier design is to perform a stability 
analysis. This is accomplished by plotting stability circles on a Smith Chart. These circles 
are functions of the S-parameters and can be used as a guide to modify the circuit to achieve 
stability. This subject lies beyond the scope of this text, so we will make the simplifying 
assumption that our transistors are unilateral. The output signal at port 2 of a unilateral tran- 
sistor has no effect on the input signal at port 1. Put another way, S,, = 0. This leads to 


Tn = S (10.68) 
and 
Four = S% l (10.69) 
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The transistor is now unconditionally stable as long as Seal and Is, | are less than 1, 
which ts generally the case. 

It is worth mentioning that S,, is close to zero for many transistors, and a unilateral 
assumption is often made to simplify amplifier design. 

Maximum power is delivered from a source when the load is equal to the complex con- 
jugate of the source impedance. A consequence of this relation is that maximum gain is 
achieved when’, = Tiy" and T, =T oyr - For a unilateral transistor, we therefore have max- 
imum gain when I, = S,," and’, = S, . For this case the maximum transducer power gain 
becomes 


1 2 1 
=——,|S,,| me 
ial T 


Tax 


(10.70) 


The scattering parameters for a unilateral transistor at a particular DC bias and frequency are given as 
S, = 0.5600 
Sp =0 
S1 = 2.20066" 
Sa = 0.660e +120 


Inserting this transistor into a 50-Q system, we want to determine the gain with and without optimized 
matching networks. 

Without the matching networks, the transducer gain is simply lS | 2, or 4.84. In terms of deci- 
bels, G;(dB) = 20 log ( [Sa | ) = 6.80 dB. 

With the matching networks, we have 


ap 


1 
G = 2 EEEN T a 12 
Tume 110.56)" sale -10.66 


or G,(dB) = 11.0 dB. 
So in this example we see that the matching networks provide a 4.2-dB improvement in the 
amplifier power gain. 


a 


Maximizing gain is not the only criterion used in amplifier design. Some of the gain 
could be sacrificed for broader bandwidth or for improved noise performance. Although 
this is beyond the level of our coverage, it should be pointed out that the Smith Chart plays 
an important role in all of these design options. For example, circles of constant gain and 
of constant noise can be plotted on the same Smith Chart to aid in selecting an optimized 
solution. 


Designing Matching Networks 


In previous sections the task in designing an impedance matching network was to move 
from a mismatched load to the center of the Smith Chart. This is not the case for amplifier 
matching networks. 
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Let’s consider the load-matching network for an amplifier built with a unilateral tran- 
sistor, depicted in Figure 10.39. For this case maximum gain is achieved when F, = 5 HAS 
can be gleaned from the figure, we will be moving from a matched load Z, at the center of 
the Smith Chart to a location where I, = S37. 

The same situation exists for the source-matching network. The examples to follow 
illustrate how the matching networks are designed. 


EXAMPLE 10.18 


Let’s design open-ended T-line stub matching networks for an amplifier constructed using a transis- 
tor with the S-parameters of Example 10.17. 
We will start with the load-matching network, where we see that 


T, = Spy = 0.66¢7120° 


This point, located as point a on the Smith Chart of Figure 10.40a, represents the normalized imped- 
ance looking into the load-matching network. We must move from the center of the Smith Chart to 
this T, point. 

It is helpful to begin by drawing the constant-| Tal circle. We notice that this circle intercepts the 
1 + jx circle at the points 1 + j1.8. Our first step will be to move, in the normalized admittance circle 
(since we are adding a shunt stub), from the open end of the stub (point b’ at WTG = 0 A) to the point 
0 + j1.8 (point c’ at WTG = 0.169A). Adding the admittance looking into this stub to the admittance 
of our Z, load we obtain | + 1.8 (point d’). Now we need to add a through section of T-line to move 
to the point a on the normalized impedance chart. But point d’ is an admittance point, so we first find 
the corresponding normalized impedance point d (at WTG = 0.433 À) and move away from the load, 
clockwise toward the generator, to point a at WTG = 0.4172. This corresponds to a through-line 
length of 0.484 A. The resulting load-matching network is shown in Figure 10.40b. 

We follow the same procedure to solve the source-matching network. First we locate 


Ts = 5," = 0.560073% 


This is point a on the chart shown in Figure 10.41a. Drawing the constant-|T.| circle we find the 
intersection points | + /1.35. Then, we move from the open end of a shunt stub (point b’) to the point 
c’ where the admittance is 0 + j1.35 located at WTG = 0.148 À. The total admittance looking into the 
parallel combination of the shunt stub and the Z, load is 1 + J1.35 (point a’). Finally, we move from 
this point, at WTG = 0.172 A, clockwise to point a’ at WTG = 0.042 À, a distance of 0.370 À. Note that 
an equivalent approach for this last step would be to find the point d, the normalized impedance point 
corresponding to the normalized admittance at d’, and move from this d point to the normalized 
impedance point a. The resulting source-matching network is given in Figure 10.41b. 


C 


(b) 
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C= 0.1690 Figure 10.40 (a) Ty, Smith Chart and (b) 
T-line stub load matching network for 
Example 10.18. 





EXAMPLE 10.19 


Let us now realize the matching network of Example 10.18 in microstrip to be constructed on 20.0- 
mil-thick low-loss board with £, = 10.2. Assume 2.40-GHz operation in a 50.0-Q system. 

We can run the program ML0605 from Chapter 6 to determine the width of line needed to 
achieve a 50-Q impedance. We get w = 18.8 mils. The program also tells us E, = 6.84. This is used to 


determine guide wavelength: 


g 3x10 m ; 
Ào (S E (E = )=1.88 in 
0.0254 m 
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(b) 


The line lengths are then calculated. For instance, the length of the open-ended microstrip stub in the 
load-matching network is 





t= o.1692{ 25 *)=0.318 in 


Figure 10.42 shows the final circuit. 


—_ Sees 
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Fines 40.42 The top-down view of microstrip sections used for the matching networks of 
Example 10.19. 


EXAMPLE 10.28 


Now let’s design lumped-element matching networks for an amplifier constructed using a transistor 
with the S-parameters of Example 10.17. We'll again assume 2.4-GHz operation in a 50-Q system. 
As in Example 10.18, we have 


T, = 5,3 = 0.666 9120" 


We locate this as point a on the Smith Chart shown in Figure 10.43a. Also on this Smith Chart we add 
the rotated 1 + jx circle. Our task will be to move from the matched load at the center of the Smith 
Chart to the T, point a. 

Referring to Figure 10.43a, we first work this problem backward to locate the key points on the 
’ Smith Chart. From a (at z = 0.26 — j0.55) we move along the constant r = 0.26 circle to point b (z = 
0.26 — j0.44). Then we jump to the admittance chart point b’ (at y = 1 + 1.65). 

Now we can solve the load-matching network. We'll move in the admittance chart from the load 
(at y = | + j0) to point b’, requiring a normalized admittance value of +/1.65. From Table 10.2 we see 
that this corresponds to a shunt capacitance: 


j1.65 = joCZ, 
or 
1.65 


T 2n(2.4x10°\(50) Ka 


Next we must move from point b to point a, requiring a normalized impedance value of —0.11 
corresponding to a series capacitance: 





Fome- 
wCZ 


a 


or 
l 


C = ———— n = 12 pF 
2n(2.4x 10° (50)(0.11) 
The source-matching network is solved in the same way, moving from a matched load to the 
point on the Smith Chart where 
T; = 0.56e0 


Again we work backward to find the key points indicated in Figure 10.43b. From the T; point a (at z = 
2-— j1.7), we convert to admittance point a (at y = 0.3 + j0.24). We move from here to point b’ (aty = 
0.3 + j0.46), and then jump back to the impedance chart at point b (at z = l| —f1.5). 
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Figure 10.43 (a) The T, Smith Chart for 
solution of the load-matching network. (b) 
The T, Smith Chart for solution of the 
source-matching network. 
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figure 10.23 (c) The final solution 
for Example 10.20. 


Now we solve the source-matching network by first moving in the impedance chart from the 
matched load to point b, requiring a normalized impedance of —j1.5, corresponding to a series capac- 
itor of value 0.88 pF. Then we move from admittance point b’ to point a’, requiring a normalized 
admittance of —j0.22. This corresponds to a shunt inductance of value 15 nH. 

Our lumped-element matching network is shown in Figure 10.43c. 





Balanced Amplifiers 


One way to achieve a broader bandwidth amplifier is to sacrifice gain. However, this 

approach leads to increased VSWR at the input and output. The balanced amplifier, shown 

in Figure 10.44, eliminates reflection at the input and the output. It consists of 3-dB cou- 

plers (typically a Lange coupler if broad bandwidth is desired) at both the input and the out- 

put of a pair of identical amplifier stages. Each amplifier stage has its source and load 
- matching networks identically optimized for gain, bandwidth, and noise performance. 

The input signal passes through the coupler, where it is evenly split with a 90° phase 
shift between signals. Any reflection at the amplifier passes back through the coupler into 
ports 1 and 4. The reflected signals to port 1 are shifted an additional 90° from each other 
and therefore cancel. The reflected signals add at port 4, where they are dissipated in a 
matched termination. 

An additional advantage of the balanced amplifier is the doubling of the output power 
compared to that of a single amplifier. 





Figure 10.44 Balanced amplifier. 


10.6 RECEIVER DESIGN 


A block diagram of a microwave receiver is shown in Figure 10.45. We’ve discussed anten- 

nas, amplifiers, and filters, and this section will briefly describe oscillators and mixers. 
The overall receiver must deliver high gain and have good selectivity. A typical power 

level of —100 dB,, may be received at the antenna and this must be amplified by as much as 
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Figure 19.45 Microwave 
receiver block diagram. 


100 dB by the receiver. Several amplifiers must be employed to do so, including one or 
more amplifiers for the IF signal. 

The receiver must also be able to select a specific frequency while rejecting nearby fre- 
quencies. Selectivity is most often achieved by tuning the frequency of the oscillator for 
channel selection and using a narrow-band filter after the mixing stage. 


Microwave oscillators convert DC power to RF power. They are characterized by their out- 
put power, output frequency, and phase noise. The phase noise is related to the bandwidth 
of the output; a wider bandwidth corresponds to more phase noise. 

All wireless transceivers receive their microwave energy from solid state oscillators. 
The primary types are negative resistance oscillators and transistor oscillators. 

Negative resistance oscillators use nonlinear devices that feature a negative resistance. 
That is, at a particular bias condition, an increase in voltage will result in a decrease in cur- 
rent. The first solid-state negative resistance devices used for oscillators (in the late 1960s) 
were the Gunn diode and the IMPATT diode. Gunn diode oscillators have been constructed 
to operate as high as several hundred gigahertz. 

Transistor oscillators employ feedback to create instability, leading to oscillations. The 
typical output of a transistor oscillator is 30 dB „at | GHz, dropping to 20 dB,, at 10 GHz, 
though some have been constructed to operate as high as 100 GHz. 

S-parameters are employed in oscillator design, and operation depends on the careful 
design of the matching networks. However, because of the nonlinear nature of operation, 
exact design can be difficult. 


A microwave mixer uses a nonlinear device such as a diode or transistor to multiply a pair of 
RF signals. The output consists of signals at the input frequencies, at the difference and sum 
frequencies, and at the various harmonics. Fi gure 10.46 shows some of the frequencies exit- 
ing a mixer that is fed by an RF signal (at fr) and an LO signal (at fi o). The difference or 
intermediate frequency is at a much lower frequency than the other components. These higher 
components are removed by passing them through either a low-pass or a bandpass filter. 
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Figure 18.46 Frequency components 
related to mixing. 


The important properties of a mixer are its conversion loss, isolation, and dynamic 
range. Conversion loss (CL) is a measure of how well the mixer converts an input RF sig- 
nal to an output IF signal. It is given by 


{P 
CL= toog Zee (10.71) 
Pir 


where Ppr is the available RF signal power and Py, is the available IF power. For a diode 
mixer, 3 dB is the theoretical minimum conversion loss (with 3.5-8.5 dB being typical). 
. The loss comes from mismatch and intrinsic loss in the diode. 

Isolation (J) refers to how much RF or LO power makes it to the output. It is sometimes 
referred to as interport isolation or port-to-port isolation and is given by the maximum of 


P P 
I=-10log <E | or I=-10log| -2% (10.72) 
RF;n Po 


Isolation between 10 and 25 dB is typical. 

Dynamic range for a mixer is similar to dynamic range for an amplifier. Here it relates 
to the range over which the output IF power is a linear function of the input RF power. The 
1-dB compression point for a mixer refers to the RF input power level at which point the 
conversion loss increases 1 dB. 

A mixer’s performance is conveniently measured using a spectrum analyzer (Figure 
10.47). This instrument provides a frequency-domain view of a mixer’s output. 


Figure 10.47 Spectrum analyzer. Courtesy of 
Agilent Inc. 
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Figure 10.48 Portion of 
D receiver circuit for 
Example 10.21. 


EXAMPLE 10.21 


Let’s analyze the portion of the receiver circuit shown in Figure 10.48. 
The antenna receives 2.45 GHz at a —40-dB „ power level corresponding to 100 nW. This power 
passes through amplifier G, with a gain of 20 dB, so we have 


Pı =—40 dB, + 20 dB = -20 dB, 


exiting G,. Next, we lose 1 dB through the bandpass filter, so -21 dB,, is available entering amplifier 
G,. We then have 


Pow =~-21 dB,, + 16 dB =—5 dB,, 
exiting G, and entering the mixer. This is below the 1-dB compression point, so we have 
Pir =—5 dB,, - 6 dB =—11 dB,, 


of IF power exiting the mixer. This corresponds to about 80 HW. With the local oscillator tuned to 
2.451 GHz, the IF output of the mixer will be 1 MHz. 

The analysis becomes more interesting if the power received by the antenna is boosted to —30 
dB,,. Following the various stages we see that +5 dB,, of RF power now enters the mixer. But this 
exceeds the mixer’s 1-dB compression point. With a 2-dB,, compression point and a 6-dB conversion 
loss, the most IF power we can expect out of the mixer is 4 dB,, (400 uW). 

We should generally avoid operating a device beyond its compression point as the output will no 
longer be a linear function of the input. 


CŘ 


Microwave CAD 


We’ve used MATLAB to perform a number of straightforward simulations and calculations, 
but microwave and RF circuit design is most often accomplished with the assistance of spe- 
cialized computer-aided design (CAD) software. Accurate simulation tools greatly reduce 
the need for expensive testing and tweaking of microwave circuits and components. The 
numerous CAD packages available offer a broad range of features. 
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One extremely powerful package is Agilent Eesof EDA’s Advanced Design Suite. This 
system integrates multiple design tools to study both the DC network and the AC network 
with S-parameters. It can also perform both time-domain and frequency-domain simula- 
tions. Another feature, shared by a number of CAD packages, is a board layout tool; using 
this tool, designs can be quickly translated to a working structure. 

Another powerful CAD suite is available from Sonnett Software. Of particular interest 
to the student is the free CAD package Sonnet Lite, available for download from Sonnet 
Software at http://www.sonetusa/products/lite/download.asp. 

CAD software is also available for antenna design. One of the most economical pack- 
ages is NEC WinPro, available from Nittany Scientific, Inc. (www.nittany-scientific.com). 
This package can handle a variety of wire antenna designs. 


Practical Application: Radio Frequency Identification 


Radio frequency identification (RFID) has found favor over other identification and inven- 
tory techniques chiefly due to its non-line-of-sight operation and capability of functioning 
in adverse environments. The system consists of a tag placed on the item to be identified 
and a reader used to interrogate the tag. The tags may be very small, such as ones inserted 
beneath the skin for animal tracking. Larger tags have been encased in plastic and attached 

‘to store merchandise to prevent theft. Similar tags are mounted on windshields inside 
automobiles and used for automated toll collection. Tags have also been embedded in auto- 
mobile tires for identification and tracking purposes. More advanced versions of these tire 
tags also contain a pressure sensor. Such an RFID sensor tag can alert the driver if the tire 
loses pressure. 

The frequency of RFID systems can vary from the lower ranges of the spectrum around 
135 kHz to the higher frequency range at 5.875 GHz. The most commonly used is the 
13.56 MHz ISM (industrial scientific medical) band. If an on-board battery powers the tag, 
it is termed an active tag. Passive tags draw power from radiation emitted by the reader and 
are less expensive and generally preferred over active ones. Their only drawback is a much- 
reduced reading range compared to an active tag. This disadvantage is offset by the very 
long lifetimes and durability of passive tags compared to active ones. 

Figure 10.49 shows the major components of an RFID sensor tag system. The reader 
transmits radiation to the tag. In this case the tag is passive so it contains a circuit that 
rectifies received radiation to supply power to the rest of the tag circuitry. The microcon- 
troller contains identification information unique to the particular tag and may also receive 
input from an on-board sensor. The controller exports this information to a switch on the 
antenna. The switch determines whether the antenna is tuned to its resonant frequency and 
affects how much of the incident radiation is reflected. The result is a modulated signal at 
the reader that can then be decoded. This mode of detection is referred to as backscatter 
modulation. 
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Figure 10.49 Block diagram of an RFID sensor system. 


SUMMARY 


Common impedance matching networks employ shunt 
T-line stubs or lumped-element capacitors and 
inductors. The Smith Chart is used in designing these 
matching networks. With lumped elements, a more 
compact matching network may be constructed but care 
must be taken to ensure the devices operate well below 
their self-resonant frequency. 


Scattering parameters, or S-parameters, are a very 
useful way to represent a circuit device or network and 
are extensively used in microwave circuit design. When 
a network is terminated at all ports in the same 
characteristic impedance Z,, the scattering parameters 


represent ratios of voltage waves entering and leaving 
the circuit. Formally, 


J Ivy sonny 


Any network constructed of passive components is 
reciprocal. In terms of S-parameters, for a reciprocal 
network the scattering matrix equals its transpose: 


[S] = [S}' 


| m= RECTIFIER 


= 
$ 


— [MICROCONTROLLER 
~|SWITCH|<«- -CLOCK 

. -MEMORY 
SENSOR j 


TAG 
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to switch 





No power is dissipated in a lossless network. A network 
is lossless if 


[STES]" = [U] 


where [S]*" is the complex conjugate of [S] and [U] is 
the unitary matrix. Since a squared S-parameter 
represents a power ratio, the squared S-parameters of 


any column of a scattering matrix will sum to 1 for a 
lossless network. 


Return loss RL at the ith port of a network is related to 


the reflection coefficient T; looking into the ith port and 
is defined as 


RL, =-20 log ( |T;|) 
If all ports are terminated in matched loads, 
RL, =-20 log ( |S;|) 


Insertion loss IL is a measure of loss from one port to 
another in a network. For a signal entering port j and 
exiting port i, 
i | 
+ 
vi 


IL; =—20log 





If all ports are terminated in matched loads, 
IL,;= —20 log ( Is,| ) 


Microwave power can be coupled, combined, or 
redirected using three- or four-port couplers and 
dividers. These devices are most commonly defined by 
their scattering matrix. 


For a microwave circulator 


Su S2 Sia |ia? 9 |} 
[S]=| S S2 Sy3]| =]! 0 0 


The insertion loss IL between the input port and the 
desired coupled port is given by 


IL,, = -20 log ( [s | ) 


whereas the isolation /, a measure of how much signal 
makes it to the wrong port, is given by 


1 =-20 log (|S; |) 


The amount of signal reflected at the input port is given 
by the VSWR. These definitions assume all ports are 
terminated in matched loads. 


A typical four-port coupler consists of an input port (1), 
a through port (2), a coupled port (3), and an isolated 
port (4). The ideal scattering matrix for such a coupler is 


0 Soy $31 0 
[Siis o o s 

31 43 

0 Sy Sa 0 


The amount directed to the coupled port is given by the 
coupling 
C=-20 log (|S; |) 


whereas the amount directed to the through port is 
represented by the main-line loss, 
IL = -20 log (|S,,|) 
The power to the isolated port is given by the isolation 
1=-20 log ( [Sa |) 


and the amount reflected at the input port is represented 
by the VSWR. These definitions assume all ports are 
terminated in matched loads. 

Some of the most common coupler types used in 
microwave circuits are the ring hybrid, the quadrature 
hybrid, and the Lange coupler. Whereas the ring and 
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quadrature hybrid couplers are narrow-bandwidth 
devices, the Lange coupler performs over an octave 
bandwidth. 


The four basic filter types are low-pass, high-pass, 
bandpass, and bandstop. A filter is characterized by its 
passband ripple and insertion loss, as well as by the 
sharpness of its roll off. 


Multisection filters made with a number of inductors 
and capacitors can have small passband ripple and sharp 
roll off. The Butterworth and Chebyshev filter design 
approaches are most popular. Tables of filter 
coefficients simplify the design procedure. 


The gain of an amplifier network is given by 
G = 20 log (|5,,]) 


The amplifier is also characterized by its dynamic range 
(the range over which gain is linear), by its noise figure, 
and by the VSWR at each port. An amplifier’s 1-dB 
output compression point is the output power level 
corresponding to a 1-dB decrease in gain. 


Amplifiers are designed using S-parameters and Smith 


Charts. By assuming unconditionally stable operation 
of a unilateral (S,, = 0) transistor, design of an amplifier 


for maximum gain consists of designing the input and 


output matching networks such that 


DES 
and 
TL = Sa 


Broader bandwidth amplifiers are realized by 
sacrificing gain or by constructing balanced amplifiers. 
A balanced amplifier delivers twice the power of a 
single amplifier and is impedance matched at the input 
and the output. 


Oscillators convert DC power to RF power, and ideally 
they will deliver a very narrow bandwidth signal. They 
are characterized by their power output, frequency, and 
phase noise. 


Mixers use the nonlinearity of a diode or transistor 
element to multiply a pair of input signals. The output 
consists of a number of frequency components. For 
down-conversion, the difference or intermediate 
frequency component is retained. 


A mixer is characterized by its conversion loss, 


CL= og 2) 
Pip 


by its isolation 
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compression point is the RF input power level where 
CL increases by 1 dB. 


e Microwave CAD software is required in the design and 
analysis of modern wireless transceivers. 
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10.1 Lumped-Element Matching Networks Further, your design should allow for DC biasing the load 


10.1 A matching network consists of a length of a T-line Element through the matching network. 

through section in series with a capacitor. Determine the 19.8 Design an L-section matching network for a load 
length (in wavelengths) required of the through section and that has a 25.0-Q resistor in series with a 1.061-pF capaci- 
the capacitor value needed (at 1.0 GHz) to match a 10—j35 tor. Assume a 50-Q system impedance at 3.0 GHz. 

Q load impedance to the 50-Q line. 10.9 There are two fundamental solutions for the 
10.2 Design an L-section matching network to match a L-section matching network of Problem 10.2. Develop a 
10 + 715 Q load to a 50-Q line. Determine specific values routine to plot the Tr versus frequency for both solutions 
of the lumped elements at a 1.0-GHz operating frequency. from 0.1 to 10 GHz. (Hint: This is somewhat similar to 





10.3 Design an L-section matching network to match an MATLAB 9.1.) 
80 — j50 Q load to a 50-Q line. Determine specific values 10.19 There are two fundamental solutions for the L- 
of the lumped elements at a 1.0-GHz operating frequency. section matching network of Problem 10.3. Develop a rou- 


10.4 Design an L-section matching network to matcha tine to plot the Ir] versus frequency for both solutions 

30 +70 Q load to a 50-Q line. Determine specific values from 0.1 to 10 GHz. 

of the lumped elements at a 2.5-GHz operating frequency. 19.11 Suppose the L-section matching network of 
me? 10.5 Suppose you want to match a 20 + j50 Q load to a Example 10.1 is realized with a capacitor that can be char- 
SESO line. For the design of an L-section matching net- terized by the circuit model of Figure 9.13b, where R,= q 

work, you notice the normalized load impedance lies out- 0-010 Q and L, = 7.2 nH, and an inductor that can be char- 

side both the 1 + jx circle and the rotated 1 + jx circle. Find acterized by the circuit model of Figure 9.10, where R, = 

all four possible solutions, and for each one determine spe- 0-10 Q and C, = 5.2 pF. Compare plots of irl versus fre- 


cific values of the lumped elements at a 2.5-GHz operating quency for the ideal case to the case where parasitics are 
frequency. included. The frequency range is from 0.1 to 10 GHz. 





1.6 Suppose you want to match a 100-Q line to a load 

Z, = 200 — j100 Q (a resistor in series with a capacitor) ata 10.2 Scattering Parameters 

frequency of 500 MHz. (a) Determine the element values 10.12 Find the scattering matrices for the simple two-port 

for the load. (b) Design a shorted shunt-stub matching net- networks shown in Figure 10.50. 

work. (c) Design an L-section matching network. 14.13 Cut a 50-Q T-line and insert a series 50-Q resistor 
.. 10.7 Design an L-section matching network to matcha followed by a shunt 50-Q resistor. Determine the scattering 
** load Z, = 100 + j80 Q to a 50-Q line. Find the lumped- matrix for this two-port network. Is the network lossless? Is 

element values at an operating frequency of 11.18 GHz. it reciprocal? Calculate the insertion loss. 
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1 Figure 10.50 Two-port networks for finding [S] 
(d) in Problem 10.12. 


{9.14 Ina50-Q system, a two-port network consists ofa , 10.3 Couplers and Dividers 

25-92 series resistor followed by a 50- shunt resistor (see {9,29 Consider a three-port network that is matched at all 
Figure 10.1 1a). Calculate the return loss looking into port! ports ($,, = S3 = S33 = 0). Show that it is impossible to 
of this network if port 2 is terminated in a 100-Q resistor. construct a reciprocal network that is lossless for this case. 
{9.18 A series capacitor of value C = 2.0 pFisinsertedin 34.31 A circulator referenced to a 50-Q impedance is 
a 50-Q T-line. At 1.0 GHz, determine [S], the return loss, characterized by 

and the insertion loss. 


19.16 A series inductor of value L = 3.5 nH is inserted in 0.50 ` 0.05007" 0.75e6% 
a 50-Q T-line. At 1.0 GHz, determine [S], the return loss, [s]= 0.75¢/6 0.50 0.050e/" 
and the insertion loss. 0 050e/ 0 T5 0.50 


{9.17 The scattering matrix for a three-port network is 
(a) Is this network reciprocal? (b) Is it lossless? Calculate 


0.60 ame J0.80 (c) insertion loss, (d) isolation, and (e) VSWR. 
5 j 
[S]= 0 1.0e 0 10.22 Calculate the insertion loss and the VSWR for the 
Jj0.80 0 0.60 previous problem if the isolated port is terminated in a 
short circuit. 


(a) Is this network reciprocal? (b) Is it lossless? (c) 
Determine the return loss at port 1 if ports 2 and 3 are con- ~ Sport network 
nected together by a matched T-line of electrical length 45°. rae. ene 
10.48 The scattering matrix (assuming a 50-Q impedance 

system) for a two-port network is A 
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(a) Is this network reciprocal? (b) Is this network lossless? BA 
(c) Determine the return loss looking into port 1 if port 2 is n 
terminated in an open-ended Z, stub of electrical length 45°. 


18.19 Three T-lines with the same characteristic imped- pi 


ance Z, are connected as shown in Figure 10.51. (a) 
Determine the scattering matrix that represents this three- Figure 19.51 Finding [S] for the three-port network for 


port network. (b) Is this network reciprocal? (c) Is it lossless? Problem 10. 19: 
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12.25 The following information is supplied for a com- 
mercial L-band circulator: JL,,,, = 0.60 dB, Znin = 18 dB, 


and VSWR max = 1.35. Calculate the worst-case magnitudes 
for the scattering matrix. Assume a symmetrical circulator. 


38.21 Verify the scattering matrix (10.27) for the resistive 
power divider of Figure 10.16. 

18,35 Suppose 10.0 mW of microwave power is fed into 
port 1 of the resistive divider shown in Figure 10.16. With 
ports 2 and 3 terminated in matched loads, determine how 
much power is transmitted to each port and how much is 
dissipated in the divider. 


En ay 


(0.26 Repeat Problem. 10.25 for a Wilkinson power 
divider. 

19.27 A four-port “20-dB coupler” is specified as having 
20-dB coupling, 50-dB isolation, and 0.25 dB of insertion 
loss. If 100 mW of power is input, calculate the power out 
of the other three ports. Assume all ports are terminated in 
matched loads. 


15.28 Suppose the coupling for an ideal symmetrical 
four-port coupler is 3 dB. Find the scattering matrix and 
determine the insertion loss. 


10.29 Suppose to port 1 of an ideal ring hybrid coupler 
` we apply the appropriate frequency voltage 


V,* = 1.02 y 


If port 2 is terminated in a short circuit, determine the volt- 
age E ports 1, 3, and 4. 


10.30 Consider an ideal ring hybrid coupler, with all 
i terminated in matched loads. A signal 5.0e3° V is 
injected into port 2, and 3.0e/3 V is injected into port 3. 
Determine the signals exiting ports 1 and 4. 


18.31 Suppose to port 1 of a quadrature hybrid coupler 
we apply the appropriate frequency voltage 


V,+= 1.02 V 


If port 2 is terminated in a short circuit, determine the volt- 
age exiting ports 1, 3, and 4. 


10.32 Given a 50.0-mil-thick Teflon substrate, design a 
quadrature hybrid coupler for 2.50-GHz operation. 


10.33 Suppose you join a pair of quadrature hybrid cou- 
plers (port 2 of coupler 1 attached to port 1 of coupler 2, 
port 3 of coupler 1 attached to port 2 of coupler 2). The 
resulting network will have four ports: ports 1 and 3 from 
the first coupler, and ports 2 and 4 from the second coupler. 
Determine the overall scattering matrix. 


10.4 Filters!9-7 


{0.34 Derive an insertion loss expression for a high-pass 
filter realized using a shunt inductor inserted in a Z, = R, 
system. What inductance value is needed for a 1.0-GHz 
cutoff frequency if R, = 50 Q? 


10.35 Derive an insertion loss expression for a high-pass 
filter realized using a series capacitor inserted in a Z, = R, 
system. What capacitance value is needed for a 1.0-GHz 
cutoff frequency if R, = 50 Q? 

14.36 Design a fifth-order low-pass filter with f, = 2.0 
GHz for a 50-Q system where we will allow only 0.1 dB of 
ripple. Use the Figure 10.28b circuit configuration, and 
compare your insertion loss plot with that of Figure 10.31. 


{3° Design a third-order low-pass filter with f. = 1.0 
GHz for a 50-Q system starting with the Figure 10.28a cir- 
cuit configuration. Determine component values for each 
amount of ripple (0.1, 1, and 3 dB) and compare the three 
insertion loss responses. 


10.38 Starting with the Figure 10.28b circuit configura- 
tion, design a third-order high-pass filter with JF, = 2.4 GHz 
for a 50-Q system where we will allow only 1 dB of ripple. 
Plot the insertion loss. 


10.39 Starting with the Figure 10.28a circuit configura- 
tion, design a fifth-order high-pass filter with f. = 1.0 GHz 
for a 50-Q system where we will allow 3 dB of ripple. Plot 
the insertion loss. 


10.40. . Starting with the Figure 10.28b circuit configura- 
tion, design a third-order Chebyshev bandpass filter for a 
50-Q system. The passband is to be from 900 to 1100 MHz 
with only 1 dB of ripple allowed. 

10.41 Starting with the Figure 10.28b circuit configura- 
tion, design a third-order Chebyshev bandpass filter for a 
50-Q system. The passband is to be from 900 to 1100 MHz 
with 3 dB of ripple allowed. Plot the insertion loss and cal- 
culate the shape factor. 


10.42 Starting with the Figure 10.28b circuit confi igura- 
tion, design a third-order Chebyshev bandpass filter for a 
50-Q system. The passband is to be from 2.2 to 2.6 GHz 
with only 1 dB of ripple allowed. 


10.43 Starting with the Figure 10. 28b circuit configura- 
tion, design a third-order Chebyshev bandstop filter for a 
50-Q system. The stopband is to be from 900 to 1100 MHz 
with 3 dB of ripple allowed. Plot the insertion loss. 


10.44 Starting with the Figure 10.28a circuit configura- 
tion, design a fifth-order Chebyshev bandstop filter for a 


'°-7Most of the problems in this section require an insertion loss plot that may best be created using MATLAB. 





a. 19,43 


Up 


50-Q system. The stopband is to be from 2.3 to 2.5 GHz 
with 1 dB of ripple allowed. Plot the insertion loss. 


10.5 Amplifiers 


The following S-parameters were measured at 2.0 
GHz in a 50-Q system: 


S,, = 0.68e/!25°, $,,=0 


S,,=3.6e4", S,,=086e7"" 


(a) Determine the gain, in decibels, without any matching 
networks. (b) Determine the maximum gain, assuming 
optimized matching networks. 


19.46 For Problem 10.45, (a) design open-ended shunt- 
stub matching networks. In the sketch of your solution, 
indicate line lengths in terms of wavelengths. (b) You are to 
realize the matching networks in microstrip constructed on 
25.0-mil-thick Teflon. Determine the required microstrip 
width, and provide a labeled sketch of your network simi- 
lar to Figure 10.42. 


{0.47 For Problem 10.45, design a matching network 
using lumped elements. 
10.48 The following S-parameters were measured at 10 
GHz in a 50-Q system: 
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S440". .S,, = OSSEA 


(a) Determine the gain, in decibels, without any matching 
networks. (b) Determine the maximum gain, assuming 
optimized matching networks. 


10.49 For Problem 10.48, design shorted shunt-stub 
matching networks with the overall line lengths minimized. 
In the sketch of your solution, indicate line lengths in terms 
of wavelength. 

{6.50 For Problem 10.48, design the matching networks 
using lumped elements. 


10.6 Receiver Design 


16.51 Determine the IF power, in watts, exiting a mixer 
that has a 6.0-dB conversion loss if 0 dB,, of RF power and 
of LO power enters the mixer. 


18.52 Referring to Example 10.21 and Figure 10.48, sup- 
pose you require a 100-uW output power level and the 
antenna receives -80 dB,,. If you have several of each 
amplifier available, design the receiver. You are also 
allowed to insert a fixed-value attenuator. 
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Vector Relations 


Vector Algebra 


Given two vectors A = A,a, + A a, + A a, and B == B a, + B,a, + B.a,, the following rela- 
tionships apply: 


Addition 

A+B= (A, + B,) ae (A, ats B.) a, ar (A, + B.)a, 
Subtraction 

A-B=(A,-B,)a, + (A, — B,)a, + (A,— Ba, 


Commutative Property 
A+B=B+A 


Dot Product 
A -B= |A||B|cos 0,,=A,B8, + A,B, +A1B, 


Cross Product 





a, ay a, 
A x B=|A|B\sin 04g =A, AEE 
B Bye, 
Vector Operations 
Divergence 
Cartesian 
7 awh 4 Aly Ay 
0. dy a 
Cylindrical 
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Spherical 
Uy le tae 1 dA, 
V-A=——(r°A,}+ —(A 0)+ — 
r? rU r) rsin@ 36 | ea ) rsin@ do 
Gradient 
Cartesian 
oV oV oV 
u aa 
Cylindrical 
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Spherical 
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Curl 
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a, 
0A 
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ox dz Oz, ox J ox dy 
A, 
Cylindrical 


ap ag a, 
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Spherical 
a, ag 
E a 
r>sin@\dr 30 0g 
A, TAg (rsin O)Ay 


__1 {sinoay) ang] al 1 aa, ofrAp)| 1[ (rg) a(A,) 
“hal gel ae i sin@ ð ar wi j h, 


VxA= 
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Laplacian 
Cartesian 
2 2 2 
V?V = a 2u ar, 
MY Z 
Cylindrical 
2 2 
y?y = as pats ore 
pop\ op) pP od” az 
Spherical 





1 a( ov 1 ə ƏV 1 ov 
eas W), Zfs r 
r or (+ or) r*sin@ 00 o 00) r”sin?0 ad" 


Vector Identities 


~ For vectors A and B with scalar field V: 
V-(A+B)=V-A+V-B 


Vx(A+B)=VxA+VxB 
V-(VA)=A-VV+VV-A 
V x(VA)=VVxA+V(V xA) 
V-VV=V?V 
VxVxA=V(V-A)-V?A 
V-(VxA)=0 
AxVV=VVxA-VXVA 
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Coordinate System 
Transformations 





Vectors in Cartesian, cylindrical, and spherical coordinate systems are represented by 


Acn = A,a, + Aya, + Aa, 
Ayı = A,a, + Aya, + Aa, 


Asher = Aa, a Agag +E A;a 


Rectangular—Cylindrical Transformations 


Coordinates 





Unit Vectors 


a, = Cos 9 a, + sinha, a, = cos 9 a, — sin ọ ay 


a, =—sin ọ a, + cosa, a, = sina, + cos > ay 


a =a, 
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Vector Components 


A, =A,cos b +A sin ọ A, =A,cos b — A,sin > 


A,=-A,singd+A,cos@  A,=A,sin b+ A,cos > 
A,=A, A,=A, 





Rectangular—Spherical Transformations 


Coordinates 


x= r sinĝcos p 


y= r sinsin 


z=rcos0 





Unit Vectors 


a, = sin@cos $a, + sinOsin @ a,—cos@a, a, = rsinOcos da, + cosOcos > ay — sin ọ ay 
a, = —cosOcos $ a, + cosOsin @ a,—sin@a, a, = rsinOsin ọ a, + cos@sin b ag + Cos 0 ay 


a, =—sin da, + cos da, a, = cos@a, — sinĝag 





Vector Components 


A, =A,sinOcos 6 + A,sinOsin + A cosð® A,=A,sinOcos > + A,cos8cos  — Aysin > 


A, =A, cosOcos > + A, cos@sin  — A, sin@ A, =A, sin@sin + A, cosOsin + Ay cos b 


A, =—A, sin) + A, cos > A, =A, cos® — Ag sin 
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XARI 





Given a vector A = a, + 2a, + 3a, located at the point P(4, 3, 1), transform this vector to its equivalent 
cylindrical vector. 
First we must find the cylindrical coordinates for the point. Using the preceding equations we find 


2 


pax? +y? =44 +3 =5 
= 3 : 
= tan (2) = tan (3) = 0.6435 radians 
sa 4 
z=z=1 
Now we transform each unit vector into its cylindrical coordinate unit vector: 
a, = cos ga, — sin da, = 0. 8a, — 0.6a, 
a, = sin ba, + cos da, = 0.6a, + 0.8a, 
a, = a, 
We can then insert these equivalent unit vectors into the given Cartesian vector: 


A. = 1(0.8a, — 0.6a,) + 2(0.6a, + 0.8a,) + 3a, = 2.0a, + 1.0a, + 3a, 
eee EE eee een a 


Differential Lengths 


Whereas the differential length dr shown in Figure B.1 is apparent, the differential lengths 
rd® and rsin@d@ are not so obvious. Figure B.2 details the geometry used to find the differ- 
ential length rd@. Consider that, for a very small angle d9, the triangle formed appears 
almost as a right triangle. The length d£ that we wish to find can then be related by geome- 
try to the hypotenuse r and the angle d@ as rsind@. Also, for very small angles, sind@ = dð. 
Therefore, d€ = rd. ` 


r sin 6 do 


Figure Bt” A differential element in the 
spherical coordinate system (Figure 2.14). 
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r sind 


Figure B.2 Detail of geometry used to find the differen- 
tial length rd@. 


This procedure is also employed to find the differential length rsinO6d. Here we project 
the length onto the x-y plane and discover that the hypotenuse is rsin®, leading to rsinO@d9. 
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C 


Complex Numbers 








The imaginary quantity 4—1 is represented by the letter j, or j= 4—1 and j? =-1. A com- 
plex quantity z is the sum of a real part (x = Re(z)) and an imaginary part (y = Im(z)), that is, 


Z=xt+Jy 
This is the rectangular form of z. By applying Euler’s identity (e/® = cos@ + j sin®), the 
complex number can also be written in polar form as 

z= |z| e} 


where |z|= yx? +y , and tan@ = y/x. Figure C.1 illustrates the concept of a complex 
number. 
The complex conjugate of z, written z“, is related to z as 


and ee. 


Another useful complex relationship is 


z"=x-jy= |z|e 


pee 
Vip 


Im (i) 


Re Figure €.7 Graphical representation of a 
complex number. 
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The value z = x + jy can be expressed in MATLAB as either 
z=complex(x, y) 
or 


Z=x+i1*y 


The magnitude of z (magz) and angle of z (angz) are found by 
magz=abs(z) 
and 


angz=ang(z) 


D 





Integrals, Conversions, and 
Constants 





Useful Integrals 


Judy = uv —|vdu 
dx 
lem = In x 
Je =e 
Jsinax dx adii y 
a : 


1. 
Jcosax dx =—sin ax 
a 


T= = I(x +Vx7? ta? } 


e E a 
(x? +a?) a? N x? +a? 


f dx l an“! Ž 


= —t — 
x +a? a a 





e 
ae b? 





fe” cosbxdx = (acos bx + bsin bx) 


(ses 


e™ cos(c + bx) dx = 
J ( ) a? +b? 





[asin(c + bx) - bcos(c + bx)| 
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Quadratic Equation 


Given ax? + bx+c=0 


_ -b Vb? —4ac 


x= 
2a 


Half-Angle Formulas 


sin? 0 = zq —cos 26) 
2 1 
cos“ 0 = zC +cos208) 


Hyperbolic Functions 


sinh x = He - e*) 


_ coshx G +e™) 





Conversions and Constants 


1 inch = 1000 mils 
1 mil = 25.4 um 


Table D4 


$ TTTS | @ EOP ie ee 
hysical Constants 








Constant Symbol Value 
Avogadro’s number N, 6.02 x 107? atoms/mole 
Boltzmann’s constant k 1.38 x 10° J/K 
Charge of an electron q —1.602 x 104C 
Earth’s gravitational g 9.78 m/s? 

acceleration 
Free space permeability p, 4n x 10-7 H/m 
Free space permittivity £, 8.854 x 10-12 F/m 
=10 9/367) F/m 
Free space intrinsic n 1207 Q 
impedance 
Planck’s constant h 6.63 x 10-4 J-s 
Speed of light in c 2.998 x 108 m/s 


vacuum 
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Table D2 Unit Conve stens 

Parameter Unit Equivalence 
Capacitance F C/V 
Conductivity S/m 1/(Q-m) 
Current A C/s 
Electromotive force Vv Wbis = J/C 
Electric field intensity V/m N/C = J/(C-m) 
Force N kg-m/s? 
Inductance H Wb/A = J/A? 

H-A = V-s 

Magnetic field intensity A/m _— 
Magnetic flux Wb V-s 
Power WwW J/s 
Resistance Q VIA 
Work (energy) J N-m = W-s = V-C 





Material Properties 











Symbol o (S/m)? 
Aluminum Al 3.8 x 10? 
Carbon E 3x104 
Copper Cu 5.8 x 107 
Gold Au 4.1 x 107 
Graphite — 7x 10* 
Iron Fe 1x 107 
Lead Pb 5 x 10° 
Nichrome — 1x106 
Nickel Ni 1.5x10 
Silver Ag 6.2 x 107 
Solder -— 7x 10° 
Stainless steel — 1.1 x 10° 
Tin Sn 8.8 x 106 
Tungsten WwW 1.8 x 107 





*Conductivity is approximate since it depends on 
impurities, moisture, and temperature. 
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TABLEE2 Properties for Selected Dielectrics" 


LS 


EN tanô o 

£ (V/m) at 1 MHz (S/m) 
Air 1.0005 3x 10° ~0 ~0 
Alumina 9.9 — 0.0001 — 
Barium titanate 1200 7.5 x 106 — Ones 
Glass l 10 30 x 106 0.004 ~10-!2 
Ice 4.2 — 0.12 — 
Mica =- 5.4 200 x 106 -0.0003 10-45 
Polyethylene 2.26 47 x 10° — 10-16 
Polystyrene 2.56 20 x 10° — pol? 
Quartz (fused) 3.8 30 x 10° 0.0002 10-17 
Silicon (pure) 11.8 — = 4.4 x 104 
Soil (dry) 3—4 —— 0.017 2x103 
Teflon 2.1 60 x 10° < 0.0002 10715 
Water (distilled) 81 = 0.04 104 
Seawater 72 — 0.9 3 


—_—_—_ 


ĉDielectric permittivity results from the polarization of fixed molecules and 
their bound electrons. Conductors, with their free electrons, do not have polar- 
ized molecules and hence have free space permittivities (Erman = 1). 
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Fable EI Maxneta: Matenels 
Substance H, 
Diamagnetic 
Bismuth 0.99983 
Gold - 0.99986 
Mercury 0.99997 
Silver f 0.99998 
Lead 0.999983 
Copper 0.999991 
Water 0.999991 
Nonmagnetic 
Vacuum 1.000000 
Paramagnetic 
Air 1.0000004 
Aluminum 1.00002 
Palladium 1.0008 
Tungsten 1.00008 
Titanium 1.0002 
Platinum 1.0003 
_ Ferromagnetic 
Cobalt l 250 
Nickel 600 
Silicon iron 3500 
99.8% pure iron 5000 
Mumetal 
(75% Ni, 5% Cu, 2% Cr) 100,000 
99.96% pure iron 280,000 
“Supermalloy” 
(79% Ni, 5% Mo) 1,000,000 





Table £.4 American Wire Gauge (AWG) Dianteters 


AWG Diameter (mil)? Diameter (mil)? 





4] mil = 25.4 pm. 


E 





Answers to Selected 


Problems 





Chapter 2: Electrostatics 

PZ! = Q(6, 6, 7) 

P2.5 F=0.89a, +1.8a, uN 

P27 Fy =3.2a,0N 

p29 (a) P(8.7, 46°, 18°), (b) P(5.0, 53°, —90°), 
(c) P(6.5, 130°, 190°) 

P24, (b) V=14 m3, (c) S = 35 m? 


P2435 (a) P(2.00, 2.00, 2.00), (b) P(-3.00, 5.20, —3.00), 
(c) P(0.00, —10.0, 6.00) 


P238 (a) Q(0, 2.0m, 0), (b) Q=72 nC 
22.19 E= 18a, + 20a, + 680a, V/m 
E= P= tan-'( 4), 


0 


Qia = 1607 nC 


P2.23 


P2328 


eee 


%HwCh2Pr 33 

clear 

a=.04; %inner cyl radius in m 
b=.@5; %outer cyl radius 

Q=3; *charge per unit length, C/m 
N=100; %number of data points 
maxrad=.10; %max radius for plot, m 


for i=1:N/2.5 
rhoCi)=i*maxrad/N; 
DCi)=0.01;%actual value is zero 
“put .01 in to show the line in the plot 
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end 
for i=(N/2.5)+1:N/2; 
rho(i)=i*maxrad/N; 
K=Q/ (2*pi* (bA2-aA2)) ; 
D(i)=K* (rho(i) .A2-aA2)/rho(i); 
end 


for i=(N/2+1):N 
rho(i)=i*maxrad/N; 
D(i)=Q/(2*pi*rhoCi)); 
end 


plot(rho,D) 
xlabel(‘radius (cm)’) 
ylabel (‘magnitude of D (C/mA2)’) 


grid on 
See Figure F.1. 
P2.39 (a) p, =2 C/m3, (b) = 16 C, (c) = 16C 
P2.41 (a) p, = 1.83 C/m3, (b) = 35.5 C, (c) = 35.5 C 
P2.43 a=0.124a,+ 0.990a, — 0.062a, 
P2.45 (a) 300V, (b) 300 nJ 
P2.47 Va, =-250V 
P2.49 Vio =-360 V 
P251 R= mals = >) 

4no\a b 

Pees 7.90 


P255 1.0 mQ/m 
D =2.3 a, nC/m? 


Magnitude of D (C/m?) 
oO 


N wo fF A O N © O 


O = 


P2.6} 


P2.63 


P67 


P2.69 




















0.04 
Radius (cm) 


D 
0.02 


0.06 


0.08 


yes, atx=2 m 











14° 
5.4 uQ 
2p,d (% 2p 4 
V(z) =—3— sin{™ + -2 
( ) nee ( A ) d n?e 
p V, 2p £) 
E= mest?) Tz, a Het QO 
[Pet cos( a) Mt + Bak ha, 


(a) > 6 kV/m, (b) 5.3 uF, (c) 64 yC 
19 pF 
(a) 0.52 nF, (b) Wg; = 14.6 nJ, Wiz = 6.5 nJ 


Chapter 3: Magnetostatics 


Pot 


(a) -17a, + 2a, + 10a,, (b) 12a, + 2a, - 4a, 


P33 


(a) 0, =O = 78°, OR = 24°, (b) 0.93a, - 0.31, + 


0.22a., (c) 11.4 m? 
P38 H= 160a, + 51a, + 38a, mA/m 
P3.7 H=-10.4a,mA/m 


PSU 
BR 
Ea 


ge 


exact 1960 A/m; approx 2000 A/m 
(a) 1.57a, A/m, (b) 1.1 a, — 0.80 a, A/m 
6A, clockwise viewed from +x-axis 





I 
psa H=- "ya, 
I 
2a: H=——a 
pza Tp 6 


P3.19 


P3.21 
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Figure Fi 


(a) 40 mA/m, and (b) for a = 0.04m, 
psa: H=0 


I 
2a: H=——ay. 
oa 2p b 


I 
<a: H=— 
p<a 2mp ? 
p>a: H=0. 


J =-10a, + 13a, + 0.89a, A/m? 
(a) -86 x 10-9 a,T, (b) -86 x 10-9 a (Wb/m?), (c) = 


-860 x 10% a,G 


P3.31 
P3.33 
P3.35 
P3.37 
P3.39 
Prat 


P3.45 
P3.47 


P349 


—4.0 uN a, 

E = 5a, — 3a, KV/m 

F = 0.63 pN a, 

B „= 0.490 T, directed north 
line 1 = line 3 = 0, 

line2 F = -0.20 a„nN 
line4 F = +0.20 a,nN 
t=-20a,pNm 

B =-20 x 10-3 a, Wb/m? 


A, = tan”! Pr 
u 


i 





anon | A> = 5.57 
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Posi (a) B, = 4a, + 27a, Wb/ m7, (b) @, =56°, o, = 82° 
P3S3 H,=4a, + 2a, + 8a, A/m 
Zz L 


total M 4 . a 


h 





P3.39 Mi2=Hra?/2b 

(a) 6 = 40 Wb, (b) W,, = 3.2 mJ 
263 H=190kA/m 

F=1.6N 


Chapter 4 Dynamic Fields 

P4.1 120 days 

P43 -19 C/m? 

Px (a) a = 0.01 Np/m, f= 5 MHz, A=2m, u= 
10’ m/s, ġ = -7/4 radians, (b) 460 m 

P4.9 10 mA clockwise viewed from the +z-axis 
P4. 1i 17.8uV, 1.2uV, 2.25 x 10°18 V 


P4.13 (a) 0.46 A clockwise viewed from +z-axis, (b) 
from induced current we have B = -13 a uyWb/m? 


P4.15 1=8A, and see Figure F.2 

P417 0.18A (clockwise when viewed from the +z-axis) 
Vemi = =0 

68 mV 

iy = 1.5 cos(2n x 10t) pA 

P4.29 i,=—-97 sin(6n x 10°) WA 

4.31 (a) E, = 100 V/m, f= 2 MHz, up = 108 m/s, À = 


50 m, £, = 9, (b) H(y, t) = 0.796 cos(4r x 106r — 0.1257y)a 
A/m 


Bety 
P42) 
P4,27 


A 





Figure F2 


P4335 EQ, 1) =257e!4¥cos(20n x 10°t — 0.2ry — 12.6°) 
a, V/m 


2s pm 
Hf 35 


€,= 100, f= 48 MHz, B = 
226 sin(3 x 10° + 10p) a, V/m 


P4.41 with B = 7/300 radians/m, we have 


10 radians/m, E(p,1) = 


H(z,t) = -53cos{w# —Bz)a, +27cos(wt—Bz)a, = 


Chapter 5: Plane Waves 

P35.3 (a), (6) 5 GHz, (c) €, = 36 

PES y=9.4x 10% + j2.1 1/m, a = 9.4 x 10 Np/m, 
B = 2.1 rad/m, ņ = 1890257" Q 


Ce Hy) = 
—2.53cos(mx10°r—3x+2y)a, 
-3.80cos(nx10°r—3x+2y}a, Š 

-m 
a, =0.83a, -0.55a , 


u, =0.75x10°™, w=7.5x 108 2$, 
S S 


E(y.t)=-9.4cos{7.5x10*1—10y)a, be 
m 
See Figure F3 


a ee 
m 


H(z,t)=—-16e** cos(2n x10°1-4.47— 16°)a, = 
m 
paN 


si 


H(z,t) = 360e? cos(2mx10°r-200z-45°)a, 22 


m 
P3.25 0.66 Q/m 
P5.27 (a) E(z,1)= 1cos(1.2nx10°1-18.2z)a, — 
(b) H(z,t)= -3.8cos(1 .2nx10°t-] 8.2z}a, m 
(c )P avg =j: oe 
m? 
PS.29 144W, 102 W 
P5.3! linear polarization with 27° tilt angle 
PSS  RHEP 
het? T=0.60,/c= 1.60 
PS 39 28.8 mW/m?2, 71.2 mW/m2 


Error drops below 2% when frequency > 20000000 


Alpha (Np/m) 





10° l i i . 
10° 102 104 10° 108 
Frequency (Hz) 

P5.41. E’=-100cos(n x 10° + B,z + 7/4) a, V/m 
ESD 

P5.43 E’=—-10.cos(2n x 108r + B,z) a, V/m 

a o V 
E' =196e7°?? cos(wt-B2z+45°)a, -= 
W 

Pi. = 37a, 

P5.47 Incident: 


' T A 
H'(z,1) = 0.300 cos 28 x1071-0.6282+ Za =; 
m 


WwW 
Pi, =5.655—a, 

m 
Reflected: 


ai 
E’ (z,1) =13.3cos(2mx 10" t+ 0.6282 +171 ja, —. 
m 


H’ (z,1) = -0.106 cos(2m x 107 £+ 0.6282 + 171° )a, 


a |> 


W 
Pi, = 0.704—;(-a,) 
m 
Transmitted: 
a Vv 
E (21) 31.7cos(2n x 10714-1.562 + 64.8 m 
m 


A 


H' (z,t)=0.373cos(27x10"1-1.56z+31.8°)a, = 


WwW 
Pag = be ka 


(Check: 5.655 W/m? = 0.704 W/m? +4.954 W/m”) 
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4910 
Figure F3 


p349 
0, =7.4°, Tm =—0.589, Try = 0.318, 


Incident: 


E'(z,t) = (0.766a, —0.643a, )cos(wt—1.34x-1 coe 
m 


I A 
H’ (z,1) = 2.65cos(wt -1.34x -1.60z)a, — 
m 
Reflected: 
v 
E’ (z,t) = (—0.452a , +0.379a, )cos{«f - 1.34x +1.60z)— 
m 


A 
H’ (2,t) = —1.56cos(wt —1.34x +1.60z)a, = 
m 
Transmitted: 
v 
E' (z,t) = (0.316a , —0.041a, )cos(œ@t —1.35x — 10.4z)— 
m 


mA 
H' (z,t) = 4.22.cos(wt —1.35x —10.4z)a, — 
~ m 


Chapter 6: Transmission Lines 


Pol R’ = 3.32 Q/m, L’ = 223 nH/m, G’ = 560 x 
10-!8S/m, C’ = 112 pF/m 
Ph? r=Bem(2)+ teste 
2n la) 8n 27 
2 
a i()- Sey), 1f ct eet 
ep b) \c?-b?} 4\c*-—b? 
L’ = 330 nH/m 
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P68 R’ = 2.37 Q/m, L’ = 139 nH/m, G’ = 7.63 uS/m, 
C’ = 401 pF/m 

PRF JAD 


P6.9 (a) 18 mm, (b) 1.3 x 108 m/s, (c)5.1 x 10-3 dB/m 
y= 0.092 + 62.8 /m 

Pons D = 01208 Z = 34-j7.50 

P6.17 Z,=50Q 

PAY (a) Za = 22 —j28 Q, (b) v,, = 2.1 cos(at — 36°) V, 
(c) v; = 4.5 cos(œt + 106°) V 


P22 (a) Ty, = 0.80e/5°, (b) VSWR = 9.0, (c) Zp = 
60 — j180 Q, (d) 0.0582 


Wis Z,=15—-j70-0 


Pia. 


P6.27 (a) 2.4 GHz, (b) 2.0, (c) Z, = 28- j12 Q 
16.29 Z =124+j35Q 
P6.31 (a) d= 0.2541, C = 1.14 pF, (b) d = 0.4081, L = 


22.3 nH 
P6353 


(a) Z, = 92.2 Q, (b) through: 0.170A, stub: 
0.104 À, or through: 0.329), stub: 0.3960 





P6.35 through: 0.372A, stub: 0.146) 
P6.37 through: 0.379A, stub: 0.1911 
P4.39 Zia = 65 +j3.8 Q; foa = 100 GHz 
P6AL Zig =324j48Q 
POAS fua =18 GHz 
1 GHz 10 GHz 20 GHz 
a, (dB/m) 13 4.0 54 
œa (dB/m) 0.65 65 13.0 
Oa (dB/m) 2.0 10.5 18.7 
P6.47 (a) 38.6 mils, (b) 0.058 m (2.29 in), (c) through: 


9.0 mm (354 mils), stub: 19.5 mm (768 mils) 





P653 v,(t)= E -eec U(t) and 
i(t) = ee ecua) 
Zo 
Pa s£ 12.5 Q resistor located at 0.525 m 


Chapter 7 Waveguide 

P7.1 TE): 1.374 GHz, 
TEn: 2.747 GHz, 
TE): 2.747 GHz, 
TE: 3.07 GHz, 
TM,,: 3.07 GHz, 


TE: 3.885 GHz, 
TM,: 3.885 GHz, 
TE: 4.121 GHz, 

i TE: 6.56 GHz, 

TE: 13.1 GHz, 
TE: 19.7 GHz, 
TEn: 19.7 GHz, 
TE,,: 20.8 GHz, 
TM,,: 20.8 GHz, 
TE: 23.7 Guz, 
TM,,: 23.7 GHz, 

P73 uy =2x 108 m/s, u, = 2.7 x 108 m/s, ug = 1.5 x 

108 m/s. 

Mode f,(GHz) A(m) u (m/s) ug (m/s) Z(Q) 
TE, 6.56 .0206 3.3x10® 27x108 410 
TE, 13.1 .0328 5.2x108 1.7x108 660 
TE, 14.7 .0490 7.8x108 1.2x108 978 





P213 


eS p? ie “H, sin( = Joos{ Jeos(w - —Bz)a, 


roar Ry scos = )sin{ = cose —Bz)a, 


+H, cos = Jeox{ 2 Jcos(am ~Bz)a, 
a 











P721 2.4GHz 
pP? Z3  (a)1990, (b) 850, (c) 598 
P727 8.2um 
Hao 1.451 
P73i 850nm: 4.7 uW, 1300nm: 13pW 
P73 power margin = 23.9 dB, f a = 984 MHz 
Chapter 8 Antennas 
Exp (a) E, = Nols SE 
(b) P(r,6, i=in, —2cos* @a, 


(c) Rag = 96"? Q=950Q 


270 


P83 (a) Beamwidth = 120°, Q, = T, Dy = 4, (b) 
Beamwidth = 90°, Q, = 27/3 st, Dmax = 6, (c) BW = 75°, 
Q, = 1/2 sr, Dmax = 8 (see Figure F. 4 for plot) 

P&S (a) Beamwidth = 82.5°, (b) Q, = 1.78 sr, 
(c) Dmax = 7-1 

P8.9 (a) Pmax = 0.052 pW/m?, (b) Rig = 8.8 MQ 

P813 440 

P8.17 Ry = 1.46 Q, e = 0.986, Gmax = 1.53 

reo 19 W/m? 


0.2152 





PR.23 
P8.25 
P3.29 
P8.31 
PR.3S 
Pies? 
78.39 
PR.43 


Zant 
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Figure E4 


VSWR = 2.2 and see Figure F5 

(a) 3.6 cm, (b) 60 Q 

39% 

Q, = 2.6 sr, Dmax = 4-8, Raa = 100 Q 

P vax = 76 LW/m?, and see Figure F.6 

P vax = 19 W/m?, and see Figure F.7 

P sax = 57 pW/m?, same pattern as P8.35 
P nax = 480 W/m? and see Figure F.8 


Figure ES 


577 
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P4.45 Pag =35 dBm PS.S3 (a)0.67 ms, (b) 1.5 pW, (c) 93 km 
PRAT P/P a=- dB PS.SS (a) 384 x 10° m, (b) 1 MW 


PHI Za=73-j42Q 


Figure F8 





Figure E7 


—— 
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Figura E8 


Chapter 9: Electromagnetic Interference P10.3 See Figure F.10. 

P9.1 (a) Ry = 670 QO, (b) R,, = 58 MQ, (c) L= 14 nH P10.7 See Figure F11. 

P93 L=1.3 pH, C,= 670 fF, fsrr = 170 MHz nls 0.200 0.400 

P9.5 L=520 pH, fer = 8.4 MHz oe 0.400 -0.200 

P9.7 186 pF/m2,6V The circuit is reciprocal but not lossless, and IL = 8 dB. 
j179° 4 af 168° 7 pi87° eae sar 

ee: : 4g i la Pi 15 [S}= 0.625e7/>! 0.7807? 

Eo T 0.780} 0.625e/>" | 

p913 A: 135mV,B: 225mV,C: 270mV IL =2.2 dB, RL = 4.1 dB 

O 2 a P10.17 (a) yes, (b) yes, (c) RL = 0 dB 

”).19 SE(Ag paint) = 80 dB, SE(Ag) = 156 dB 2 oe 

9.23 (a) IL=0.36 dB, (b) JL = 49 dB P99 (a) [s]=-Ż 2 -1 2|, (b) yes, (c) yes 

>9 2S 

P9.25 41dB > 2-1 

Chapter 10 Microwave Engineering 18.21 (a) no, (b) no, (c) IL = 2.5 dB, (d) 7 = 26 dB, (e) 


P10.1 See Figure F9. 
0.294 
1.3 pF ‘9 
) seevenemetmernatosnsveremverenssrttid? 
Z 








VSWR = 3 


| 2, |- 10-150 


Figure F9 
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8.7 nH 





= 80 —j50 Q 
= 80 —j50 Q 
Zin = 500 
Figure P10 
1.0 nH 
= 100 + j80 Q 








0.15 0.13 0.93 
P1023 [S]=10.93 0.15 0.13 
0.13 0.93 0.15 
10.28 P,=P,=2.5 mW, 5 mW dissipated 
"4.27 P,=94mW, P, = 1 mW, P,=1 yW 
P10.29 V.-=0.50eV, Vy =0.71e 0V, 
Vy =0.50e}!80 y 
PIR V =0.50e V, V,-=0.71e/18°V, V,- = 0.50e PV 


0 0 -j 0 
0 0 0 +j 
P10.33 [S = 
[Soveratt | =j 0 0 0 
0 +j 0 0 
i 2 
Pie3E IL=10log| 1+] — | |, C=1.6pF 
4nfR,C 


“10,39 See Figure F.12 for one solution. 
P45 (a) G; = 11.1 dB, (b) Gima = 19.7 dB 
PIGA? See Figure F.13 for one solution. 
P10.49 See Figure F.14. 


P16,541 0.25 mW 


Figure F12 


i a ae 
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1.0 GHz High Pass Filter N = 5 










IL (dB) 





Shree eer 











Figure F12 {continued} 


50 Q 23 pF 3.6 nH 


Transistor 
[S] 


50 Q 






Vs 






Figure F.13 


Figure £14 
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ee 


Index 


A 
Acceptance angle, 372-373 
American Wire Gauge (AWG), 571 
AM radio 
antenna, 466 
broadcast, 237 
AM transmitter, 479 
Ampére’s circuital law, 112—120, 
190-193, 209 
differential (point) form, 120-123 
integral form, 191 
Ampére’s law of force, 129 
Amperian path, 112-120 
Amplifier, 495, 538-547 
Amplitude, 171 
Angle 
Brewster, 254 
critical, 250, 361 
of incidence, 246 
of transmission, 246 
Angular frequency, 171 
Antenna properties 
efficiency, 398 
impedance, 397, 419, 423 
resonance, 419 
directivity, 393-396, 404, 418, 
423, 436 
radiation resistance, 397, 404, 406, 
411, 419, 423 
beamwidth, 393 
radiation pattern, 391-393 
effective area, 436 
polarization, 439-440 
Antenna arrays, 4, 389, 424-435 
Antennas, 3—5, 388-454, 557 
cell phone, 4 
dipole, 407-421 
ferrite-loop, 407 
helical, 398-399 
horn, 435 
loop, 478 


monopole, 421-424 

patch, 4, 446-447 

Yagi-Uda, 434 
Antiferromagnetic material, 141 
Array factor, 429-430, 432 
Attenuation, 3, 171, 173, 212, 220, 

224, 374, 480 

Avalanche photodiode, 378-379 
Axial ratio, 236 


B 
Backscatter modulation, 551 
Balanced amplifier, 547 
Bandpass filter, 495, 521-524, 532-537 
Bandstop filter, 521-522 
Bandwidth, 474 
Beam solid angle, 393 
Beamwidth, 393 
Biot, Jean Baptiste, 102 
Biot-Savart’s law, 102-111 
Bit error rate, 383 
Bond straps, 475-476 
Bond wires, 475—476 
Bounce diagram, 313-317 
Boundary conditions, 241, 353, 
358-359 
electrostatic, 77-81 
magnetostatic, 142-145 
Boundary value problem, 80-84 
Breakdown voltage, 69, 75 
Brewster angle, 254 
Broadside array, 427 
Burrus LED, 377 
Butterworth filter, 526 
Bypass capacitor, 539 


€ 

Capacitance, 84-89 

Capacitor, 84, 468-471 
bypass, 539 
coaxial, 86-87 


coupling, 539 
electrolytic, 88-89, 468-469 
interdigitated, 468 
mica, 469-471 
multilayer ceramic, 468-469 
parallel plate, 85, 87-88, 192 
Capacitor, maximum voltage rating, 88 
Carbon composite resistor, 461—462 
Cartesian coordinates, 12, 98 
Cassegrain reflector, 446 
Cavity magnetron, 348-350 
Characteristic impedance, 264, 
269-271 
Charge-free medium, 217 
Chassis ground, 475 
Chebyshev filter, 526-537 
Chip resistor, 461-462 
Choke, 465, 539 
Chromatic dispersion, 374 
Circuit board, 461 
Circular polarization, 236 
Circular waveguide, 338 
Circulation, 112 
Circulators, 512-514 
Coaxial cable, 5, 51-54, 116-119, 
228-230, 264-266, 370 
Coaxial capacitor, 86-87 
Coaxial transmission line, 262 
Coercive field intensity, 141 
Common-mode choke, 490 
Complementary antenna, 447 
Complex conjugate, 232,566 
Complex loads, 278 
Complex numbers, 200, 566-567 
Complex permittivity, 219-221 
Condenser microphone, 76-77 
Conductance, 72, 263 
Conduction current, 191-192 
density, 69-70, 190, 192 
Conductive ink, 263, 461 
Conductive paint, 481 


583 


584 — Index 


Conductive trace, 461 
Conductivity, 68—69 
Conductor loss, 310-311 
Conductors, 68-70, 223, 459-461, 570 
Conservation of magnetic flux, 125 
Constant-IT circle, 289-29] 
Constitutive parameters, 68, 193, 209 
Convection current density, 69-70 
Conversion factors, 7 
Conversion loss, 549 
Coplanar waveguide, 312 
Corona discharge, 76 
Coulomb, Charles A., 18 
Coulomb’s Law, 18-21 = 
Counterpoise, 424 
Coupler, 512, 516-521 
antisymmetrical (180°), 517 
Lange, 520, 547 
quadrature hybrid, 520 
rat-race, 518-519 
ring hybrid, 518-519 
symmetrical (90°), 517 
Coupling capacitor, 539 
Coupling coefficient (coupling), 517 
Critical angle, 250, 361 
Cross product, 97—100, 559 
Curie temperature, 141 
Curl, 120-121, 560 
Current, 69 
density, 69-70 
displacement, 190-192 
in conductors, 226-229 
sheet, 112-114 
Current continuity, 169-17] 
equation, 170, 190-191, 193 
Cutoff frequency, 338, 340 
Cylindrical coordinates, 12, 26-28, 
100-101 


D 
DC motor, 135 
Decibel, 272-274, 392-393 
Del operator, 56, 63 
Descartes, René, 12 
Dielectric constant, (see relative 
permittivity) 74 
Dielectric loss, 310-311 
Dielectric strength, 75—76 
Dielectric waveguide, 338, 361-369 
TE mode, 364—365 
TM mode, 365-366 
Dielectrics, 73, 219-223, 570 
Differential length, 564-565 
Differential solid angle, 393 


Differential surface, 17—18, 25, 27 

Differential volume, 17, 24, 27 

Digital signals, 471-475 

Dimensional equation, 7 

Dipole antenna, 407—421 

Direct broadcast satellite (DBS), 5 

Directional coupler, 516 

Directive gain, 394 

Directivity, 393-396, 404, 418, 423, 

436, 517-518 

Directors, 434 

Dispersion, 326 

Dispersive, 311 

Displacement current, 190-192 
density, 69, 190, 221 

Dissipated power, 72 

Distributed parameters, 261-266 

Divergence, 54-59, 120-121, 559-560 

Divergence theorem, 58 

Domain wall, 140 

Domains, 139-140 

Doppler effect, 443 

Dot product, 45-47, 559 

Down-conversion, 495 

Dual-in-line (DIP) package, 461 

Duplex filter, 495 

Dynamic range, 538, 549 


E 
Earth ground, 475 
Echo signal, 442 
Eddy current, 184 
Effective area, 436 
Effective conductivity, 219-221 
Effective relative permittivity, 306 
Efficiency, 420 
Electret, 76 
Electric dipole, 67-68, 73, 76, 421 
Electric field intensity, 11, 20-22 
Electric field lines, 21-22 
Electric flux, 44 
Electric flux density, 44-47, 74 
Electric potential, 59-68 
Electric potential difference, 60-61 
Electric susceptibility, 73-74 
Electrical length, 511 
Electrolytic capacitor, 88-89, 
468-469 
Electromagnet, 156-160 
Electromagnetic 
compatibility (EMC), 455, 468 
energy radiation, 388 
fields, 1 
interference (EMI), 455-493 


radiation, 2 

spectrum, 1—2, 494 

wave, 2 
Electromotive force, 177 
Electrostatic discharge (ESD), 

456-457, 462 

Electrostatic potential energy, 87-88 
Electrostatic potentials, 60-61 
Electrostatics, 1 1—95 
Elliptic polarization, 236 
Electromotive force (emf), 177 
End-fire array, 427 
Engineering notation, 6 
Equipotential, 70 

reference, 475 

surface, 63 
Erbium-doped fiber amplifier, 380 
Euler’s identity, 200 
Evanescent waves, 250 
Exchange coupling, 139-140 


F 
Farad, 84 
Faraday disk generator, 207 
Faraday, Michael, 1, 177 
Faraday’s experiment, 44 
Faraday’s Law, 150, 177-179, 191, 
193, 209, 211 
differential (point) form, 184 
phasor form, 202-203 
Far-field, 390, 403 
Ferrimagnetic material, 141 
Ferrite, 141, 153, 184, 465-466, 513 
beads, 491 
chokes, 490-49] 
core antenna, 466 
loop antenna, 407 
Ferromagnetic, 139-141, 184, 465 
Fiber cladding, 369 
Fiber core, 369 
Fiber optic, 3, 5 
Film resistor, 461—462 
Filters, 485-491, 521-537 
bandpass, 521-524, 532-537 
bandstop, 521-522 
Butterworth, 526 
Chebyshev, 526-537 
high-pass, 521-524, 532-533 
L, 487 
low-pass, 521-532 
multisection, 526-537 
Tt, 487 
T, 487 
Fluorescent lights, 456 


Flux linkage, 146 

FM radio broadcast, 237 

FM transmitter, 479 

Folded dipole, 435, 448 

Fourier series, 326-329, 471-472 

Free space, 197, 209, 217 

Free space permeability, 124 

Free space permittivity, 18 

Frequency, 2 

Frequency hopping, 475 

Friis transmission equation, 389, 
435-442 

Fringing fields, 85 


G 
Gain, 272-273, 538 
Gauss, 124 
Gauss’s Law, 47-59, 193 
differential (point) form, 54-57 
for magnetic fields, 125, 193 
integral form, 47 
Gaussian surface, 47 
Generators, 188-189 
Gilbert, William, 96 
Global positioning satellite (GPS), 4-5 
Graded-index fiber, 374-375 
Gradient, 63—68, 560 
Gradient equation, 63-64, 81, 399 
Grounds, 475-479 
chassis, 475 
earth, 475 
loop, 476 
reference, 476 
safety, 475 
signal, 475-478 
Group velocity, 345-346 
Guide wavelength, 305, 345 
Gunn diode, 548 


H 

Half-angle formulas, 569 

Half-wave dipole, 417—421 
Handedness, 236 

Helical antennas, 398-399 

Helmholtz wave equation, 211-212 
Henry, 146 

Henry, Joseph, 177 

Hertz, 2 

Hertz, Heinrich, 388 

Hertzian dipole, 389, 399, 402—405, 409 
High-pass filter, 521-524, 532-533 
Homogeneous media, 68, 75, 210-211 
Horn antenna, 435 

Hyperbolic functions, 276, 569 


Hysteresis loop, 141 


l 
Image theory, 421—422 
IMPATT diode, 548 
Impedance 
characteristic, 264, 269-271 
intrinsic, 214, 218, 224 
matching, 295-304, 541 
measurement, 291-295 
mismatch, 275 
Incident wave, 275 
Index of refraction, 362, 370 
Inductance, 145-153 
coaxial cable, 147—148 
internal, 153 
solenoid, 146-147 
wire, 152, 459-460 
Inductor, 465-468 
loop, 465 
Input impedance, 276, 291 
Insertion loss, 485—490, 509, 
513-514, 521-525 
Instantaneous form of field 
equation, 202 
Instantaneous Poynting vector, 231 
Insulators, 68 
Interdigitated capacitor, 468 
Interference, 455 
Intermediate frequency (IF), 495 
Intermodal dispersion, 373—374 
Intrinsic impedance, 214, 224 
free space, 218 
Isolation, 513-514, 517, 549 
Isotropic antenna, 391 
Isotropic material, 68, 75, 210 


J 
Jacob’s ladder, 75 
Joule’s law, 72-73, 219, 230-232 


K 
Kirchhoff’s current law, 170, 267 
Kirchhoff’s voltage law, 61, 266 


L 

Lange coupler, 520, 547 

Laplace’s equation, 80-81 

Laplacian operator, 81, 211-212, 561 

Laser diode, 376-378, 381 

Laser printer, 43 

Lenz’s law, 177 

L-filter, 487 

Light emitting diode (LED), 
376-377, 381 
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Lightning, 75, 456 
Line of charge, 29-32, 49 
Line of current, 103—104, 112 
Linear array, 431 
Linear charge density, 29-30 
Linear media, 75, 210 
Linear polarization, 235 
Liquid crystal displays (LCD), 239-240 
Loop antenna, 478 
Loop area, 478-479 
Loop inductor, 465 
Lorentz force equation, 126, 193, 349 
Loss tangent, 192, 220-223 
Lossless network, 508 
Lossless transmission line, 270-271 
Lossy material, 219-220 
Loudspeakers, 135-136 
Low noise amplifier, 495 
Low-loss dielectric, 220-221 
Low-pass filter, 521-532 
Lumped element, 274 

matching, 496-502, 545-547 

tuner, 295-296 


M 
Maglev, 159-160 
Magnetic circuits, 153-159 
Magnetic dipole, 405, 407 
Magnetic dipole moment, 134-138 
Magnetic energy, 150-153 
Magnetic field, 97-102 

coaxial cable, 116-119 

current sheet, 112-114 

line of current, 103-104 

ribbon of current, 110-111 

ring of current, 104—108 

solenoid, 108—109, 119-120 
Magnetic field intensity, 97 
Magnetic flux, 124-125 
Magnetic flux density, 124-125 
Magnetic force, 126-135 

on current element, 127-131 

on loop of current, 129-131 
Magnetic lodestone, 96 
Magnetic material, 137-141, 571 
Magnetic saturation, 140 
Magnetic susceptibility, 137 
Magnetic torque, 132-135 
Magnetization, 137 
Magnetization curve, 140 
Magnetomotive force, 153-154 
Magnetostatic boundary conditions, 

142-145 

Magnetostatics, 96-168 
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Magnetron, 348-350, 494 
Main line loss, 517 
Mains signaling system, 458 
Matching network, 295 
Material dispersion, 374 
Material properties, 570-571 
MATLAB 
beam pattern plot, 396 
coaxial cable, 53-54, 265-266 
complex numbers, 567 
constitutive parameters, 215-216 
contour plot, 355-357 
dipole radiation patterns, 411-412 
distributed parameters for coax, 
265-266 
dot product, 47 
Fourier pulse, 328-331 
Fourier series, 472-473 
function, 16-17, 463 
insertion loss, 489-490, 525-526, 
536-537 
loss tangent, 222-223 
microstrip analysis, 307-308 
microstrip design, 309-310 
movie, 176-177, 201, 412-414 
numerical integration, 414-417 
pattern solid angle, 414—417 
point charge, 62-63 
polarization ellipse, 237-239 
pulse on a T-line, 318-320 
ring of current, 106—108 
script file, 28 
Smith chart generation, 284—287 
3D plot, 198-199, 355-357 
T-line input impedance, 277 
traveling wave, 176-177 
vectors, 16 
wave impedance plot, 346 
wave plot, 175-176 
Maximum power density, 391, 395, 
403, 406, 410, 417, 423 
Maxwell, James Clerk, 1-2, 191, 
193-194 
Maxwell’s Equations, 1, 47, 
193-194, 350 
differential (point) form, 209 
differential phasor form, 203 
Static fields, 126 
Meandering resistor, 462 
Media 
homogeneous, 210-211 
isotropic, 210 
linear, 210 


simple, 210 
time-invariant, 210 
Meissner effect, 144 
MEMS, 77 
Metal etching, 304 
Metallic waveguide, 338 
Mica capacitor, 469—471 
Microphone, 76 
Microphonic array, 77 
Microstrip, 262, 304-31 1, 543-544 
analysis, 306-308 
attenuation, 310-311 
design, 308-310 
field pattern, 304-305 
maximum frequency, 306 
Microwave band, 2, 494 
Microwave CAD, 550-551 
Microwave engineering, 494-557 
Microwave frequencies, 3 
Microwave oven, 348-350, 494 
Microwaves, 494 
Minimum detectable power, 444 
Mirror, 240 
Mixer, 548-549 
Monochromatic source, 373 
Monopole antenna, 421-424 
Monostatic radar, 442 
Motional emf, 179, 184-189 
Motor, 189 
Motor equation, 127 
Multilayer ceramic capacitor, 468-469 
Multimode fiber, 370-371 
Multipoint connection, 478 
Multisection filter, 526-537 
Multisection transformer, 295~296 
Mutual inductance, 148-150 


N 

Negative resistance oscillator, 54 

Neper, 273-274 p 

Network analyzer, 511-517 
calibration, 294 

Noise, 455—456, 468-469 

Noise figure, 538-539 

Nonlinear material, 75 

Nonpolar molecules, 73 

Normal incidence, 240-246 

Normalized admittance, 299 

Normalized impedance, 282, 287 

Normalized power function, 391, 

410-412, 417 
Normalized radiation intensity, 391 
Null, 393 


Numerical aperture, 372-373 

Numerical integration, 36, 41—42, 
411-417 

Numerical precision, 6 


O 
Oblique incidence, 240, 246-254 
Octave, 520 
Oersted, 177 
Oersted, Hans Christian, 1, 96, 102 
Oersted’s experiment, 101—102 
Ohm’s law, 70-71, 192 
Ohmic resistance, 398, 405 
Omnidirectional, 424 
Optical fiber, 338-339, 361, 369-375 
connection, 381 
detectors, 378-379 
link design, 381-385 
repeater, 375, 379-380 
sources, 376-378 
splice, 381 
Orbital moment, 138 
Oscillator, 459 
negative resistance, 548 
transistor, 548 


P 
Parabolic dish (or reflector), 445-446 
Parallel plate capacitor, 85, 87-88, 192 
Parallel polarization, 247, 252-254 
Parallel-connected single-point 
connection, 477—478 

Paramagnetic material, 138-141 
Parasitic, 459, 465 
Parasitic array, 434 
Passband ripple, 521 
Passive elements, 456, 459-471 
Patch antenna, 446-447 

array, 447 

edge-fed, 447 

probe-fed, 447 
Pattern function, 410 
Pattern multiplication, 430 
Pattern solid angle, 393, 404, 406, 

411, 418, 422 

Penetration depth, 225 
Perfect dielectric, 217 
Permanent magnet, 141 
Permeability, 68, 137 

free-space, 124 
Permittivity, 68, 74 

free-space, 18 
Perpendicular polarization, 247-252 


Phase, 171 
Phase constant, 171,173, 212, 220. 
224, 345, 353 
Phase noise, 548 
Phase shift, 171—172 
Phase shifter, 426 
Phase velocity, 174, 345 
Phasor form of field equation, 202 
Phasors, 200-204, 268 
Photon energy, 3 
Physical constants, 569 
t-filter, 487 
Pigtailed device, 381 
PIN photodiode; 378-379 
Planck’s constant, 3 
Plane incidence, 246 
Plane wave 
refléction, 240-254 
transmission, 240-254 
Point source, 209 
‘Poisson’s equation, 80-81 
Polar molecules, 73-74 
Polarization, 235-239 
efficiency, 439-440 
handedness, 236 
loss, 219 
tilt angle, 236 
vector, 73-74 
Polarized dipoles, 73-74 
Position vectors, 14 
Power budget, 382, 384-385 
Power divider, 512, 514-516 
Power gain, 398, 405 
Power loss ratio, 523 
Power ratio, 272-273 
Power transfer ratio, 438 
Poynting theorem, 230-232 
Poynting vector, 232 
Prefix multipliers, 6 
Propagating fields relation, 216 
Propagation constant, 212, 217, 268 
Propagation velocity, 174, 270-271 
in conductors, 224 
Pulse 
overshoot, 321 
response, 316-320, 326-331 
undershoot, 321 
Pythagorean theorem, 14, 23 


Q 

Q-method, 85 

Quadratic equation, 569 
Quadrature hybrid coupler, 520 


Quarter-wave monopole antenna, 
422-423 

Quarter-wave transformer, 295—296 

Quasi-TEM mode, 305 


R 
Radar, 442-444 
Radar cross section, 443 
Radar equation, 389, 443-444 
Radiated power, 390-395, 406, 411, 419 
Radiation 
loss, 310 
patterns, 391-393 
resistance, 397, 404, 406, 411, 
419, 423 
Radio frequency (RF) 
components, 5 
front end, 4-5, 495 
identification (RFID), 5, 551 
transceiver, 495 
Radio transmitter, 458—459 
Rail-gun, 160 
Rat-race coupler, 518-519 
Reactive load, 278 
Receiver, 547-550 
Receiving antenna, 388 
Reciprocal network, 506-508 
Rectangular to cylindrical coordinate 
transformation, 562-564 
Rectangular to spherical coordinate 
transformation, 563 
Rectangular waveguide, 228, 338-360 
cutoff frequency, 340, 344 
group velocity, 345-346 
guide wavelength, 345 
impedance, 346-348 
mode order, 340 
phase constant, 345, 353 
phase velocity, 345 
wave propagation, 342-346 
Reference ground, 476 
Reference plane shift, 510-511 
Reflected wave, 275 
Reflection coefficient, 242, 251, 
275-276, 278, 287-288, 540 
Reflective filters, 485-490 
Reflective shielding, 481 
Reflector, 434 
Relative permeability, 137-139 
Relative permittivity, 74-75, 137 
Relaxation time, 169-171 
Reluctance, 153-155 
Repeater, 375, 379-380 
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Residual flux density, 140 
Resistive divider, 515 
Resistors, 461-464 
carbon composite, 461-462 
film, 461-462 
meandering, 462 
wire wound, 461 
Return loss, 509-510 
Right-hand rule, 98, 104, 112, 
122-123, 134, 196 
Right-handed system, 12 
Ring hybrid coupler, 518-519 
Ring of charge, 33-35 
Ring of current, 104—108 
Rise time, 379, 471-472, 474 
budget, 382-385 
Roll off, 521 
Rubber duck antenna, 399 


S 
Safety ground, 475 
Savart, Felix, 102 
Scalar field, 12 
Scattering 
matrix, 502-520, 539 
parameters, 502-512 
Schottky-diode terminations, 321 
Scientific notation, 6 
Screen-printing, 461 
Self-resonant frequency, 466-469 
Self-inductance, 148 
Semiconductors, 68-69 
doping, 69 
Semiinfinite conductive slab, 227-229 
Separation of variables, 352 
Series-connected single-point 
connection, 477 
Serpentine resistor, 462 
Shape factor, 521 
Sheet current, 109-110 
Sheet resistance, 226-227 
Shielding effectiveness, 479-485 
Shielding tape, 485 
Shields, 479-485 
Shift in reference plane, 510-511 
Shunt stub 
admittance, 298-300 
matching, 300-304 
Signal ground, 475—478 
Signal-to-noise ratio (SNR), 539 
Significant digits, 6-7 
Simple media, 210 
Single stub tuner, 295 
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Skilling, H. H., 122 
Skilling wheel, 122 
Skin depth, 225-229, 310 
Skin effect resistance, 227-229, 310 
Slot antenna, 447—448, 485 
Slotted transmission line, 291-294 
Small loop antenna, 399, 405-407 
Smith chart, 280-295, 496-502, 
540-547 
derivation, 282-284 
impedance matching, 297-298 
Smith, Philip H., 280 
Snell’s law 
of reflection, 250, 361-362 
of refraction, 250, 361-362 
Solenoid, 108-109, 119-120 
inductance, 146-147 
Solid angle, 393 
Space-charge wheel, 350 
Spectrum analyzer, 549-550 
Spherical coordinates, 12, 22- 24, 
100-101 
Spin moment, 138 
Spread spectrum, 475 
Standing wave ratio (SWR), 246 
see also voltage standing wave ratio 
Standing waves, 245-246 
Static electricity, 18 
Step-index fiber, 370-371 
Stokes’s theorem, 123 
Stokes, Sir George, 123 
Stripline, 311-312 
Stub matching, 542-543 
Substrate, 304 
Superconductor, 69, 144, 160 
Superparamagnetic material, 141 
Superposition principle, 20 
Surface charge, 35-39 
density, 30, 35 
Surface current density, 109-110 
Surface mount components, 461—462 
Symmetrical coupler, 517 


T 

Tank circuit, 524 

Telegraphist’s equations, 266-267 
Terminated transmission lines, 274-280 
Tesla, 124 

T-filter, 487 

Thales of Miletus, 1, 18 

Time invariant media, 210 
Time-averaged power density, 232 


vector, 390, 401, 403, 406, 410, 417 
Time-domain reflectometry (TDR), 
324-326, 512 
Time-harmonic fields, 200 
Time-harmonic waves, 171, 210-212, 
267-274 
Top-hat monopole, 424 
Torque, 99, 132-135 
Transducer power gain, 540-541 
Transformer, 183—184 
emf, 177, 179-182 
Transient, 312-326, 456 
waves, 171 
Transient analysis, reactive load, 
321-324 
Transistor oscillator, 548 
Transit time, 312 
Transmission coefficient, 242, 251 
Transmission line, 261-337 
coaxial, 262 
microstrip, 262 
power transmission, 271-274 
twin-lead, 262 
Transmitting antenna, 388, 390 
Transverse electric (TE) 
modes, 339-341, 346, 357-360 
polarization, 247-252 
Transverse electromagnetic (TEM) 
mode, 194-197, 210, 262, 305, 
338-339, 342-343 
Transverse magnetic (TM) 
modes, 339-340, 346, 352-357 
« polarization, 247, 252-254 
Transverse wave impedance, 346 
Traveling wave equations, 269 
Triboelectric series, 456—457 
Twin-lead transmission line, 262 
Two-port network, 502 


U 
Uniform array, 431 
Uniform plane waves (UPW), 210, 
212. 
power transmission, 232-234 
Unilateral, 540-541 
Unit conversions, 569 
Unit factor, 429-430 
Unit vector, 13 
Unitary matrix, 508 
Units, 6 
Unity ratios, 7 
Up-conversion, 495 


Vv 


' Vector magnetic potential, 


399—403, 406 
Vector Network Analyzer, 511-512 
Vectors, 12-16 
addition, 15 
algebra, 559 
cylindrical coordinates, 27 
field, 12 
identities, 561 
MATLAB, 16 
spherical coordinates, 24 
subtraction, 15 
Via, 311, 478 
V-method, 85 
Volta, Alessandro, 1 
Voltage sag, 457 
Voltage standing wave ratio (VSWR), 
275-276, 291, 513-514, 
538-539 
Voltage swell, 457—458 
Volume charge, 39-41 
density, 30 
Volume current density, 109-110 


Ww 

Water molecule, 73-74 \ 

Wave 
equation, 213 
fundamentals, 171-174 
number, 171 


polarization, 171, 194 
reflection, 240-254, 361 
velocity, 174 
Wavefront, 210, 342-344, 362-363 
Waveguide, 2, 338 
dispersion, 374 
Wavelength, in conductors, 225 
Webers, 124 
Wilkinson power divider, 515-516 
Wire, 459-461 
inductance, 459-460 
resistance, 459 
Wire-wound resistor, 461 
Wireless communications, 2—4, 
444-448 
Wireless local area network, 
(WLAN), 458 
Work, to assemble charges, 87 


Y 
Yagi-Uda antenna, 434 


Table D.1 Physical Constants 
a i 


Constant Symbol Value 
Avogadro’s number N, 6.02 x 10% atoms/mole 
Boltzmann’s constant k 1.38 x 10-73 J/K 
Charge of an electron q -1.602 x 10°19C 
Earth’s gravitational g 9.78 m/s? 

acceleration 
Free space permeability 1, 4r x 10-7 H/m 
Free space permittivity £, 8.854 x 107!? F/m 
=10 2/367) F/m 
Free space intrinsic n 120r Q 
impedance 
Planck’s constant h 6.63 x 10-34 J-s 
Speed of light in c 2.998 x 108 m/s 


vacuum 


re 


Table D.2 Unit Conversions 


LK 


Parameter Unit Equivalence 
Capacitance Ẹ C/V 
Conductivity S/m 1/(Q-m) 
Current A C/s 
Electromotive force Vv Wb/s = J/C 
Electric field intensity V/m N/C = J/(C-m) 
Force N. kg-m/s? 
Inductance H Wb/A = J/A? 

H-A = V-s 
Magnetic field intensity A/m — 
Magnetic flux _ Wb V-s 
Power Ww J/s 
Resistance Q V/A 
Work (energy) J N-m = W-s = V-C 





Vector Operations 























Divergence 
Cartesian 
ðA, 9A, OA 
V-A=— -+— 
ox oy «a 
Cylindrical 
d 190A, ƏA, 
V-A=—— +—— +—+ 
AG p) T 
Spherical 
idna AN ; 1` OA, 
V-A=——(r°A,]+ — (Ag sin) + — 
r? Fe 7) rsin@ 56 | gang) rsin@ d¢ 
Gradient 
Cartesian 
ƏV aV ƏV 
VV =—a, +—a,+— a, 
vie oy A az az 
Cylindrical 
ƏV 1 ðV aV 
VV =—a, +—— aa 
ap? ET AT a, 
Spherical 
ƏV 1 0V 1 ov 
VV =—a, +——ayg + ——_ — 
ret tan eae ag oe 
Curl 
Cartesian 
Be Ay, Bz 
Vxante. 2 2) (aa, a4 E -%) OAy _ 9A, 
ax ody az oy az) (ozsa "oe 
A, A 


* 
= 
N 





Cylindrical 


Mp ag a 
d A d| pA A 
E a A, atea ae Ay | 
plop ə az| |p ə az}? | a op p| ap ag | * 
Ap PAg Az 
Spherical 
a, ag ag 
VxA= 1 O l d 


r? sin@ (ðr 00 3 
A, rAg (rsin@)A, 


__1 [afsinday) aay | a] 1 24, Arde) |, 1f (re) 24-) |, 
rsin 00 ag |” r|sin@ do dr |? r| ar oe |? 


Laplacian 





Cartesian 
2 2 2 
VV= abe + =e + =e 
ax” ody” az 
Cylindrical 
2 2y 
vvi hox) la a ee 
pop\' ap) pP ag” az” 
Spherical 





iva ses (ait a 
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EXPLORE THE ELECTROMAGNETIC PRINCIPLES 
AT WORK IN TODAY'S WIRELESS SYSTEMS 


Without electromagnetics, the explosive growth of today’s cutting-edge wireless systems 
would simply not be possible. In fact, the circuits, antennas, and signal transmission in 
wireless systems all depend on electromagnetic principles. That's why engineers with a 
background in electromagnetics are in high demand. 


Stuart Wentworth's FUNDAMENTALS OF ELECTROMAGNETICS WITH ENGINEERING 
APPLICATIONS will help you develop a solid foundation in this exciting field. The text eases you 
into electromagnetics and vector algebra, beginning with electrostatic fields. Once you've 
mastered these fundamentals, you'll move on to such topics as magnetostatic fields, Maxwell's 
equations, and plane wave propagation. Finally, you'll have the opportunity to explore such 
fascinating applications as transmission lines, antennas, waveguide, electromagnetic interfer- 
ence, and microwave engineering. 


KEY FEATURES 
Numerous worked-out example problems give you hands-on experience solving electro- 
magnetic problems. 
Drill problems reinforce your understanding of the material. 


End-of-chapter problems are arranged by chapter section, and many of the odd-numbered 
problems include answers in the appendix. 


Detailed MATLAB examples and MATLAB end-of-chapter problems allow for deeper 
exploration of the subject matter. 


Practical applications show how electromagnetic theory is pgi 
Concise end-of-chapter summaries capture the key points. 


BE A PART OF THE SOLUTION WITH ESS 


This text includes access to EMAG Solutions by JustAsk! E 
step through marked problems in your text. In addition, intera g 
electromagnetic theory in a way that is not possible on the £ 


Go to www.wiley.com/college/wentworth for nf 
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